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A new class of nonlocal constants for the linearized Vlasov equations is presented. These are con-
stants which, in general, are not expressible as simple phase-space integrals of a locally defined inte-
grand. The relevance of these constants to stability considerations is indicated.

I. INTRODUCTION
T is our purpose here to demonstrate some new

constants of the linearized motion of Vlasov'

plasmas. The search for such constants is strongly
motivated since knowledge of them is of great value
in determining questions of stability,'® but we do
not address ourselves, in the main, to such stability
questions in this paper.

The constants we seek are quadratic forms in
the first-order perturbations of the field quantities
from their equilibrium values. We give two deriva-
tions, both different from that employed in Ref. 2
in that we here deal only with the equations of
motion for first-order perturbations rather than, as
there, eliminate explicitly second-order perturbations
of the field quantities f, E, B between the energy
of the system written to second order and the general
constant of the full nonlinear motion

¢ = [[ = eiftx, v, ]
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written to second order. Here @ is an arbitrary
functional of f, the distribution function. The use
of the latter constant required that the equilibrium
distribution function be a monotonic function of
the particle energy. No such restriction is imposed
in the present derivations.

We consider chiefly in this paper only perturba-
tions from a spatially uniform equilibrium of an
unbounded plasma. We treat only electronic motions
with the ions regarded as a background of uniform
density (the multispecies situation is of course a
trivial generalization). However we also show that
we can find at least one constant associated with
the perturbations of the unidimensional nonlinear
static solutions exhibited by Bernstein, Greene, and
Kruskal.* Future papers shall deal with the general-
ization to nonuniform equilibria, formation of
energy-type principles involving these constants, and
a generalization of the energy principle of Ref. 2
achieved by now removing the monotonicity condi-
tion on the energy dependence of the equilibrium
distribution function per tube.

II. FIRST DERIVATION

This first method of derivation is less straight-
forward than the second and was discovered later,

I, Bernstein, J. Greene, and M. Kruskal, Phys. Rev. 108,
546 (1957 ).
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but it leads to the final results much more quickly,
as well as having the advantage of not requiring
Fourier transformation of the space variables. This
last feature is desirable when one seeks the general-
ization to spatially inhomogeneous equilibria. The
second, more straightforward, derivation is reserved
for the Appendix.

We begin by writing down the equations governing
the perturbed field quantities, f(x, v, &), E(x, ),
B(x, t)

(8/0x):E = 4rxo, (2a)
(0/9%)-B = 0, (2b)
dB/dt = —c(9/9x) xE, (2¢)
oE/at = ¢(9/9x) xB — 4rj. (2d)
Here
ox, ) = e f df, (3a)
i ) =e [ dovi, (3b)

and g(v) is the equilibrium distribution function
with [ d ¢ = n,. We envisage either an infinite
domain, in which case all perturbations of physical
quantities are taken to die away sufficiently rapidly
at infinity, or else a periodic system with all perturba-
tions having zero spatial mean.

Let us introduce the potentials A(x, ¢) and ¢(x, ¢)
with

_ _% _1l9A
E=—n"ca (42)
B = (3/0x) xA. (4b)
Then (1) reads
a)‘ (_A ) ag
at at av
€399 (_ 1,. ) _
e 3v 92 ¢+cAv =0, )
Define )
f=1— (e/mc)A-3g/dv )
and
d i)
n=x32/ 0 @)

Then (5) may be rewritten as
_m_(F .9 )
18g/0v] (at T vl

d 1
+e&—“(—¢+gA-v) = 0. 8)
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Now introduce a primitive F by
f- = JF / 6xu. (9)

The independence of the results to the arbitrariness
in F is shown in Sec. III. A quadrature on (8) then
gives
lag/aov| \ot
Now multiply (8) by 2v-0F/dx, operate on (10)
with 1 fv-9/0x, add the resulting equations together
and integrate over the phase space. A simple integra-
tion by parts yields

s 2 JV-0F/0x
G5 [ aaav Tag/av]

+e .f &’z d% fv-(—a-i <—-¢. + clA-v) = 0.

498 g+ 1aw) -0 a0

(1)
If we now employ (6) and (8) in the second term

of (11), with K denoting m/2 times the first of the
integrals we find,
9
>v Jx

———eff dsxd3<
+2ff daxda”[ﬁf%%’%

X <—¢> + %A°V>]A°V = 0.

Addition and subtraction of

%f dsxdavv-a—é

and utilization of (3a) and (3b) yields

(12)

—K-+fd3xE.j+9—a—fd3xj-A

+ffd3’°d3[ ai"

¢ 9A dg ¢ 99 9

me® at ov me dv 9%

e dg d¢
me av axA

— A-vA. v] =0. (13)

Integration by parts with respect to v shows that
the first two terms in brackets cancel, while the
last is a perfect x derivative and hence vanishes
upon integration. Finally integration by parts with
respect to v on the remaining term in the brackets
and the use of (2¢) and (2d) on the second integral
gives

e [od i (mrr -dn)
——c—j-A:\}=O. (14)
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We have thus exhibited our first constant. Before
proceeding further we rewrite K in a suggestive
alternative form by noting that

F= [ fa,atv, 0)ds 15)
or, with u = z} — z,
0
F = f f(x + uey, v, ) du, (16)
where
— 99 /|99,
ell = av
Therefore
R A ( 99 ).
199/57] —‘/; ds flx sav,v,t 17

Hence the constant can be written as

_m 3, 73
—szdxdv

Xf ds fx, v, t)v~f<x—-sag v,t)

av

—ff[ @+w %N%{wq-aw

A second (vector) constant is obtained by mul-
tiplying (8) by 30F/dx, operating on (10) with
f8/9x, then adding the two equations and integrating
over the phase space. There results

s 3 = OF/0x
5ol ey
-l—ef dsxdavfaix(—¢+%A-v>=0.

If we denote m/2 times the first integral by P and
employ (6), we have
o)
0x

(19)

= - ef d’z d% (
ol a0 o

Both terms in (20) involving dg/dv vanish upon
integration. Thus

Q_fs 9% éfa 9
: dx:rax—l-c d:cf(—?;A-v=0, 21)
which may quickly be rewritten as
B_E_f 3, 9 lf 3, .
7 dzaax+g d'z jxB
4 3 B ve O A =
+cffdxdva-axA—0. (22)
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We now transfer the x derivative in the last term
onto f and employ (1) to obtain

—fdaxag—i+$fd3xij

e [ fuatl ( v )@] _
+cffdxdv[at+eE+ch 6VA—O' (23)

The term involving dg/dv goes out upon velocity
integration so that, employing (4a), we have

o 3
catfd””A

+ fdax[aE +61ij] = 0.

If we now employ all the Maxwell equations (2a),
(2b), (2¢), and (2d) in the last integral, we have

a lf 3 _if 3 :l__
at[P+c d’r oA T dzExB| =0, (25)
or finally
_m 3. 73
=3 fdxdv
e 0 2 - 02 ,v,)
Xfo dsf(x,v,t)axf(x sav,v,t

fd3 [ ExB—-aA:I

III. INVARIANCE PROPERTIES

(24)

(26)

We now demonstrate two invariance properties,
gauge invariance and invariance under the displace-
ment of F, the primitive from which f is derived.
It is sufficient to prove these invariances under
infinitesimal transformations, with the group prop-
erty completing the proof to finite transformations.
First the gauge invariance.

Let
A— A+ 6A, (27a)
¢ —¢ + d¢. (27)
That B and E (and f) remain unchanged requires
(3/0x) x 6A = 0, (28a)
63¢ + % 8;? 0. (28b)
Therefore there exists a 6 such that
4 = 35y/ax. (29)
Note that
L R
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If we employ (29) and (30) in (14) we find

~& [ g2 33¥ .5F
2¢ fdxdv ax.vax

_e ol — 2 .ég) 90y
2cffdxdv(f ch 6vv ox
s Legp 41 ]
+fdx[4,.- 62A+cj SA.
Two integrations by parts, first with respect to x

and then with respect to z, show that the second
integral is equal to the first, hence

Cy =

62Y)

de, = —g f @z d% fv- oA

iff 3 ag
+mcz dxdvAavv SA

2
+fd3:c [%r%%A+j}-aA.

Finally an integration by parts with respect to v
in the second integral shows that éc,=0. Analogously
éc, = 0.

The invariance under change of primitive

F—oF 4 6FRy, v, 1)

(32)

is quite trivial.

o= 2 [ o Lo w2 one, v, 0. 69

|ag/av|
But f = 9F/dz, so that
[ gy gy L OF _ 3OF
8 =3 fd”d”]ag/aﬂ ax,v 9 (34)

Transfering the z; derivative nullifies the integral.
Likewise, 6c, = 0.

IV. REMARKS AND SAMPLE STABILITY PROBLEM

These constants, at least in their present un-
generalized form, are intimately related to the
second-order momentum and energy constants of
the system

O, =m ff d*z d* vfi(z, v, 1)
1 3
+4chdexB, (35)

and

m

&=2 f f &z oo’y + —81; f &x(E® + BY), (36)

since one sees the electromagnetic momentum and
energy as ingredients of (26) and (18). The existence
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of other constants as in Ref. 2 between which and
the second-order momentum and energy the ex-
plicitly second-order particle momentum and kinetic
energy may be eliminated, has not been demon-
strated. Since they are not revealed by the rather
more systematic derivation given in the Appendix,
their existence is, in general, doubted.

To give some insight into the physical significance
of these constants as well as an inkling of their
power in stability considerations let us consider the
situation when g(v) = h[i(v — V,)?], i.e., when the
equilibrium distribution function is isotropic around
some center V,. Let us consider the combination
of constants

Ve, =T s, JOW— Vo)-8F/dx
C2 Voo, = 2 ffdxdv l6g/6v|

1 .
+ 2 f &z (G — aV,)-A

Yo xB]- @7

1 3 2 2 wa
——g;fdxl:E +B — %A+ 28

If we note that

Waav] xR T W em OO

and employ (6) and (9), then (37) becomes
2
Cy — Vo'cl = % fdax dsv%'/'

- ‘c’ff &z d% A-(v ~ V)f

ez
2mc’

s, 28 A.90 Ao _
-+ /dxdvAavA(v Vo)

+1 [ @2 - ov)-a

2
-1 f &' [E + B —‘%A-I—zE-LxB]- (39)
8 ¢ c

Now all terms involving A cancel and we are left with

2
Cy — Vo'cl = % fdsxdsvjﬁ?—s_l‘wfdsx

2
X [(E + %xB) + B — (%7 WA xB)’]- (40)
This expression is just a slight generalization of the
“free energy” used by Newcomb (see Appendix I,
Ref. 1) to show stability of the Maxwell distribution.
It shows at once that any distribution which is a
decreasing monotone (about any shifted velocity V,)
function of the particle kinetic energy (A’ < 0), is
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stable since the quadratic form (40) is (negative)
definite. Note that in this elementary situation the
integrand of the first integral appearing in (42) has
become local.

V. GENERALIZATIONS

(A) Actually each of these constants is just one
member of a continuous family of constants the
existence of which reflects the invariance of the
equilibrium under spatial translations. An alternate
aspect of this invariance is that in any quadratic
global constant, there is no coupling of the different
k modes resulting from Fourier transformation on x
(see Appendix). Namely, if preceding (11) and (19)
we displace the x variable in the equation for F
by a constant ¥ we find the derivations still go
through, so that we have the generalized constants

- f_: daz-V(.E)-{;—n [[ @z a f:ds

9 (x+ g—s32,0, t)f(x, v, 1)

- } f &z [qul‘ E@, §) xB(x + &, 1)

— otx, 0 + 59|}, C)

and

= j: d’ S(E)-{%n- ff d’z d% ‘/: ds v-%fi
X (x + & — s%%,v, t)f(x,v, 1))

_ f a' gl; (Ex, )-Ex + & ?)

+ B(x, §)-B(x + £, 1)
— (/DA, - A + &, 1)

- woim g-da+ g0}, @)
where V and 8 are arbitrary vector and scalar func-
tions of &, respectively. This generalization applies,
of course, only for the spatially homogeneous equilib-
rium. {In (41) there are actually three such constants

corresponding to the three independent components
of V]

(B) The constants (18) and (26) persist, with
slight modification, in a completely relativistic
theory, for if we write down the relativistic gen-
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eralization of (1),
oz, p, ) 9
ot T V@5

v dglp) _
+ e(E + ;xB)-—a(;L =0, (43
with
p= (1 — /") tmv, (44)
we find corresponding to (26) and (18)
3 3, f VF
ow =g [[ Feaw
+ 1fd3x [aA — —l—rExB] . 45)
l 3. 33 f v(p)-VF,
o = g [[ @ n R
+bf e[y 222
+53 [[ o apo@aToa ao
Here, from (44)
av/op = c@’ + m*?) @ + MmN —ppl, (47)
while
Jo =1 — (e/c)A-3g/dp, (48)
and F, is defined by
fr = OF,/dx,. 49)

1 is the unit dyadic.

(C) It is readily verified that if one considers
perturbations about the unidimensional nonlinear
electrostatic solutions of Ref. 4, i.e. about the solu-
tions of

dg(x,v) e 9% dg(z,v) -
" e T mozx v 0, (50)
and
9'®
o = —47re[f dvg — no] , (51)
one finds a constant corresponding to (18),
3 3 3 ¢
€ = 2fddag/av 8 d()’ (62)

where f and ¢ are the perturbed distribution function
and electrostatic potential respectively. No analog
of ¢, is found. This constant ¢, is of particular value
in studying the stability of plasms sheaths.®

§ See e.g.,, M. N. Rosenbluth, L. M. Pearlstein, and G.
Stuart, Phys. Fiuids 6, 1289 (1963).
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(D) So far we have dealt with constants which
are local in the velocity space. There is an important
generalization away from this. To illustrate this
particular generalization we shall deal for simplicity
in this subsection with perturbations of a spatially
uniform plasma and consider only the electrostatic
interaction. In k space we then have

9 e d
At 1 vty + < Eukd =0, (53)
ik-E, = 4re f d% fi, (54)
k XE}, = (. (55)

If we proceed as in the appendix we find not only
the aforementioned constants with B = A = 0, but
also a third constant

= fdsk B,(k)-kfdsv[m

— te(Epvf, — E—k'vfk)]'

(&-v)*
k-ag/av fkf—k

(56)

Are there even more constants if we appropriately
generalize the form (A1)? Before going into detail
we point out there must be more by noting that
we may first multiply (53) by 8(u — k-v), where
£ = k/k, and then integrate over the velocity space
to obtain

afk (u t)

+ dkuf, + = o B k =0, (57)

ik-E, = 4re f duf., (58)

where the operation indicated with a tilde is given by

Fo(u, t) = f o v, 1) 8w — k-v), ete.  (59)
Here 6 is the Dirac delta function. We may now
construct constants by the previous method on this
set of equations, e.g.,

o= [ dk Bz(k)[ [ au ’g’;f(i) %L] (60)

This set of constants is in a sense more powerful
in that one can show at once that any isotropic
(not necessarily monotone!) equilibrium g(v) is
stable. [For g(u) is monotone decreasing in u, since
it is readily shown that every uniformly populated
spherical shell in v space projects into a symmetric
positive block in u space.]

All types of these constants so far considered
(for the spatially homogeneous equilibria) are em-
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braced by
¢ = [[[ @k @ & 4w, Dp@E®, 6D
where without loss of generality we may take
A @, v) = Ay(v, 7). 62)

For this problem we regard E, as having been elim-
inated, so that f, satisfies
f dzv f};

If, as in the Appendix, we now take the time deriva-
tive of (61), use (62) to eliminate time derivatives,
demand that the resultant quadratic form in f
vanish for arbitrary f, and hence set equal to zero
the second functional derivative of this resultant
form with respect to f. and f_,, we obtain the follow-
ing equation for the determination of 4,:

= Rk(v) - Rk(v):

f,, = ikevf, + z41re

(63)

(kv — k-9)A4.(v, ¥)

where
o

(4, is not to be confused with the vector potential
A introduced earlier.) [From here on we absorb the
factor in front of the integral (65) into g and we
drop the subscript k.] The equation for A may be
solved. From (64)

(64)

41r6

Ryv) = 20 pw, 9. 6

A(v, ¥) = [R¥) — R@®)/[k-¥ — k-v]
+ Q(v, ¥) 8(k-¥ — k-v),  (66)
and thus from (65)
r| 1 - P [ @ 00/ ]
+p [ o BOIED _ vy )

where
Y@) = f P2 Qw, v) s —kv),  (68)
and the symbol P denotes principal value of the
integrals. If we now define S(v) = R(v)k-dg/dv,
Z(v) = Y(v)k.dg/0v, and the tilde operation
Sw) = fdav S(v) 8(u — k-v), ete., (69)

then multiplying (67) by k-.dg/6v and performing
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the tilde operation yields
5 ou!
g(u)l:l - P f aw’ 579/:2-]

u
a3 f , Sw) _
+auP duu,_u—

The problem is now reduced to the standard in-
homogeneous Hilbert problem.® Define

Zw). (70)

s@) = [ du us(j‘)z (1)
and
0@ =1- [au 1‘1—"{"—1: (72)
Then (70) reads
S, (u)p-(u) — 8_(Wp.(w) = 2riZ(w),  (73)
where
= lim | du' S(w) ete. (79)

g w —u Fie’

We may proceed to the solution at once if the
analytic properties of p(z) are known! This, on the
surface, would seem a painful step for us to take,
because the initial motivation for this whole in-
vestigation was to ultimately obtain stability
criteria (not specifically in this paper) without
ultilizing a detailed a prior: knowledge of the disper-
sion function, i.e., of the stability of g. Indeed, we
have obtained all the constants previously discussed
without this knowledge.

For the moment we proceed as if the system were
stable, i.e., p(2) is sectionally regular and nonvanish-
ing, and p(z) — 1 as z — . In this case the index
of the integral equation (73) is zero and the equation
has a unique solution vanishing at infinity,

_ Z(u)
36 = o0 [ Sy @
This gives at once, from (67), (71), and (72),
_ 2Y(v)
BW) = &) + ow)
s+(k v) + s_(k-v) (76)

" puleev) + p-Gkov)

We now demonstrate a m‘ultitude ~of constants.
Let us assume Y,(v) = k, then Z(u) = koj/ou.

8 N. T. Muskhelishvili, Singular Iniegral Equations (P.
Noordhoff, Ltd., Groningen, The Netherlands, 1953), p. 86,
el seq.

333
Then
R(v) = f‘[ o (Ev) _;2. o V) p+(i!':)+$.:)—(i"v)
X f du p+(u)p_(u)?g/iu kv — ie)
- :_(i%) “ p+(u)p_<u)a<i/iui:-v + z'e>]' @

We now examine the integrals occurring in (77),
for instance,

Lhw = [ @
or
L= =55 #
X [(-’;1?1;)' — 1) - (;:1(7) — 1):' (79)

The addition and subtraction of unity has made
each of the terms in the bracket of (70) vanishing
(like 1/2°) as z — . For the first parentheses we
now close the contour in the lower half-plane to
give zero, while for the second parentheses we close
in the upper half-plane to obtain

I, =1/p.(k-v) — 1, (80)

and thus

Likewise, if ¥,(v) = k-v then R,(v) = k-v. [These
solutions are trivially verified by inspection of (67).]
These two expressions for Y (v) could emanate, for
example, either from

A

N .
AW, = o =W, 6D
and .
Q. ¥) = T, @)
or from
_ Iy a, s 0 _a s
Qw, 9 =k / f &0 el sy —kv),  (89)

and
Qiv, ) = fx'v/ f d’ f{-% skev — k-v). (85)
These @’s and Qs with their corresponding R’s

(the same R’s for both @ and Q’!) give rise to the
constants ¢, and ¢; emanating from (53) and (57).
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More generally, it is readily seen that a Q (and
similarly for @’) of the form

_ (v
% = k-ag/av

gives rise to a R,(v) which is a polynomial of the
nth degree in (k-v) with coefficients made up of
moments of g. {Here one must add and subtract
more and more terms in the large z expansion of
1/p(z) as in (79).]

This homomorphism between @ and Y has not
been fully explored, i.e., we have not given the
general solution of @ in terms of Y from (68), but
this should not be too difficult.

We choose this paper by asserting that if the
distribution is unstable [p(z) has zeros, as a matter
of fact in pairs since from (72) both z and z* are
roots] then the integral equation is of positive even
index. Now it turns out that the constants (86)
persist, but in addition there are new constants
associated with the now nontrivial solutions of the
homogeneous equation corresponding to (73). This
is not surprising because we now have some discrete
unstable Van Kampen—Case” modes in addition to
the continuum modes. We do not elaborate further
here.

3y — ¥.) (86)
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APPENDIX

We give here an alternative derivation of these
constants, in one sense more straightforward, but
in another sense more limited in that it is only
appropriate, without severe generalization, to the
case where the equilibrium is independent of posi-
tion. That is, we shall take advantage of the know-
ledge that if the x variable is Fourier-transformed
then different k modes do not couple. We begin
by demanding that the rather general quadratic form

0 = [ e[ Bltetr, 015,
+ 8:(v)-Bi(t)f- + ek(v)'Ek(t)f—k]
+ %Ek'g\'k'E—k + Ek'l}k’B-—k -+ %Bk'vk'B—k} (Al)

be a constant of the motion, with the scalar «, the
vectors B and e, and the dyadics 2, u, v to be de-
termined. Without loss of generality we may assume

(V) = a_(v), i—k =, Vo = Wiy (A2)

7 See K. M. Case, Ann. Phys. 7, 349 (1959).
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and
k8. =0, mk=0, vk =k =0.

The symbol ~ here means transpose.

Now upon taking the time derivative of (Al),
demanding that it vanish, and utilizing the equa-
tions of motion, there results '

0=/ d’k{ i davl:—(a,,f,‘ + 8By + &E)

X [—ik-vf, + (B_; + vxB_;)-8g/dv]

(A3)

+ (—’l:k XE,"ﬂh + 1k ka'Eh

— & f %’ v’fk(v’))f_,,]

+ ik ka°)\k'E—ls - f dsv’ v’fg(v')-)\,,-E_.,
— 1k XE,‘- Vk'B_b + 1k xB'vk°B—i
- f dsv, V'f(V')-y,,-B_k + iEk'vg’k XE,,}- (A.4)

Since this must be true for all f., E., B,, after

eliminating k-E, and k-B, by
ik-E, = f d% fi (A5)
and
kB, = 0, (A6)

we set all the second functional derivatives with
respect to fi,, kxE,, and kxB, equal to zero to
obtain the following set of equations for the un-
determined coeflicients:

) il k _k
z'a,,k-g—f’; — za,,k-g% + vy + BTG e
. k . k
~— V- é_k - ¥ 4% + 1«V'3._,,'F —_ 'LV’?»,,'F
~ L[ k(e + e =0, (A7)
. k
%akkx(v xg—%) + 1, — lk-F
k 7
+ V-y_,, xic—z + P‘k‘vkx@b
2 [ 1.9
— k4fdvk avkxg,,
+ -’;-Lz f dvk x(v x%g)k e, =0, (A8)
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1 0 . k
e ak xg‘ﬂ; — 10 + 2 Y-

+ vea, x% + kv -’i% Xe,

- izfdsvk-g—gk’ts.

- f PrkxLe, k=0, (49
%kxﬁ.+%y-,xk+%fd3vkx(vxg%)
XEx@ + 620 =0, (AlO)
kz vk"k + kzk"v—k + k4fdavkxag
ka(ck + 8_],) = 0 (A].l)
%’gkxl_,,—kizv_,,xk fd3kx k X6,
fd3 kxs_,,kx(vxgv) 0. (Al2)

Here @, = a,(¥), etc. Actually this rather formidable
looking set of equations is not difficult to solve.
Upon dotting (A8)-(A12) with k and using (A2)
and (A3), we obtain

ke, = —i(k/k®) : %, (A13a)
hence
k(e + B—k) =0, (A13b)
k‘vk.k = k'vk xk = kka‘k = k'lk Xk
= k xlb'k = k‘ Vi xk = k x Vk'k =0, (A13c)

If we set # = 0in (A7) we find, with C, = a;k-9g/dv,
that C, is a linear form in v,

Ck = Cg + Ck'v.
If now (A9) is inserted into (A8) there results
Cilv — (kk/K)-v] + e[k — (k-v)’] + vey.u xk

(A14)

kk 7 ]
+ k'V'l_k'l: i —]?] + Eﬁk'v f davk'a_g 8r1

kz f ds ag [kzk X (ag xk) 'ik-Vc“_] . (A15)

Here ¢, = e,-{I — kk/k®]. The integral on the rhs
of (Al5) is zero, which is seen by taking v first
in the direction of k and then oppositely oriented.

Next, if v is taken zero we conclude
0
&y = 0.

(Al6)

Thus, taking ¥ = 0 in (A7) and using (Al3a)
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results in

Cg = Co W 8_1, = Ab + kk lk(k V) (A17)

If (A17) is now reinserted into (A7) there results

(A18)

If (A18) is multiplied ¥v(|¥]), where v is an arbitrary
function, and integrated over ¥ we find

1 = Dy (kxv), (A19)

a linear function of ¥,. But D, must be zero as
seen by inserting (A19) into (A15) because there
is no term to cancel the cubic term, since (Al5) is
now a polynomial in v. Setting the linear and
quadratic terms in the resultant (A15) separately
to zero gives

— Ve gy — Vg = 0.

%kk :lk<v - k“k}c-;!) + V'l—k'[l - %:‘ = 0:
or
Ay = —(BE/KY) : 0T — Kk/k*] (A20)
and

w = —(Ci/EM xk.

The remainder of the coeflicients are now trivially
found in terms of C? and kk : 2,/k* and we have
(now in Gaussian units)

Q = f &% By (k) -k { f ['m:Tlg/a—v (mf,,f\.,,

+ 2 (jkxB_, — 1.k xB,)-2

2
€

+ 2k* (kakka A ):‘

+ g [Bore (B %K) + B,,-<E-k><k)1} (a21)
and

@=[da B2(k){ [ d%[rl;'g"/—a; (mjkf_,‘

+ 2 (ke xB_, — fkxB,)- 2

e2

+ zkﬁg .(k x B,k xB_,)- )

+ 26_122_ v-(kxB,f_, — k xB—kfk)]

- am(er+(1- £ mr)) @

Here «* = w)/c” and B, and B, are arbitrary fune-
tions of k. Notice that only two constants are
found, and these are just those previously stated
in (35) and (36), as found upon inversion.
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The mathematical methods involved in the evaluation of three-body interactions between rare-
gas atoms or alkali-halide ions with Gaussian type electron wavefunctions are outlined in first and
second orders of perturbation theory. These methods are of general applicability for the analysis
of many-center coulombic and exchange integrals occurring in problems of atomic and solid-state
physics in which Gaussian functions can be used as a basis.

1. INTRODUCTION

UNCTIONS of the Gaussian-type exp (—or®)

have recently found increased interest as a basis
for the evaluation of two-center and many-center
integrals in atomic physics and solid-state theory.
This interest arises from the fact that coulombic
and exchange integrals with electron wavefunctions
of Gaussian type are much less difficult to calculate
than those using Slater-type orbitals, for example,
as was first noted by Boys' and McWeeny.” For a
detailed account of this type of applications we refer
to a recent treatise by Shavitt® and an analysis by
Krauss,* where many additional references can be
found.

In this paper we will outline the mathematical
methods used in a somewhat different application
of Gaussian functions, namely in the analysis of
stability of rare-gas crystals and alkali-halide solids
as given recently by Jansen and collaborators.®™
It can be shown that in the stability analysis the
electron wavefunctions of the rare-gas atoms and
those of the alkali-halide ions may be replaced by
those characterizing the charge distribution of effec-
tive electrons, one such electron per atom or ion.
This charge distribution is chosen to be of Gaussian
form

o) = (B/I)° exp (—67"),
where r is the distance from the effective electron

* Part of this research has been made possible through the
support and sponsorship of the U. 8. Department of Army,
through its European Research Office.
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to its nucleus, and where 3 is a characteristic pa-
rameter, different for different atoms or ions.

Crystal stability is then analyzed in terms of
three-body tnteractions between atoms or ions, which
are of exchange type; these interactions are evaluated
in first and second orders of perturbation theory,
where the unperturbed ground-state wavefunction,
¢(r), of an atom or ion is taken as the positive
square root of the charge distribution p(r). The
problem thus reduces to the evaluation of three-
body exchange interactions for different triplets of
atoms or ions in the crystals with unperturbed wave-
functions which are of the Gaussian form.

In the following sections we analyze the first- and
second-order perturbation calculations for three-
body interactions between the atoms or the ions,
first for a general triplet (abc) of atoms or ions.
Detailed results will be given for specific triangles
of rare-gas atoms oceurring in the face-centered
cubic and hexagonal close-packed configurations in
their solid states. In this sense the present paper is
complementary to Refs. 5-8. The methods outlined
are, however, of general applicability for the evalua-
tion of many-center integrals with Gaussian func-
tions in atomic physics and solid-state theory.

2. DEVELOPMENT OF RELATIVE FIRST- AND
SECOND-ORDER THREE-BODY INTERACTION
ENERGIES AS A LINEAR COMBINATION OF A
PRODUCT OF OVERLAP INTEGRALS AND
SOME BASIC FUNCTIONS

A. Notation

We will denote by E, and E,, respectively, the
total first- and second-order interaction energies for
a triplet of atoms (abc); by E{” and E{” the respec-
tive sums of the first- and second-order interactions
between the isolated pairs (ab), (ac), and (bc).

We will evaluate the relative first- and second-
order three-body interaction energies, defined, re-
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spectively, as
AE,/E” = (B, — E")/E”, ey
and

AE,/Ey” = (E, — E")/E. (2

B. First-Order Three-Body Energy for Triplets

of Identical Atoms

We introduce the following notations:

©q b and ¢, are the ground-state wavefunctions
for atoms a, b and ¢, respectively (we have
ea(1) = (B/I) """, ete);

H!, is the electrostatic interaction (perturbation
Hamiltonian) between atoms a and b;

As = [ ¢.e, dr is the overlap integral between
e and b;

A:bc = Aib + Aic + Agc -

¥ is the zero-order total wavefunction (Slater

determinant),

¥ = [BI(1 — ALJT  det {p(Des(@e.8)), @

and

Yoy = [2!(1 — A:fl:)]_!r det {%(1)%(2)}: 6))

the zero wavefunction for the pair (ab). We have

= (Hio) = (Ho) + (Ho) + (Hi), (6

2Aab AacAbc ’ (3)

where
(H.) = ff V*H,¥ dr, d7, drs, )
and
El(m = <H;bc>0 = <H;b>o + (Hcic)o + <H1:c>01 t)

<H£b>0 = f ‘I’Bk(ab)Hﬁb‘I’o(aw dr, dr,. (9)
Similar expressions hold for the pairs (ac) and (bc).

(H.,) and (H',), tn Terms of Auxiliary Functions
Al, Az, Aa, and A4

By substituting (4) in (7), we obtain 36 volume
integrals, which ean be expressed in terms of the
four auxiliary functions A4,, A,, 4; and A,, defined
as follows:

pa R = [[ AOADHL dry dr,, (10)
ﬂA:bA2(ﬁRab)
= [[ ce@ama@t dr dn, 1)
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ﬂA:CA3(BRab7 ﬂRu(bc))
= f f f e:(Des(es(3)e. (20 (3)HY, dry drsy dra, (12)

and

ﬁAabAacAbcA4(ﬁRaby BRa(bc) ] ﬁR(ab) (bc))

= [[] ¢.00.@0 @00 W@t dr, dr, dr..
(13)

In the above notation, R, ., denotes the distance
between atom ¢ and the middle of R,., whereas
R (2s) vey Stands for the distance between the middle
of R, and the middle of R,..

The final first-order expression then becomes

(HL
[

- A:cAs(BRab, BRb(ac)) - AicA:i(BRaby ﬁRa(bc))
+ AabAacAbc[A«i(ﬁRaby ﬂRa(bc)y ﬁR(ab)(bc))
+ A4(6Raby BRb(ac)) BR(ab)(bc))]' (14)

As a special case, we obtain for the pair-energy

2 (1 — a%) = Ay(BR.) — A% Au(BR.)

(Hiwo
ok (1 _ g2y = lim {<H"”> (- Am)}
Be Raco
Rpe—co
= AI(BRab) - AibA2(ﬂRab)' (15)

Similar expressions hold for (H.,), (H..), and (H},),
<H gc >0'

Auziliary functions A,, 4., As, and A, in Terms
of the Bastc Funciion L(z) = erf z/x

By substituting the explicit expression of H’, into
(10)-(13) [for example H’!, = 1/R,; — 1/ry; —
1/rq + 1/r2 in (11)], it is easily found that the
auxiliary functions 4, to A4, can be expressed in
terms of the basic integral

Lz) = erf z/z
as follows:

A(@) = 1/z — 2L(z) + 271027 Y),

Ay(@) = 1/z — 2L(z/2) + (2/m),
As(zy, x) = 1/2, — L(z;) — L(z,) + 2'L(2%,),
and
Az, 22y 23) = 1/2; — L(2,/2)

~ L(z;) + 22L(2%).

(16)
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‘The final equation for {(H/,) can then be written as
(Hi)
ﬂe; (1 - A:bc) = (1 - A:bc)/ﬁRab

— 2{1 — ($)(4% + AL)}L(BR.)
+ 280{An — AuAr}L(BRL/2)
+ Aac{Aac - AabAbc}L(ﬂRb(ac))
+ Abc{Abc - AabAac}L(ISRa(be))
+ 27HL©2R.) — AL}, 17
and

%L (1 = &%) = (I — A%)/BR. — 2L(8R..)
+ 28%4L(8R../2) + 27 L(2716R.,) — (2/)A%,. (18)

C. First-Order Calculation for Different Atoms

We note that the expressions for the first-order
three-body interactions given above can readily be
extended to the case of atoms (or ions) of different
size, such as occur for mixed molecular crystals and
for ionic solids. Let ¢ and b denote two different
atoms, characterized by the Gaussian parameters
B’ and B, respectively. The Gaussian wavefunctions
for the two atoms are

eu(l) = (8'/)} exp (—6"1%:/2),

and

(2 = 8/ H*)i exp (—B°12/2).
Consequently, the integrals occurring in the evalua-
tion of {H’,) are slightly modified.

We introduce & new parameter v, defined by
vy = ®/8’
and use the identity
Vo = /(v + 1] o+ v+ 1)7'2(’4)1,
where the point (d) is defined by

v = Ru/Ruwa.

Using (19), all the integrals become of the follow-
ing four types:

(19)

@/ [ exp (=o' dr
= erf (aRa)/Ra = aL(aRa,),
/)" [[ exp (=% + 72)/ris dr, dry
= erf (27%R.,)/Ra = 27 %L(2 *%Ra),

(20)

@1
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(a/H*)a ff exp [—az(rﬁl + 7’:2)]/7'12 dry dr,

= 27hLI(0) = @/M, (22
and
ki("‘/ni)d ff exp [_ag(k'fix + 7':2)]/7'12 dr, dry
= erf [(k/k + 1)&aRab]/Rab
= a(k/k + D'LE/k + D'eRa],  (23)

where the parameters « and & are given functions
of g and 7.

The first three types of integrals occurred already
in the first-order calculations for identical atoms
(v = 1); consequently, only (23) is a new type
of integral. The formula (23) is obtained by using
the three following identities:

f exp [—a?(a® + b* — 2ab)] ¢

= {exp [—a’(a — D)’] — exp [—a'(a + )]} /24"ab,
24

fﬁ f (@® + w* — 2aud)™W® erf (—u?) di du

= I1* erf a/2a = I*L(a)/2, (25)

j: {exp [—(au — b)*] — exp [—(au + b)*]} erf u du

= 11! erf [b/(a® + 1)}]/a. (26)

As is seen from Eqgs. (20)—(23), in the case of
¥ # 1, also, all first-order integrals can be expressed
in terms of erf z functions.

D. Second-Order Interaction Energy
For the second-order energy we have to evaluate

E, = ; (Hv)odHar)eo/ (Bo — E.)

= —{(Hi) ~— (Hu)} /B,  (27)

where E,, is defined by the averaging procedure,
and where ¥ numbers the excited states of the
system (energy E,). On the other hand,

© = == [(HD — (HL + [(a), (b0}
[(ac), (be)] signify that the corresponding expressions
for the pairs (ac) and (bc) must be added. It should
be noted that the quantities E,, in (27) and (28)
are not precisely the same. Their difference can,
however, be ignored for our purpose.

(28)
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Since (H!,,) and (H.,.), are already known from
the first-order interactions, the only unknown
quantity is (H;,), defined by

abc) = fff \I’*Habc\I’ de dTg d‘l’x- (29)

Development of (H’;.) as a Linear Combination of a
Product of Overlap Integrals and the Auxiliary
Functions @ to 3¢

For the evaluation of (H’}.) we substitute the
value of ¥ = ¥* given by (4) into (29) and de-
compose in each term H/;, into squares and double
products,

Hi. = Hi + Hi: + Hi;
+ 2H;bH;c + 2H¢’szI:a + 2H£cH;¢'

Thus we obtain 126 volume integrals, all of them
of the eight following types (except for permutations):

BaER = [[ 0. 0e@HZ0. V@) dr, dra, (0)
B200®(BR)

= [[ e @HZ@0 ) dr, dr,,
BC(8Rus, BRec, ba0) 2
= [[[ eV @0 BHL L0 VDo) dridrs d,

ﬁ:A:b ﬂ)(ﬂRnc ' ﬁRc {abd)» { ao(ab))

63Y)

(33

= [[[ ee@e@Hze@0e0u®) dr, dr drs,
ﬁZA:ba(ﬁRucy BRbcy BR,, (ab)) (34)
= [[[ e.0e@e @ HLHL0.@eDe.(3) drydr, dr,
63A:bg(ﬂRabv BRacy 6R,, (ab)) (35)
= [[[ ¢ W@ D HLH Lo Der(e3) dri dry drs,
BzAabAacAbcg(BRaby ﬁRa(ch [] BR(ub) (bc)) (36)
f [[ e.00@e@Hie Do) dr, dry drs,

ﬁ:AabAacAbcsc(ﬂRacy ﬂRbc) 6Rb(ac)) (37)

= [[[ e V@e®HLH 020, Beu(1) dry dry dr,.

In (30)-(37) we use the same notation as in
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(10)—(13). We then obtain for (H’;,) the following
expression:

(I = ALw)Ha) _
:326“
+ 2@(BR., BR.., X bao)
— 245,8(BR.ac, BRyc, BR. ) + [(ac), (be)]}
+ {—ALD(BR.., BR. (), Xao(be))
— 2455(BRas, BRuc) BR.(aby)
+ 244,48, G5BRas, BRusers BRar) 0e)
+ 2404,.805(BR.s, BRac BR. co1)

+ [(ba), (a0), (ca), (be), (D)1},
and for (H?2,),,

(H22)o/B%" = {G(BR.) — ALGB(BR.)} /(1 — A%). % (39)

In (38) the notation [(ac), (bc)] has the same
meaning as in (28). It is to be noted that the total
number of permutations for the last four terms in
(38) is six, compared with three for the first four
terms of this equation, since for the last terms
permuting @ and b, or ¢ and ¢, or b and ¢ is geo-
metrically different for the arguments of the func-
tions ©, ¥, G, and 3C.

From (27), (28), (38), and (39) we note that,
to obtain the final result for AE,/E{”, it is sufficient
to evaluate the eight auxiliary funections @ to 3C for
the corresponding values of the distances SR,
BR,., etc.

{a(ﬂRab) - A:b(B(ﬁRub)

(38)

The Auziliary Functions G-3C as Linear
Combinations of the Basic Integrals K-S

We will now express the auxiliary functions @ to
3Cin terms of nine basic integrals K to 8. To do so,
we observe that all auxiliary functions contain
volume integrals of the following forms:

I = BSH_! f €xp [_(32/2)(7'31 + 7‘:1)] dr,
= exp (—F'R; /1) = Au,

I, =gt f exp (—Br%)/rsy d7,

(40)

(41)
I, = g'm? ff €xXp [—ﬁz(rﬁl + 7'12;2)]/7'12 dry dry, (42)
L= 1 [[ exp (=862 + i)/t dr, dra, (43)

I = £ [ exp (=B dn, (44)
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Iy = ’861-[—-3 ff €xXp [—ﬂ2(7'31 + riz)]/razrn dr, dr,,
(45)

I = £ [ exp (=87 frura dn, (46)

Iy = .3611_3 ff exp [_32(7'§1 + 7'%2)]/7'017'12 dr, dr,

(47)
I, = ﬁQH—QN fff exp [_ﬂz(ril + 735 + 7"33)]/7'127'13
X dTl dTg dTa, (48)

I, = .3611—3 ff €Xp [—)62(7':1 + r2a2)]/rclr12 dr, drs,
(49)

and

I, = g0 f f f exp [—B°(3 + riz + re))/rians

X dry dry drg,  (50)

where I,, and I,, are special cases of I, and I,
respectively.

Upon inspection of the volume integrals I, — I,
it appears possible, by using (24), (25), and the
following identities:

2/a, b<a,

/ (@ 4 b — 2ab)7 df = { . 6D
= 2/b, a<b
fo i [ 11 (@ + 1 — 20up) ™ exp (—?) d du

= I'K@)/2;  (52)
fo " oxp () erfu du = (T /LA); (53)

[ tep 1~ = ) = exp [~ + &%)} extudu
=1 erf (27%d);  (54)
[ tep 1= = 71+ exp [~ + @]} exfudu

= @/2)[1 + (erf 27%)7],

to express these in terms of the nine basic integrals
K to 8, defined as

(55)

K(x) = %e_z“ -/; e’ dt, (56)

erf z

2 7
L(:c)EHIT}foe'dt= ol

57
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M@ == [ et @) du, (58)
NE) = /) [ el — @ — 2]

—exp [~ — (4 D) efiudu,  (59)
Otu, v, ©) = f: fom fonac’ exp (—2°)
X W’ + z° — 2ux sin a sin )} (60)

X p* + 2* — 20z sin a sin (y + 0)]7* sin a da dy dz,
© 21 I

P , 0, = 2 — 2

(u, v, ©) fo fo fo z” exp (—2°)

X @ + 2 — 2vz sin a sin )~
X (u® + z* — 2uz sin asin (y + O))? erf [¢° + 2°

— 2vz sin a sin ) *] sin & da dy dz, (61)
© 20 I
Qlu,»,0) = j; j; ‘/; z* exp (—2%)
X @ + x* — 2uz sin a sin )™}
X [o? 4+ 2 — vz sin a sin (@ + 0)]*
X erf (u? + z* — 2uz sin a sin v)}
X erf p? + z® — 2z sin asin (y + O]
X sin « da dy dz, (62)
R(z) = T*P(z, 0, 0°)
=1 — 2’L*(z) + T 92[L2%) — ¢ " L(x)], (63)
and
5@ = Q2,09 = = [ {exp [~ = 9
— exp [—(u + 2)°]} erfu/u du. (64)

It is seen that the integrals O and P are special
cases of the general integral @, namely, those cases
in which one (or both) of the error functions occur-
ring in the integrand of @ are replaced by 1.

The relations between the volume integrals I.—1I,,
and the basic integrals K to S are as follows:

I, = BL(BR.), (65)
I, = B2'L(27'8R,,), [see (23)] (66)
I, = B°N(BR..), (67)
I; = B°K(BR.), (68)
I, = B’3K(BR.) + M(BR.)], (69)
I; = I*6°0(BR., BR.., X bao), (70)
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Iy = I¥°P(BR.., BR.;, X bac), @1
I, = MT¥6°Q(8R.s, BR.., X bac), (72)
Iy = TIPSR, 0, 0°) = F°R(AR..), (73)
and

I, = II"¥8°Q(BR.., BR.., 0°) = I }8*S(8R..). (74)

As the final step, we express the auxiliary func-
tions @ to 3¢ via the volume integrals I,-I,, in
terms of the basic integrals K to S. The results are

Q) = 1/5* + 2L (x) + (2Y/2) L2 i)

+ N(z) — 4L(x)/z — 4M(z); (75)
®&@x) = 1 + 1/2° + 2/z2/1) + 2K(x/2)
+ 2L%z/2) — 4/xL(x/2) — 4R(x/2);  (76)

e(xly x21 a)
= [1/z — L(z)][1/z2 + 27202 7¥,) — 2L(z,)]
+ [1/z, — L)1[2 L@ ) — L(z)]

+ 040Gz, 22, @) — P(x1, 25, @) — P2, 71, @)
+ Q(z:, 22, )], where a = L, Ts; (77)
D@, 22, @) = 1/21 + K(z,)

+ 2L(z)L(xs) + (2/2) L2 z,)

+ N(xs) — 2/z[L(z) + L(z,)] — 2M(,)

- 2/H*P(x1,x2,a), where o« = X1, 25; (78)

&(x1, 22, T3) = /2,7,

— 27 (@) L2 Y2s) + L(zy)[Lizs) — 1/2,]

4+ L(z,)[L(zs) — 1/z:] + [L(xs) — (@1 + 22)/21%2]
X [Lizs) — 27PL(27Ye,)]

+ 00, 22, X241, T2) — P(@y2s, X240, 73)

— P(z;, T35, L2z, z3) + S(z3)]; (79
F(x,, 2, Z3)
= [1/z, — L)L/ ~ 2L(x/2) + (2/m)]

+ [L@/2) — Vn]lL,) — 27 L2 7,)]

— R(zy) + TH0(2,/2, x5, L2:/2, 75)

— P(x,/2, 55 £2:/2, z3) + Q(xs, 0, 0°)];  (80)

S(xy, T2, 2s) = 1/71 + K(2,/2) + K(z,)
+ N(zs) + 2L(2:/2)|L(xs) — 1/z1]
+ 2/2,[27 L2 ) — L(z,)]
— @/M}P(z:/2, 735 ¥X:/2, T3)
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+ P(z2, 23; L2, 23)]; (81)

30(xy, T2y T3y (Xs, Ts, Ta))
= [L(z:/2) — 1/2:][L(2:/2) + L(ze)
— 272 ) — 1/2] + [L(ze) — 1/2][L(zs)
— 2727 e)] + THO(@. /2, 25 £20/2, 25)
— P(x,/2, x4; X2:/2, 21) — P23, 25; X235, Z5)
+ Q4 755 L4, T5)]- (82
The variables z,, z,, s, 4, s, Ts have the following
meaning:
gc(ﬁRncr BRbc’ ﬁRb(ac))
z Z3 Z4 Ts Ts

BRac BRbc BRb(ac) ﬂR(ac)(bc) BR(ab)(ac) ﬁRc(ab)

For the remaining five 3¢ functions, the variables
are found by permutations.

3. EVALUATION OF THE BASIC INTEGRALS

A. General

For small values of the parameters z, u, and
v(< 2, 5), the evaluation of the basic integrals is
accomplished by means of electronic computation.
For large values of z(x > 2, 5), the functions
K(x), L(z), M (z), N (z), R(z), and S(z) are evaluated
by means of an asymptotic expansion, which gives
an accuracy of 10™° to 107° for 2 = 2, 5, whereas
for the functions O, P, and @, a double-series
expansion is used.

We will give here the expansions used, and then
discuss some aspects of their derivation. The asymp-
totic series expansions are:

Loiw =5 2 o), e
k@ = 2y o, 69
o~ (/-
- HL P DTG o(€5) @)
M@) = K@) — o2t e_:/z
(1 +at 2 Z+ ) + 0€™"*/z"), (86)
e e

=1
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and

—z’/

S(x) = K@) — 2'n&—

+o(S5).

For Q(u, v, ©) the following double-series expan-
sion is used:
- @2n — DNCm — D!Mn+ m)!!
Q.. O)~2 3 2 o s om e + m + DI

(88)

(n+m) even

21 » -
X f sin” v sin™ (© + ) dy (x P ) (x22fv2>

%" dz

X@F I+

where u > v,

pe erf (u— z,) erf 0 — z,), (89)

O=z <, < <, <2< <z =v—a,

and a is a small fixed number.

The series expansions for P and O are particular
cases of (89), in which one, (or both) of the error
functions are replaced by unity.

B. Derivation of the Asymptotic Expansions
As each of the functions K, L, M, N, R, and S
involves either erf z or erf iz, we give first the
asymptotic expansions of these two functions,
namely

l—efz=1 —211_*[ e ' dt
0
e s (=D"(2n — 3N ( e )
=5 ,;1 25 + O\ ), (90)
and
iz = ot [ e dt
erf iz fo e

z N 2" - ” z3
-GS ESA 0( ) e

The last two expansions are easily established
by applying 'Hospital’s rule. By using (90) and (91),
the asymptotic expansions for K(z), L(z), and R(x)
follow directly. For the function M (x), we apply
first ’Hospital’s rule, which gives

M@)ze" = f ¢ [erf @M)P dt
0
z N
- f ¢ dt — 22/} 3 (—1)"(2n — N
t’/2 z3/2
X f £ + 0( 2(N+1)>’

where a is a fixed small number. Then, by repeated
application of the identity

SAMSON ZIMERING .

et &2 o3
f t2n-l dt = 2n + 2n f tznu dt -+ 0(1),
n=12---,N-—1,

we obtain Eq. (86). For the function N (z), we divide
the integral in two parts, the first one between the
limits O and @, the second one between a and «;
these partial integrals are denoted, respectively, by
N*(x) and N**(z). Since we have

N*@z) = O™ """ /2),
it follows that

N*(z)

for

= N**(z) + O™ *"""/a),
where
N = [ " fexp - — (z — w)]

— exp [—u® — (z + w)?]} erf tu du.
We now replace erf 7u in N**(z) by its asymptotic
expansion (91), and obtain

N
=1t )27V ©2k — 3N

k=1

sN**(x)

X N#*(@z) + 0™")
with

NE@ = [0 (e [~ - 2]

—exp [~ + 2)°]}du, k=1,2,---,N.
By using for N}*(z) the identity

we—(u—z)’ _ e—(u'*'l)’
f — du = 2K(z) — (92)
0
and the property
1 d2(1 -1)
N¥*(z) = 20 — D] dz= D [NF*@)],
v=1,2,---,n,

we find Eq. (87). For the function S(z), we consider
again only the integral between the limits ¢ and
«, where a is a fixed small number, since we have

[ texp [-@ — 2] — exp [~ + o)
X erf’ u/u du = O(ze™™").
Then we use (90), which leads to

me—(u—z)' — —(u+z)*?
I ’z8(z) = f ” du

+ Zl I,(x) + O(e—z'/z/x2N+l),
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where
(=172 — 3!
L@ ==
© —~(u—z)? __ = (utzx)? —ut
xf {e z: }e du”'=1’2v"’1No
0 U

By using the identity (92), and considering the
fact that
N
2 L@ = o(1/),

we obtain -
lim {S(z)/K(@)} = II'.

To determine the second term of the asymptotic
expansion of S(z), we note first that

nZ I, = oI)).

=2

Then we write
—27m op /2@ = [ {exp (=20 = 2/2)7]

— exp [—2u + z/2)°]}/u du.

and differentiate the last integral with respect to z,
which yields

L(z) = —2° exp (—32")/2" + Olexp (—3z%)/"].

Consecutive terms are obtained by the same
procedure.

C. Derivation of the Double-Series Development
Used for the Functions O(y, v, ©), P(u, v, ®)
and Q(u, v, ®)

We sketch the derivation for the function O(», v, ©)
only, since the method is similar for the general
case u # v, as well as for the functions P and Q.

Tt is sufficient to consider only the integral between
the limits z = 0 and z = » — @, where a is a fixed
small number, since we note that

0@, v,0) < 0, + 12" ""**(1 + #’a), (93)
with
v—a 21 bid
L = ? ? — 2rpsin asin )}
o _/; j; /; @ +v zv 8in « sin v)
X (° + v* — 2zvsin asin (y + O))
X z’¢* sin o da dy dx. 94)

By using the binomial series

@ + 2* — 2vzsin asiny)7?

. 2 st %= (2n — DU 2z \"
= +v)*§ n(2n)!! (z’-tl)—v"’)
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we obtain, changing the orders of integration and
summation,

01 = E E Cn,m‘]u+m, (95)
(n+m) even
where
C . = 202n — DN2m — Dn + m!
mm T 2ewlem)in + m + DY
and

r—g 2vx n+m xZe—-z’
Jn+m = j; (xz + Uz) :1:2 + vz d-’l’i,

n+m=20,24,6, ---.

The coefficients C,,,, can be evaluated on a desk
calculator;J,..,, is determined by electronic computa-
tion. In (95), it appears that sufficient accuracy is
obtained in terminating the double series at values
of m and n equal to about 8. This can be seen
from considering the remainder B of the series (95),
with # or m > S, which satisfies the inequality

SN [(25 + 1)!1]3
S+ nulEs+nn

Rs <41

Jz(s+1)

X [1 2+ a) ]’.
¥+ @ — o)’

D. Particular Cases for the Basic Integrals
For z = 0 we have
K@) =2, L) = 2m, M©) =0,
NO =1, R0 =1, and S(0) = 2m*/3.

These values are obtained directly by using
I"Hospital’s rule. Other particular cases are

O@, v, 180°) = " v '[1 — vL®)],
O@, v, 0°) = 21 — &™) + I} — vLW)],
P@, 0, 0°) = IPRW),
P(,v, 0°) = 3K + ME)],
and
Q@, v, 0°) = S().

The last identities are obtained with the help of
Eqgs. (24), (25), and (51)-(55).

4. NUMERICAL RESULTS
A. General

In this section we present tables containing numer-
ical results for the basic integrals K(x), L(z), M(x),
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Tasre 1. Numerical values for the basic integrals K{(z:) to 8{(z1); 7 = BRu = SRz = 2.5.
(z1/z) K(21) L{zv) M(z1) N(z1) R(z1) S(z1)
0 2.0 1.128379 0 1.0 1.0 3.712219
1/24 1.037623
1/12 1.431003 0.959653 0,081558 0.795128
1/8 0.892313
1/6 0.833800
1/4 0.793322 0.738320 0.138204 (0.607405 0,603990 2.404900
1/3 0.615730 0.664243 0.150726 0.480091
3/8 0.633351
11/24 0.580086
1/2 0.401537 0.558660 0.140018 0.362737 (.448154
5/8 0.503339
2/3 0.287157 0.489707 0.284204 0.383076
3/4 0.249742 0.460864 0.150145 0.271146 0.368128 1.218120
19/24 (.448817
7/8 0.427215
11/12 0.197250 (0.417489 0.209192 0.333259
1 0.178467 0.399837 0.083428 0.199248 0.319080
9/8 0.377057
5/4 0.138791 0.357743 0.067490 0.155003 0.285451
4/3 (0.340395
3/2 0.326594
19/12 0.107280 0.317885 0.053213 0.116012
7/4 0.096398 0.302371 0.048177 0.104100 0.241257 0.534454
2 0.083700 (0.282842
25/12 0.080183 0.277128 0.040082 (.084989
9/4 0.073976 (.266667 0.037105 0.078038 0.212762 (,411425
8/3 (.062004 (.244949
3 0.054888 $.230940 0.027442 .056856
11/3 {.044680
4 0.040854 0.2 0.020427 0.041849
Tasre II. Numerical values of the basic integrals O, P, and Q.
(u/2.57 (v/2.50 cos © O(u, v,0) | P(u, v, ©)|Q(u,»,0) ||(w/2.5% (v/2.5)} cos ® O(u, v, 0) | P(u, v, ®) Q(x, v, 9)
4] 1/4 1 4.097613 | 2.874800)] 3/4 1/4 —~312/2 1.546731
0 3/4 1 2.00242311 11/12 1/4 (11/12nn 1.561488
4] 5/4 1 1.582341 1 0 1 2.512853
0 7/4 1 1.342051 1 1/12 1212 1.852784
Q 9/4 1 1.184667 1 1/4 1 1.513208
1/12 1/4 12— 3.612911 1 1/4 1/2 1.449800
i/4 1/4 1/2 2.756714 1 2.317396 1 1/4 -1 1.305177
174 | 1/4 1/3 2.682352 1 1/3 3-ti2 1.366500
1/4 1/4 0 2.590675 | 2.443580 1 1/2 2172 1.228400
1/4 1/4 w1/3 2.5635872 | 2.197441 1 3/4 312/2 1.121595
1/4 1/4 ~1/2 2.500426 | 2.176713 1 1 1 1.776742
1/4 1/4 ~5/6 2.428994 1 1 1/2 0.920568 | 0.908411 | 0.896354
1/4 1/4 -1 2.404981 | 2.118723 1 1 —1/2 0.862465 | 0.854839 | 0.847225
1/4 1/2 2~ 2.317859 | 1.942700 1 1 -1 0.832231 | 0.825495 | 0.818761
1/4 1/2 ~ 2112 2.017603 1 5/4 2(5)12 0.849002
1/4 2/3 (2/3nn 2.143085 | 1.758387 1 19/12 | 7(57) /2 0.755000
174 | 273 | =(2/3pn 1.857811 1 | 774 | 528y 0.717906
1/4 3/4 /g 2.087066 | 1.680937 1 5/12 17/10.314 0.657017
1/4 3/4 0 1.837384 | 1.800251 1 9/4 1 0.631944
1/4 3/4 3112 /2 1.693078 1 3 31272 0.537121 | 0.537106 | 0.528104
174 | 11712 | (11/12) 1.864405 1 4 1 0.466147 | 0.466146 | 0.458173
1/4 1 1 1.850083 | 1.490413] 5/4 1/4 2(5)y112 1.331747
1/4 1 -1 1.614754 5/4 1/2 3(10)—142 1.119067
1/4 5/4 512 1.602570 19/12 1/4 76Ty 1.177939
1/4 5/4 o 5112 1.536950 | 1.530590 1912} 2/3 6(38)~142 0.889531
174 | 19712 | 5(57)" 1.390239 7/4 | 1/4 | 5(28)n 1.118648
1/4 | 19712 | —B(57)71/2 | 1.244082 7/4 | 3/4 | 5(28)n 0.804509
1/4 7/4 2(7)-12 1,337278 | 1.336076 2 5/4 3(10)1 2 0.589880
1/4 7/4 —2(7)-12 1 1.175596 | 1.174327 25/12 1/4 17/10.31 /2 1.022714
1/4 9/4 -1 1.196663 | 1.196574 25/12 | 11/12 | 17/10.312 0.671650
1/3 1/4 312 2.480120 9/4 1/4 1 0.983292
1/2 1/4 27112 2.090467 | 1.9426701 9/4 1 1 0.619564
1/2 1/4 2112 1.847348 8/3 19/12 | 6(38)1~ 0.451
1/2 1/2 0 1.710851 3 1 312/ 0.537121 | 0.528118 | 0.528104
(27304 1/4 (2/30r2 1.842978 3 7/4 G(Bay12 0.403154
(2/31 1/4 —{2/3p12 1.513210 11/3 | 25/12 | (99/100)1 /2 0.332393
(2/3p7 173 0 1.778815 4 1 1 0.466147 | 0.458174 | 0.458173
3/4 1/4 3ti2/2 1.744611 | 1.680037 4 9/4 1 0.305211
374 | 1/4 0 1.874103
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Tasre 11T (a). Numerical values for the auxiliary
functions @ to 3¢ Functions @(z,) and B(z,);
z = BRs; = BR,. = 2.5,

.

(<] (x;/a:)’ 106(1(171) 106@(11)
60° 1 21561 38572
a0° 2 1973 1031

109°28' 8/3 647 118
120° 3 420 38
146°27/ 11/3 191 5
180° 4 142 1

N(z), R(z), and 8(z) for different values of the
argument z. These values occur in the expression
for six equilateral triangles with opening angles 60°,
90°, 109°28', 120°, 146°27’, and 180°, for which
we have evaluated the relative second-order three-
body interactions. For values of z > 2, 5, the
asymptotic expansions (83) to (88) were used; for
smaller values of the variable, the results were
obtained by means of electronic computation.
Tables containing numerical values for the remain-

Tasie III (b). Functions € and D [see Bgs. (77) and (78)]; z = Ra = BR.. = 2.5.

) [ Numerical
Funetion (S (z/2) (z2/z b =cosa value X 10¢
60° 1 1 1/4 64
0° 1 2 1/2 6
46(2s, 72, @) 109°28 1 8/3 2/3 1
where
1 = BRsc 120° 1 3 3/4 <1
22 = BRp. 146°277 1 11/3 11/12 <1
a = YLbea 180° 1 2 1 <1
60° 1 1 1/4 32
0° 1 1 0 7
20(zy, 3, @) 109°28' 1 1 1/9 4
where
21 = BRa 120° 1 1 1/4 3
22 = BRa. 146°27 1 1 25/36 <1
a = < cab 180° 1 1 1 <1
60° 1 3/4 3/4 3052
a0° 1 5/4 4/5 1607
2402 (2)D(x1, T2, @) 109°28/ 1 19/12 49/57 938
where
21 = BRe. 120° 1 7/4 25/28 884
22 = BRowp) 146°27° 1 25/12 289,/300 791
o = Yac(ab) 180° 1 9/4 1 760
3° 2 5/4 5/4 1163
20%2)D(z1, 23, @) 109°28 8/3 19712 18/19 442
where
21 = BRye 120° 3 7/4 3/28 354
2y = BR.(ap) 146°277 11/3 25/12 33/100 195
a = Lbelab) 180° 4 9/4 1 150
60° 1 3/4 3/4 3052
90° 1 1/2 1/2 300
28 BRy)D(x1, 79, @) 109°28/ 1 1/3 1/3 86
where
z1 = PR, 120° 1 1/4 1/4 56
Ty = PR, ey 146°27¢ 1 1/12 1/12 12
a = ea(bc) 180° 1 0 1 7
Tasce I1IT (c). Functions &, §, G, and 3¢ [see Egs. (79)~(82)].
) Numerical
Function Q (x1/x)2 (z2/x)? (x3/x)? value X 108
60° 1 1 3/4 —624
90° 1 2 5/4 —360
4AYz)&(x1, T2, T3) 109°28’ 1 8/3 19/12 ~340
where
21 = BRss 120° 1 3 7/4 ~330
23 = ARy, 146°27' 1 11/3 25/12 —324
Ty = ﬁRc(ab) 180‘7 1 4 9/4 —320
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TasLe IIT (c) (continued).

* Numerieal
Function (2] (z/z)t (z2/z)? (za/z)? value X 10°
igiO° 1 1 3;% —~312
° 1 1 1 +30
2%’(5135:)8(:01, Zs, Ty) 109°28’ 1 1 1/3 +12
where
21 = BRae 120° 1 1 1/4 +4
zs = BRas 146°27/ 1 1 1/12 1
Z3 = BRyer 180° 1 1 0 <1
50° i 1 o g
° 1 6
44}\12(z)9’(.1:|, Z1, %3) 109°28’ 1 1 19/12 18
where
z1 = BRac 120° 1 1 7/4 7
Iz = BRa 146°27 1 1 25/12 2
23 = BRoee) 180° 1 1 9/4 -4
- S W S
° 1 1
4?:(1:)5’(11, T3 X3) 109°28’ 1 8/3 19/12 24
where
21 = BBRa 120° 1 3 7/4 13
23 = SR 146°27" 1 11/3 25/12 3
z3 = BR.@b) 180° 1 4 9/4 2
60° }2 1 3;3 441
90° 1 1 1 40
4%’(631,,)9‘(:&, Z2 1) 109°28/ 8/3 1 1/3 13
where
21 = BBbe 120° 3 1 1/4 6
T2 = BRer 146°27' 11/3 1 1/12 1
21 = BB o) 180° 4 1 0 <1
60° 1 3,;3 15& 603(2)
0° 1 1 1 251
QA% z)A(BRs0)S(Z1s Tar Ts) 109°28/ 1 173 1/4 1140
where
2, = BRas 120° 1 1/4 1/4 712
23 = BRae) 146°27’ 1 1/12 1/4 396
zy = BR () @e) 180° 1 0 1/4 339
@ o omomom
° 4 1 1
2%’(:&)A(BR(,¢)Q($1, Z2, Z3) 109°28/ 1 19/12 2/3 409
where
2y = Ras 120° 1 7/4 3/4 222
72 = BB 146°27" 1 25/12 11712 74
z3 = AR @eyot) 180° 1 9/4 1 41
- R S S -
0° 1120
2AY ) A(BRs)S(x1, T3y T) 109°28’ 8/3 19/12 1/4 354
here
T = BRse 120° 3 7/4 1/4 178
z2 = BRcws) 146°27/ 11/3 25/12 1/4 59
Z3 = ﬂR(ab)(bc) 180° 4 9/4 1/4 34
- S R N SR
90° 488
42X 2) A(BR 5 )5C( 21, 22y Z3) 109°28' 1 1 19/12 250
where
>SN U T
= B8R, o
R 180° 1 1 9/4 51
~ N S W S
90
AAXZ)A(BR eI Tty T3y 3) 109°28" 1 8/3 19/12 ~13
h
T o BRae 120° 1 3 7/4 —41
o = SR 146°27 1 11/3 25/12 —51
2 = BBracy 180° 1 ) 9/4 —57
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TasLe III (e) (continued).

Numerical
Function 2] (2120 (Z2ss)? (Zas:)? value X 10¢
60° 1 1 3/4 1225
0° 2 1 1/2 -

4AYz)A(BRy ) 21y 22, T3) 109°28' 8/3 1 1/3 —65
where
21 = BRus 120° 3 1 1/4 —115
22 = BRa. 146°27' 11/3 1 1/12 -77
23 = BRose) 180° 4 1 0 —67
2 = PR, 120° 1 3 7/4 —41
2y = BR. 146°27’ 1 11/3 25/12 —-51
z3 = BRyae) 180° 1 4 9/4 —57

60° 1 1 3/4 1225

90° 2 1 1/2 —24
4A(z)A(BRe)3C(21y T2y 1) 109°28’ 8/3 1 1/3 —65
where
1 = BRse 120° 3 1 1/4 —115
z3 = BRas 146°27' 11/3 1 1/12 —-77
T3 = ﬁRa(bc) 180° 4 1 0 —87

Tasre IV. Final results for relative first- and
second-order three-body interactions, as
functions of opening O of isoceles
triangles; BR.; = BRa. = 2.5.

) AE,/E® AE,/E;®
60° —0.2008 —0.1612
90° —0.0612 —0.0378

109°28’ +0.0187 +0.0197

120° +0.0209 +0.0432
146°27' +0.0339 +0.0539
180° +0.0374 -+0.0557

ing three basic integrals O(u, v, ©), P(u, v, @), and
Q(u, v, ©) are also given as functions of the three
variables, again corresponding to the six triangles
considered. These basic integrals were evaluated by
electronic computation for v or v < 2, 5 and by
using the double-series expansions (89) for the
remaining values of u and ». It was possible to
avoid excessive machine calculations by making
use of some theoretical relations between the values
of O, P, or Q for different values of u and v; ie.,

if Q(u,, v;, ©) is known for a set of values of u;
and v;, then Q(u’, v', ®) can be determined the-
oretically with a certain given precision. In some
cases, general asymptotic expansions were used for
direct evaluation of the auxiliary functions, instead
of via the basic integrals.

Numerical values for K(z), L(z), M(z), N (z), R(z)
and S(z) are given in Table I, those for O(u, v, ©);
P(u, v, ®) and Q(u, v, ®) in Table II, and those
for the auxiliary functions @ to 3¢ in Table III (a—c).
The values of Table III (a—c) follow directly from
the relations (75)-(82). Finally, numerical results
for the relative first- and second-order three-body
interactions are given for z BR = 2,5, which
corresponds to the case of solid argon (see Table IV).
These results have been obtained directly by using
Eqgs. (38) and (39).
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Methods of quantum statistics are applied to the general multicomponent system and explicit
rules for the calculation of thermodynamie quantities and distribution functions in terms of the
basic particle interactions are derived. Particular attention is given to the nonrelativistic system of
charged particles, and several inherent difficulties are investigated and treated. Included are the
renormalization, by the A transformation, of charged-particle energy contributions due to the emis-
sion and reabsorption of photons and the formal sum over all long-range Coulomb effects wherever
(diagrammatically) they give divergent expressions. The latter sum is shown to result in the familiar
Debye—Hiickel theory in the high-temperature, low-density limit.

INTRODUCTION

LTHOUGH most of the macroscopic systems in

nature are comprised of more than one kind
of particle, the quantum-mechanical microscopic
theory of multicomponent systems has hardly been
developed at all.' Part of the reason for this is that
the important physical consequences of a theory
are usually exhibited by simple models, so that
theoretical efforts in the many-body problem have
been largely concentrated on single-component
systems. Unfortunately, this particular simplifying
feature is no longer present when there are charges
in the system, and the primary purpose of this paper
is to present a complete and usable theory for the
study of charged-particle systems.

Several other formalisms have been developed
and applied to a quantum-mechanical system of
charge particles.””® However, almost all of these
studies have been confined to an electron gas in a
uniform background of positive charge, and have
been examined only in the limits of high temperature
and low density (classical), or high density and low
temperature (ground state). The majority of these
calculations have considered only the ring diagram,
or random-phase approximation, although Abe’ and
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Boulder Laboratories, Boulder, Colorado. .

t Present address: Physics Department, University of
Wyoming, Laramie, Wyoming.

1 For a short history of the multicomponent problem when
charged particles are not involved, and a development which
is a special case of the Eresent formulation, see R. K. Pathria
and M. P. Kawatra, Phys. Rev. 129, 944 (1963).

2 E. W. Montroll and J. C. Ward, Phys. Fluids 1, 55 (1958).

3 C. Bloch and C. De Dominicis, Nuecl. Phys. 7, 459 (1948).

4 P. Noziéres and D. Pines, Nuovo Cimento 9, 470 (1958).

8 A, E. Glassgold, W. Heckrotte, and K. M. Watson,
Phys. Rev. 115, 1374 (1959).

¢ F'. Englert and R. Brout, Phys. Rev. 120, 1085 (1960).

7 R. Abe, Progr. Theoret. Phys. (Kyoto) 22, 213 (1959).

others®"® have made some progress in understanding
nonring terms in the classical case, and DeWitt'®
has considered some of the quantum corrections.

In order to understand the general ionized gas in
thermal equilibrium, one must be able to calculate
thermodynamic quantities beyond these approxi-
mations, and for finite temperature and density.
Furthermore, Baxter'* has recently shown in the
one-dimensional case that there are indeed differences
between the thermodynamics of true multicom-
ponent systems and those with uniform background
of positive charge, so that the need is evident for a
developable theory of multicomponent systems.
In principle, the formalisms mentioned above may
be extended to multicomponent systems and devel-
oped further, but this further development has not
taken place, despite the intervening length of time,
and it is not clear with what ease they can be ex-
tended so as to explicitly calculate thermodynamie
quantities. We must note, however, that DeWitt'
and others” have made some probings in this
direction.

Our exposition is based on the original work of Lee
and Yang,'* as further developed by Mohling,**"*®
and can be considered as a natural extension of that
work. The success in understanding low-temperature
Bose and Fermi systems from this point of view
leads us to believe that the same success can be
obtained with charged-particle systems, but in the

8 . Meeron, Phys. Fluids 1, 139 (1958).

9 H. L. Friedman, Mol. Phys. 2, 23 (1959).

1 H. E. DeWitt, J. Math. Phys. 3, 1216 (1962).
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o7 E;&Iﬂ ;3 DeWitt, J. Nucl. Energy, Pt. C: Plasma Phys. 2,

13 H. B. Levine, Phys. Fluids 3, 225 (1960).

14T, D. Lee and C. N. Yang, Phys. Rev. 113, 1165 (1959);
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final analysis this can only be decided, of course, after
making suitable applications. Thus, the quantum-
statistical theory which is presented here is actually
very flexible, in that it can include all possible kinds
of particles and their interactions, provided only that
the number of each kind of particle considered is
very large. The essentials of such a theory are well
known, and therefore Sec. I on the Ursell expansion
of the grand partition function for a multicomponent
system contains no novel features.

In order to formulate the detailed rules for ex-
plicitly calculating thermodynamie functions, it is
useful to study a particular set of interactions.
Hence, in Sec. II the notation of the Fock represen-
tation is reviewed and applied to the case of non-
relativistic electromagnetic interactions. Some of the
consequences of electromagnetic interactions are
pursued in the remainder of the paper along with
the development of the general theory.

The most important steps in the development of
the general theory are contained in See. III, where
the Ursell functions U’ are expressed in terms of
the basic interactions of the system. The final result
of this section is Eq. (41), which provides a dia-
grammatie prescription for the calculation of the
U in terms of wiggly-line cluster graphs.

One of the inherent difficulties associated with
electromagnetic interactions is the self-energy prob-
lem due to the emission and reabsorption of photons
by a single charged particle. In Sec. IV, it is shown
that one-particle cluster graphs contain this self-
energy problem. Moreover, it is demonstrated that
the (divergent) self-energy terms are completely
independent of any thermodynamic parameters
of the many-body system. It is therefore physically
acceptable that they be removed by canceling them
against counterterms in the single-particle energy—
momentum relations. This is formally achieved by
the A transformation [Egs. (52)~(65)], under which
one-particle cluster graphs retain their system-
dependent, nondivergent parts.

A principle result of this paper is the linked-pair
expansion of the grand potential (the logarithm of
the grand partition function). Equations (71) and
(77) in Sec. V denote this expansion as a sum over
all linked-pair 0 graphs, whose prescription represents
a concise formulation of quantum statistics in terms
of the basic particle interactions. Furthermore, in
the derivation of this prescription from results in
the preceding sections most of the tedious com-
binatorial problems of the theory are solved by the
use of symmetry numbers. The linked-pair expansion
given here, which includes photon interaction terms,
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is a generalization of the first author’s previous
result for the grand potential of a single-component
system.'®

In Sec. VI, the momentum distribution (n,(k))
and the pair correlation function P(k., kj) are
investigated. It is shown whenever momentum-
space ordering becomes important, that the equa-
tions of quantum statistics can be rewritten so
that each solid-line factor in the grand potential and
the distribution functions is given by a function
N.(k), which is related to (n.(k)) by Eq. (81). Thus,
the momentum distribution plays a central role in
quantum statistics. This aspect of the theory is
further displayed in Sec. VII, where the master
graph formulation of quantum statisties is written
down. In this formulation, all “many-body self-
energy parts” (defined to have only one incoming
and one outgoing line) of graphs have been summed
and included as the vertex factors G, (k) of Egs. (98).
The intimate relation between these self-energy
parts and momentum space ordering has been
previously shown explicitly for a very low tempera-
ture Fermi system.'® Equations (99) and (105)
show the close connection between G, (k) and (n.(k)).

Sections VIII and IX deal specifically with the
Coulomb interaction. The long range of the Coulomb
potential results in a momentum space singularity
which is iterated by the “ring structure’” of Fig. 5,
thereby exhibiting an apparent divergence of the
theory. The purpose of Sec. VIII is to sum such
ring structures wherever they occur in the graphs
of quantum statistics by means of integral equations.
The hope is that the solutions to these integral
equations will no longer exhibit a momentum-space
singularity, or, in other words, that the solutions
will correspond to a scréened Coulomb potential.
Such a behavior is, in fact, deduced in Sec. IX in
the high-temperature, low-density limit, where the
well-known Debye-Hiickel expression for the pres-
sure of an ionized gas is obtained. It is only to exhibit
this behavior and to illustrate the methods that
this expression is derived, and the future application
to other temperature-density regions, along with
quantum-mechanical corrections, is also briefly
discussed in this section.

I. URSELL EXPANSION FOR
MULTICOMPONENT SYSTEMS

In the general multicomponent system, there
will be different kinds of particles (a, 8, 7, +--)
interacting among themselves as well as with each
other. We let N, be the number of a-type particles,
N;s be the number of g-type particles, ete. It is
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assumed that these particle numbers are all very
much greater than unity, in which case, we may
determine the properties of the system by computing
ensemble averages. In particular, we assume that the
method of the most probable distribution'” applied
to a grand canonical ensemble can be used to calcu-
late average values of the system at equilibrium. For
the case when the particle numbers (N,, Ng, N,, -+ +)
are each separately conserved, one obtains for the
grand partition function

@

2

Na,Ng, om0

af

e = exp BN oga + Nogs + -+ )

X Z exp (—ngs)v

i{Nal

M

where the sum over 4, corresponding to the system
energies E,, is performed for each different set {N .}
of particle numbers (N,, Ng, N,, - - -). The identifi-
cation of the Lagrange multxphers B, Gar g8, )
is made with the aid of thermodynamics, and one
finds

g = 1/kT, 2

where T is the temperature of the system and &k =
Boltzmann’s constant;

G = Z (Na>ga = «Nee)ga + (N8>gﬁ +
where G is the thermodynamic potential; and that

ga = (3G/HN ) lo.r @)

is the partial thermodynamic potential for the a-type
particles. The quantity @ is the volume of the system.

We assume for very large systems that the grand
potential f(8, g., ) is an intensive quantity, and
this assumption is made physically reasonable by
the Ursell expansion as wéll as by inspection of the
following set of equations. Thus, the thermodynamic
properties of a system can be calculated by per-
forming certain partial derivatives of the grand po-
tential. For example, the probability for finding the
system in the ¢th energy state, for fixed (N4, N, « - <),

is
P, = ¢ Y OE) = —8719(Qf)/9E.. ®)

Thermodynamic properties of the system can be
calculated using the following equations:

) ')1 (3)

Pressure
® = g a(af)/eq. (6)
Particle number
Ny = B70(2f)/3g- (")

11 B. Schrodinger, Statistical Mechanics, (Cambridge Uni-
versity Press, New York, 1960), Chaps. II and VI.
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Particle density
- iﬁ" - Z; LY a(;fa' ®
Energy
(B) = G — 3(9f)/98. (9)
Entropy
(8) = (87 f)/oT. (10)

We have so far written down the grand partition
function for the special case in which the particle
numbers (N,, Ny, --+) are each separately con-
served. Other cases may be easily included, however,
by simply making the following observations:

(i) The partial thermodynamie potential vanishes
(g = 0) for components, such as photons, for which
the particle number is not conserved.

(ii) When o particles can transform into 8 par-
ticles, then one must set ¢, = gs. This situation
could oceur if one wished to treat the different phases,
e.g., vapor and liquid, of a substance as different
components.

(iii) When chemical reactions can take place in
a system, then one obtains fewer Lagrange multi-
pliers than appear in Eq. (1). One is thereby able
to deduce the equilibrium conditions for chemical
reactions, which are relations among the partial
thermodynamic potentials. For example, if the
reversible reaction a = 8 - 7 can take place, then
one can derive the equilibrium condition g. = gs + ¢,
from the fact that 2N, + Ns+ N,)and (Ns — N,)
are conserved quantities. In this example, one may
further deduce that g; = ¢, if (N = (N,) in the
system of interest.

After making the observations of the preceding
paragraph, one concludes that Eq. (1) is the most
general expression for the grand partition function
of a system at rest. This expression ean also be
written as

0

2

Na.Ng,+++m0

eV =

exp BN oga + Nogs + )

X [Tr (6_53)} INalr 1y

where Tr [ ]iv.;indicates that the trace of exp{—gH)
is to be taken over a complete set of states for a
system with the particle numbers (N,, Ng, - +) and
Hamiltonian H. Upon comparing Eqs. (11) and (5),
we conclude that the density matrix for this system is

p = e—-nfeﬁ(G—H)_ (12)

We next introduce the interaction representation
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into Eq. (11) by means of the operator W(8).
W(g) = e, (13)

where H, is the free-particle Hamiltonian.'* We also
use the momentum, or free-particle representation
to evaluate the trace in Eq. (11). With these no-
tations, the grand partition function can be written
as

or — 1

= ZNi.=

kN

N
s e[ 0 Fu]

i=1

(8) kxkz et kN)

X weofgh ),

where the «{® are single-particle energies, in the

momentum representation, of the Hamiltonian H,,

and where each k; ranges over all of the free-particle

states of all the different kinds of particles.'® The

last factor in Eq. (14) is defined in terms of the

matrix elements of W(B8) by the relation (S stands
for symmetrized)

1l 2 N)
vy

= 2 (T e)P1z - N W(g) [17 2" -+ N,
(15)

where ) ,. denotes the sum over all permutations
among identical particles of the primed indices, and
P’ can always be written as a product of permu-
tations each of which refers to a different kind of
particle. Thus, there are [[.(N.!) terms in this
sum. The quantity e, refers to the statistics of the
a particles and it is (+1) for Bose-Einstein statistics
and (—1) for Fermi-Dirac statistics.

(14)

Application of the Ursell Method

The sum over all states in the grand partition
function includes states in which N particles are
divided into two noninteracting clusters with N,
particles in one cluster and N, particles in the other
cluster. The contribution of such states to the grand
partition function has an Q° dependence. Similarly,
states for which there are M noninteracting clusters
of particles have a volume dependence QY. The
method of Ursell exploits this property of the sum
over all states and leads to an expression for the

18 When there are external applied fields, then their effect
can be included in H,, but we are not concerned with such
situations in this pager.

1?* We are excluding in what follows the fact that the
composite particles of the system can have internal, or
excited states. In this connection, see A. I. Larkin, Zh.
Eksperim. i Teor. Fiz. 38, 1896 (1960) [English transl.:

Soviet Phys.—JETP 11, 1363 (1960)], and M. Girardeau,
J. Math. Phys. 4, 1096 (1963).
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grand potential in which factorizing or clustering
does not oceur. The final expression (19), therefore,
exhibits the intensive character of the grand po-
tential directly.

Clustering in quantum systems occurs not only
because particles are dynamically interacting, but
it can also arise from purely quantum mechanical
effects. Thus, the effect of wavefunction overlap
of identical particles may result in an appreciable
contribution to the grand partition function from
exchange integrals when the sum over permutations
in Eq. (15) is performed. This contribution from
exchange integrals is a “quantum clustering.” It
occurs for any representation, and must not neces-
sarily be thought of as occurring in position space.
Furthermore, it also occurs for free particles and
results in the well-known free-particle grand po-
tential (77) for degenerate systems. A measure of the
effect of “quantum clustering’ is given by the param-
eter pA2, where

Ao = @eh8/M )} (16)

is the thermal wavelength for « particles, and M is
the mass of an « particle. Thus, when pA2 = 1, then
quantum clustering occurs for a particles.

The method of Ursell consists of defining ‘“‘cluster
functions” US® in terms of the W{¥ of Eq. (15)
by the following set of equations:

(1 (S)(2 3) (S)(z) <s>(3 1)
+U <1’U 27 3/ +U 2'U 3’1

+ U( S)(gl

ete.

These equations are such that the Nth equation
connects W with all of the U{®, U{®, ..., UL®.
From the preceding discussion, it should be clear
that each UY” can be made to correspond to a
physical cluster of M particles, i.e., a group of M
particles which cannot be broken into two or more
noninteracting groups.*

% In this connection, see D. ter Haar, Elements of Statistical
Mechanics, (Rinehart and Company, New York, 1954),
Chap. VIIIL.
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We now define an N-particle cluster integral
by (B, ga, @) by the relation™

> % exp [ —B Zw“”:l
kitorky i=1

(8) ° kN)
XU(k Kk,

After substituting the Ursell equations (17) into the
grand partition function (14), and gathering together
identical terms, one finds that the grand potential
can be written directly as a sum over the by.

bN(ﬂr gax Q) = (QN‘)_I

(18)

f(ﬁy ga’ Q) = NZ‘:I bN(ﬁr ga, Q)

Z exp [ ﬁ Zw(o)]
kyekn i=1

s (k- kN)

X U (k )

By their definition, the by are volume independent

for a very large system (N >> 1), and therefore, the

grand potential has been exhibited as an intensive

quantity. It is to be emphasized that each k; in the

single-particle sums of (18) and (19) ranges over

all of the free-particle states (including spin) of ail
of the different kinds of particles.

= o f) (N

(19)

II. USE OF THE FOCK REPRESENTATION

The presence of interactions in the general multi-
component system gives rise to the continual anni-
hilation and creation of certain particles, subject to
the conservation laws of the system. In order to
describe such processes with a Hamiltonian formula-
tion, we shall resort to the Fock, or number, repre-
sentation.”” In this representation, Eq. (15) for
W® becomes

(8) k k, kN)
T N
= @k k| WO kK, (0)

where the normalization used in Eq. (15) implies
that the state vectors have the form.

kK, - ky) = IkI (@)™ |0).

In Eq. (21), n, is the number of particles in the
state k and |0) is the vacuum state. We have again
adopted the notation that the product over states k
ranges over all of the free-particle states (including

@)

21 Tt, should be observed that the by reduce in the classical
limit to the cluster integrals originally defined by Mayer.
See E. E. Salpeter, Ann. Phys. 5, 183 (1958).

22V, Fock, Z. Physik 75, 622 (1932)
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spin) of all the different kinds of particles. The
creation operator ax, therefore, can represent any
kind of particle in any free-particle state. We must,
of course, maintain the proper commutation relations
for fermions and bosons. Thus

[0, 0] = lal,a]l =0, [a, 0]l = 8,  (22a)
for any two bosons, whereas
la,, &) = [0}, ¢, = 0, [a;, a]ls = 8;;  (22D)

for any two fermions.
In the Fock representation, the Hamiltonian is
written as

H=H,+7V, (23)

where

Z akakww)

and where V gives the explicit interactions of the
system. The general form of V for two-particle
interactions is

V2=% E

kik,ka,ka

(24)

ook, V, [kok)asas.  (25)
For identical fermions it is important to observe
the order of the annihilation and creation operators
in (25).

Of particular interest are systems in which electro-
magnetic interactions must be considered. We only
consider nonrelativistic charged particles, in which
case their interaction with photons arises from the

prescription
2

P (p—eAf)
2M 2M

When the vector potential A is expanded in canonical
variables, the second quantization form (27) of the
electromagnetic interaction represents the annihi-
lation or creation of zero, one, or two photons.”
The interaction of photons with charged particles
will be written as follows:

V'r = Vlv + V27 + VI'Y + V;'Y’ (26)
where
Viy = kkzk a1<k1| Vl'r lk2’k3>a2a(”’ (27&)
Vay = 2 ailla] Vay [k, kiko)asai"al”
kikkake
+ Z a?a;')t( 1y 2] V?-'v 'k31k4>a3a(1)' (27b)
kKikakake

We do not include the second term of V,, in the

2% In the remainder of the paper, the particle-type-label ¥
will be used only for photons, in both equations and figures.
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category of terms in V,, Eq. (25), but we assume
that this second term must be written in “normal”’
form with the photon annihilation operator a‘”’
always appearing to the right of the photon creation
operator ¢'”’t. Finally, we assume that each photon
momentum sum excludes the value k = 0, which
corresponds to a vacuum interaction, and implicitly
includes a sum over polarization indices.

In the case of the interaction of elementary
charged particles with photons, we write the (real)
matrix elements of V,, and V,, using standard
notation.*

(| Viy Ko ko) = —Z,(B/ M)k, (2mer/ Qo) (K, - &5)
X Bk, (ky+k0)1O(my ma) (28a)

& | Vo [k, kok,) = Z3(h*/M)(ma/ Qk; e, (850 8,)
X Ok, (katkstka)1Oimy, mn) (28b)
&y, k| Voo |k, k) = Z)(8/M) (o) Qks 48, 8,)

X Okrtka), (kat k10 (my ma) (28¢)

In Eqgs. (28), d(a, b) is a Kronecker é function of
a and b, Z, is the charge of the particle (1) in units
of le|, m,; is the spin projection quantum number,
and a = €°/hc is the fine-structure constant. The
Lorentz condition makes possible the elimination
of longitudinal photons, resulting in the condition
on Eqs. (28)

(k.-8) = 0, (29)

where €; is the polarization vector of the photon
in the 7th state.

Two remarks concerning the interactions of
photons with charged particles must be made. The
first is that Eqgs. (28) can be used for atomic and
molecular ions only when second-order processes,
such as the photoelectric effect, are unimportant
in the many-body system. A similar restriction holds
with respect to particle spins, which we have assumed
to remain ‘‘unflipped” in photon interactions.
Actually, photons are not “transverse,” but instead
have two possible helicity states. One must go to a
relativistic treatment of photon—particle interactions,
however, in order to deal with the spin projections
properly.

We assume that the most general interaction
in the multicomponent system is of the form

V=V, +7,. (30)

If there are other important types of interactions,

4 Quantum Theory, edited by R. Bates (Academic
Press, Inc., New York, 1962), Vol III Chap. II.
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such as pair production, then these can easily be
included in the general formalism of the next section.

As a final matter for this section, we shall write
down the interaction Hamiltonian V in the inter-
action representation

V@) = Ve = V,B) + V,0. (3l
If one makes use of the identities™
ak(ﬁ) = eﬁHoake—ﬂHo = ay exp [ 6w(0) (32)

t ot
ax(B) = T aye™™™ = ay exp [Bui’],

then one can readily verify the following expressions:

Vi) =% X awmlk| VaB) lkksaa,
kikakalk,
= % E a:a;<k1kzl Vs, lk4k3>asa4
kik,kske
X exp Blo® + wf” — i — W] (33
and
Va8 = Viy®) + Vay(® + Viy(=B + Var(—8),
(34)
where
— (v)
Vlv(ﬁ) = lkzak. a1<kll Vn(ﬂ) !kzy k3>aza (35)
Vi (B) = Z | Vay(8) [k, Ksk,)asa" al™
+ > alas” &, k| Vo (8) [k, kasal”.
kikykske

III. DETERMINATION OF
THE CLUSTER FUNCTIONS Uy®

The determination of the cluster functions US®,
which are defined by the Ursell equations (17),
follows from a study of the matrix elements of the
operator W(B3) of Eq. (13). This operator satisfies
the differential equation

aW(B)/98 = —V(BWB), (36)

where V(8) is defined by Eq. (81). By using the
“Initial” condition W(0) = 1, one can rewrite (36)
a8 an integral equation,

8
WE) =1 — f AV W)
—1- f " + f " at, f T ALV V()

_ f " a, f "t f T AV VRV + O(VY.
87

28 8. 8. Schweber, H. A. Bethe, and F. de Hoffmann,
Mesons and Fields (Row, Peterson and Company, Evanston,
Tllinois, 1956), Vol. I, p. 170.
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14[213t ke

Fia. 1. Examples of cluster vertices. The explicit ’expressions
for these symbols are given in Egs. (38).

The identification of the U™ then proceeds by
exhibiting the matrix elements of the iterated form
of (37) in the form of the Ursell equations.

The prescription for calculating the cluster func-
tions UL® in terms of the basic particle interactions
can be conveniently expressed in terms of wiggly-
line cluster graphs. We therefore first define these
graphs and then give the prescription and its proof.

Wiggly-Line Cluster Graphs®®

The basic units of a cluster graph are symbols for
the matrix elements in Eqgs. (33) and (35), and we call
such symbols cluster vertices. At any cluster vertex
there are tncoming and outgoing lines, equipped with
arrows, which correspond to the momentum (and
spin) states of the vertex function. In these symbols,
we distinguish between snternal (1) and external (k)
momenta by drawing the internal momentum lines
as wiggly lines and the external momentum lines as
solid lines. The type of particle represented by the
line is indicated with an additional Greek letter.
Examples of cluster vertices are given in Fig. 1.
The explicit expressions for the bracket symbols
used in this figure are

()
LK,/

"Kkllll Vz(t) Ilzkz) + €a<k111| Vz(t) Ikzlz>]

for identical particles (« = 8) (38)

“'éafﬂ(k111| Vz(t) |12k2>
for nonidentical particles (a« = B8)
= __2€a(k11 l1| Vz»,(t) |12,k2)
for 8 = photon and & = charged particle,

26 These graphs are a generalization for a multicomponent
system of the wiggly-line cluster graphs defined in I.

MOHLING AND W. T. GRANDY, JR.

= —e (K, kKiLi] Vo (8) [Ks)

(l;zklll)
3 t

+ (k2v llkll VZ'I(t) |k3>]1
"'5::[(111 V21(t) Ilu lzls>
+ (L] Vay(9) Ly K1),

_ea<kl| Vl'r(t) ,llyk2>1

(i)
L./,
)

A Qth order wiggly-line cluster graph is defined to
be a set of @ cluster vertices which are entirely
interconnected by wiggly lines. We let B equal the
number of outgoing external lines, R’ equal the
number of incoming external lines, and I equal the
number of internal (wiggly) lines. Since photons
are created and destroyed by electromagnetic
interactions it can happen that B # R’. The rules
for connecting the ¢ vertices of a wiggly-line cluster
graph together with the prescriptions for writing
down the corresponding expression are as follows:

I

—e{li, Ky | Viy(9) [Kkp).

(1) It must not be possible to complete a loop
in a cluster graph by following the arrows on wiggly
lines. Cluster graphs therefore always have a braided
structure, as shown in Fig. 5 of I.

(2) Every wiggly line is attached to a cluster
vertex at each end, so that the temperature variable
t; at the tail end is less than the temperature variable
t; at the head end.

(3) Associate with each of the I internal lines
and the (R 4+ R’) external lines an integer z (z = 1,
2, -+, I 4+ R+ R’) and a corresponding momentum
1,, k;, or k} according to whether the line is internal,
outgoing external, or incoming external

(4) Two wiggly-line cluster graphs are different
if they cannot be topologically (including the relative
positions of the particle-type labels and the external-
momentum labels) deformed into each other.

(5) Temperature integrations for the @ tempera-
ture variables are performed over the associated
product of vertex functions according to rules (6)
and (7) for wiggly-line cluster graphs in I. These
two rules are somewhat more general than is neces-
sary when one considers wiggly-line cluster graphs
in perturbation theory [because V(f) depends only
on one temperature label]. However, after summing
over certain types of double bonds (see Rule 6 and
the beginning of Sec. V) the full prescription for the
integration limits becomes essential, as in I.
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(6) A factor of % is included for each identical-
particle double bond, where a double bond is defined
to be a structure in which two wiggly lines connect
the same two vertices (there may even be a third,
different line in the case of photon double bonds).

(7) When the cluster graph is written in terms
of its associated vertex functions (using the bracket
notation of Fig. 1), then a factor of [].(¢"?), is
included, where (Pg), is the total permutation for
the a-particles of the bottom-row momenta (both
external and internal) with respect to the top-row
momenta. In this connection, a convention for the
identical permutation of the k/-momenta with respect
to the k;-momenta must be adopted and remembered
for later use. Of course, this rule is only necessary
for fermions.

(8) The sum over the I internal momentum (and
spin) coordinates is performed. (It may also be
necessary to sum over internal states for some of the
particles; see Footnote 19.)

(9) When I = 0, we define the cluster graph to be

(t,) = €40k, k-

We next define a function Tzz-(8) by the equation

m all different Qth-order wiggly-line
T 1 * — cluster graphs with outgoing exter-
nal lines ki - c ke s.nd mcommg

kR‘ -o external lmes kx

with R =R’ = 1).

(39)

The quantity T'zz. is a generalization of the quantity
Ty given by Eq. (I-54). It will be zero if the particles
represented by the k, and the k/ are not all connected
by interactions. Moreover, when R # R’, then
Trr' = 0 unless some of the particles are photons
or other nonconserved particles.

Consider next the partitions {n;} of N as a sum
of postive integers such that each n; = R corresponds
to a T function. We show below that the function
WP (@B) of Eq. (20) can be written (assuming
that k; and k! refer to the same kind of particle) as

kk, --- ky

1 ECDLA Vv k/) = 2 JIE.
« 182 N {né),(ni’) «
X [Tnmz’Tn.n.' ° Tnsns']) (40)
S 8
Y= >ni=Y N,=N.
i=1 =1 o

The sum on the right-hand side of Eq. (40) is to
be extended: (1) over all possible partions {n,}
of N as a sum of positive integers, and similarly
for {n!}, and (2) for each partition {n.} and {n!},
over all different ways in which both the N k; and
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the N k! can be divided into groups of (n,, n,, « - - ng)-
and (n}, n4, --- nf)-momenta. Thus for N = 4,
G G ) and (b 1) (3¢ ¢) must both be included.
Each factor (¢"”), in Eq. (40) is the sign of the
total permutation for the a-particles of the bottom
row k! with respect to the top row k., using the
ordering convention given at the end of Rule (7)
for wiggly-line cluster graphs.

The cluster functions US®, which are required
for the evaluation of the grand potential by Eq. (19),
can be identified by placing Eq. (40) in one-to-one
correspondence with the Nth of the Ursell equa-
tions (17). Clearly, the general expression for U is

Kk, -k ,
1) (EOUE VB I S | (O
N (nidini’l a
X [Tnxn':Tﬁ.ﬂ'n e
8

S
E"»‘ = Enf =

i=1 i=1

(a1)

Tnsns']eonnected}
2 N.=N,
a

where a connected product of T functions is one which
cannot be separated into two factors with no coordi-
nates in common when one sets k/ =

We now turn our attention to the proof of Eq. (40),
which we briefly outline in three parts. To facilitate
this discussion, we introduce dashed-line cluster
graphs, which are defined to be wiggly-line cluster
graphs with the following changes:

(a) All wiggly lines are replaced by dashed lines.
(b) Rule (2) also includes the statement: The @
temperature variables are labeled so that

O<t1<t2< '<tQ<tQ+IEB.

(¢) Rule (4) is changed to: Two dashed-line
cluster graphs are different if they cannot be topo-
logically (including the relative positions of the
temperature labels, particle-type labels, and the
external-momentum labels) deformed into each
other.

(d) Rule (5) is changed to: For any given assign-
ment of the temperature labels, the temperature
integrations

[ an
)

8 tQ
fo dtqfo gy -+

must be performed over the corresponding vertex
functions. We finally distinguish between unconnected
cluster graphs for which the @ cluster vertices are
not entirely interconnected by dashed lines and the
connected cluster graphs defined above. The three
parts in the proof of Eq. (40) are then as follows:
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Part A

In Part A one must determine the general pre-
scription for the N-particle matrix elements of an
arbitrary term in the iterated form of Eq. (37). The
procedure for accomplishing this objective is to
first (Step Al) express this arbitrary term as a sum
over other terms each of which is in normal form;i.e.,
with all creation operators appearing to the left
of all annihilation operators. Step Al is analogous
to the method of Wick,” but somewhat simpler
because one only requires Eqs. (22) to carry through
the analysis. An important aspect to Step Al is
to adopt the sign convention of rule (7) for cluster
graphs (noting that each annihilation and each
creation operator corresponds to a variable in some
vertex function), when determining the sign factor
for each of the normal products. Becuase of Step A2
below, one may discard all normal products for
which the number R, of a-particle creation operators
(¢ = any component of system) differs from the
number of o-particle annihilation operators. The
resulting sign factor is then that of rule (7) times
I1.(E=*¥<), where V, is the number of a-particle
creation (or annihilation) operators in the original
arbitrary term. [The V', factors of e, are included in
the vertex functions of Eqgs. (38).]

The second step (A2) in accomplishing the objec-
tive of Part A is to determine the N-particle matrix
elements of a normal product of creation and annihi-
lation operators, assuming that k; and k} always
refer to the same kind of particle. Such a matrix
element will clearly vanish unless R, < N., where
>« N. = N. When the results of Steps Al and A2
are combined, one finds that the matrix elements
of W(8) can be written as a sum over terms which
are in one-to-one correspondence with those in the
sum over all possible dashed-line cluster graphs.

In the final step (A3) of Part A, one shows that

NaTp7(8) k1k2 cre kN)
IT "W (kiké XS

« [all different Qth-order connected
Z (:and unconnected dashed-line} (42)

cluster graphs with N external
ﬁlcoming and N external outgoing
nes

Q=0
In all of the cluster graphs of Eq. (42), k} and k;
both refer to the same kind of particle. Equation (42)
is fairly simple to verify from the preceding two
steps. The essential point is to show that the numeri-
cal factor associated with each of the terms identified
in the isomorphism of the preceding paragraph is
(3)”, where D is the number of identical particle
double-bonds in the corresponding cluster graph.

# G. C. Wick, Phys. Rev. 80, 268 (1950).
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Part B

In Part B, one separates the various connected
parts of unconnected dashed-line cluster graphs.
These connected parts are interrelated through their
temperature variables, after all temperature inte-
grations are performed. They can be separated,
however, by summing over all possible ways of
ordering the temperature variables in the uncon-
nected parts. Since Rule (2) for cluster graphs does
not apply to unconnected parts, it should be clear
that the result of this sum will be to remove all tem-
perature interrelations between unconnected parts.
One then obtains Eq. (40) from Eq. (42), except
that each of the Ty .(8) is given as a sum over
(connected) dashed-line cluster graphs instead of
wiggly-line cluster graphs.

Part C

In Part C, one proves that the sum over all
(connected) dashed-line cluster graphs is equal to
the sum over all wiggly-line cluster graphs for given
external lines. The first step is to define a proper
cluster part as a part of a cluster graph which is
connected to the rest of the cluster graph by only one
incoming and/or outgoing dashed line. (There may
be any number of solid-line connections.) One then
proves that the temperature interrelations of proper
cluster parts can be removed, except for the end-
points, by summing over all possible orderings of
the temperature variables as in Part B. As a conse-
quence of this sum, one achieves the objective of
Part C by deriving rule (5) for wiggly-line cluster
graphs. The proof of Eq. (40) is then complete.

IV. ONE-PARTICLE PROBLEM

The one-particle problem in multicomponent
systems is to identify and remove self-energy terms
due to the electromagnetic interactions of charged
particles with the radiation field. If fields involving
other kinds of nonconserved particles are important
in a system, then the techniques of this section can
be generalized to include these fields. In Eq. (24),
we have written the free-particle Hamiltonian H,
as a sum over single-particle number operators each
multiplied by the eigenvalue v (k). We now write
these eigenvalues as

we (B) = wa(k) + eaSa(k), (43)

where for particles with mass, w,(k) = A°k*/2M .,
and for photons w.(k) = #kck. The quantity S(k)
is a counterterm which has been included for charged
particles, and it is defined subsequently so as to
exactly cancel all electromagnetic self-energy terms.
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As will be seen, these self-energy terms have only to
do with interaction between a charged particle and
its own radiation field; they have no dependence on
the temperature of the system nor on other external
conditions. These terms are therefore unmeasurable
and unphysical, and it is a consistent procedure to
cancel them by a counterterm in ' (k). The fact
that the terms are infinite has no bearing on this pro-
cedure. For uncharged particles, we take S(k) = 0.

Although the analysis which we make is very
general, it is important to see how it applies to a
given particle and its associated cluster graphs.
For this reason we write down four of the simpler
one-particle cluster-graphs using the notation of Fig. 2
and the explicit interactions (28). One-particle
cluster graphs are characterized by one incoming
line, coming from a vertex labeled ¢, and one out-
going line, going to a vertex labeled ¢,. If the incoming
line is solid, then we define ¢, = 0, and if the outgoing
line is solid, then we define ¢, = 8. Either or both
lines may be wiggly lines, however, because one-
particle cluster graphs may be parts of larger wiggly-
line cluster graphs. From Fig. 2 we have

2nZ’a (R°\? §oan2g-
T(ts ~ to, 1) = ¢ == (M) DML

X f . ds, f " s, exp (s — s)[w” — ws” — 3”],
b o o
where (I, = 1, — L);
Tots — to, 1)
= (2n 2%/ Q)W /M) It !E d.-8,)%d, - &,)*

s

ta se 33 8g
X Gt f ds, f ds, f ds, / ds,
to to to to

X eXp (84 _ 83)[0)1(0) — wz(,O) — (1)3(;0)]
- ‘0;0)]v
where I, =1, — I;,1, =1, — 1L;);

. w2\ (R 7\ e
rs(tz - to, ll) = 6( TQ a) (H) lf IZ 12(1,-63)2

1
tg 2s 83 22
X (A& [ oy [ [ s [
to to io to

X exp (8, — s)lw;” — w3 — w3”]
X exp (ss — 32)[0’9(.0) — o — wéo)], (44¢)
where (I, =1, — L, I, =1L -1, =1 — 1; — 1,);

Z2 2 h2 2 . . e
T4(t2 - to, ll) = 26(” Qa) (H) l;l‘ (es'e4)2l31l4l

(0) (0)

X exp (s; — s)lw;’ — w, (44b)
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Fi1a. 2. Four of the simplest one—garticle cluster graphs,(i

in which the charged particle line labels have been omitte:

for convenience. Physically, these graphs represent the sim-
plest ways in which a charged particle can emit or reabsorb
one or two virtual photons.

X f ds, f ds, {(exp (52 — )

X ol — o — w® — D)y,

where (I, = 1, — I3 — 1,).

It is important to observe that except for the end-
point temperature variables ¢, and ¢, the terms
of Eq. (44) have been written down completely
independently from the rest of the wiggly-line
cluster graphs of which they may be part. This
could not have been done in the dashed-line formu-
lIation described below Eq. (41). It is this essential
feature of wiggly-line cluster graphs which makes
possible the analysis of self-energy effects that we
now make. Proceeding then, let us make the nature
of the above equations more transparent by re-
arranging the right sides of them with some straight-
forward algebra. Thus, we write

(44d)

ts
Tty — to, ) = f ds,[Tit — &, 1) + SiW],
(45)
Tz(tz — o, l1) = éf dslf dss

X [Tl,(tz — 83, ll) + Sl(ll)]
X [T{(Ss - 8, ll) -+ Sl(ll)],

Ta(tz - tOy ll) = f‘ dsl f ' d34 f ‘d82
to LEY 2y
2 2\2
x 22 (BN 5 e
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{0) (0)

X exp (s, — s)lwr — @,
X [T{(&; - 8, lz) + Sl(l2)]s

t

— o)

Tty — to 1) = [ dsalTilt — s, 1) + SuB)],

te

where

2 2\ 2
Tith — 0, 1) = o 22%) (1)

X 3 0 — o — w0

X exp (f — s)lon” — wi” — 3",
2 \2/3 2\2
Tyt — s, L) = 2€(£Z9—a) h—) Z (éa'é4)z
Liite
X G = o = of? — o]

X exp (b — s)wi” — w3 — g — W],
(46)
and
2 Z2 2\2 . . ~
8@ = (”—Qﬁ)%) b2 (et
X [wz(,(l) + wéo) — wl(o)]-l’ (47)

S _ 1rZ2a2h22 . . 21191
4(l1) = 2e Q EY3 IZ (CRT- A

s le
X [0 + o 4+ o — @],

One now observes that each of the quantities in
Eqgs. (44) has been written in terms of two distinct
functions. {T'; has not been completely rewritten in
this manner, but is so exhibited in Eq. (66).] The
functions 7% and T are temperature dependent
and will be interpreted as “structure parts” of one-
particle cluster graphs. That is, they represent the
contribution from self-emission and absorption of
virtual photons which produce a finite effect. The
quantities S,(l,) and S,(l,), on the other hand, are
temperature independent®® and become divergent
integrals in the limit @ — «. The interpretation of
these terms as ‘“‘self-energy parts,” as well as the
identification of 7% and T4 ecan really only be
justified by the subsequent analysis. We note, also,
that there are other divergent terms [including S;(1,),
Egs. (66) and (68)], which occur in other one-particle
cluster graphs and which are also temperature
independent. We have encountered no divergent
terms which have a temperature dependence, and
it is almost certain that there are none.

8 By temperature independent is meant that these parts
do not depend on any temperature integration variables,
such as s,.
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We wish to treat terms of the type S, and S, in
a systematic manner, because they are divergent.
The systematic treatment which we make will then
result in the classification of these terms as self-
energy terms, and therefore, we will be able to
discard them. In order to account for all possible
self-energy terms, it is necessary to calculate for
each charged particle all possible ways to emit and
reabsorb virtual photons, as illustrated partially
in Fig. 2. We begin then by defining a quantity
Ls(ts, th, 1) to be

(48)

where a one-particle L-graph is defined to be a
one-particle cluster graph for which: (1) the tem-
perature integration over the variable ¢, at which
the incoming line is attached is not performed, (2)
the step-function factor® 6(t, — s) is associated with
the vertex s to which the outgoing line attaches
(at its tail end), and (3) a factor 6(s! — s,) is asso-
ciated with each of the other vertices s;, where s/
is the temperature variable at the vertex where the
outgoing particle line attaches at its head end. (Note
that 1, implicitly includes a particle-type label.)
It is easy to write down the L-graphs of Fig. 2 from
Egs. (45), because the step-function factors do not
affect the value of a one-particle cluster graph. The
introduction of the step-function factors is useful,
because it makes it possible to extend all of the
temperature integrations in the expressions for L-
graphs to the full temperature range 0 to g without
changing their values.
We next define a quantity Gs(,, &, 1):

Gslly, 0, 1) = 8(t, — £) + eLs(ts, 4, D). (49)

With the aid of this function it is possible to write
down an integral equation for Lg(¢,, t;, I) as follows:

Ls(tm b, 11) = E [a.ll different one-particle L-graphs ],

8
Lol 4, 1) = f dt Golta, £, DPs(t, &, 1, Gs), (50)

where

all different one-particle I-graphs
which cannot be separated into two
parts by cutting one or two non-
photon (wiggly) lines, and in which |.
J&ds Gg(sx 5, 1°) is substituted for
each internal line characterized by
82, 51, and 1’

Pyt 1,1, Gg) = E

(6D

The introduction of the integral equation (50) is an
essential ingredient for the following treatment of
the self-energy difficulties associated with the one-
particle problem.

2% The step function 6(f — s) is defined to be unity when
t > s, and to be zero when ¢ < s.
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As Transformation

We must now systemically remove from Ly and
Py all divergent terms of the form S, and S,, Egs.
(47), wherever such terms occur in one-particle L
graphs. An elegant method for accomplishing this
objective is that of the A transformation of II. The
simpler version of this transformation presented
here will be called the Ag transformation. It makes
use of two functions

Ag(t, — 4, ) = SQ6(L, — 1),
where S(1) will be defined later, and
Go(ls — 4, 1) = 6(8. — t) + eAs(t, —

X exp [e(f: — £)S(D)

(52)

by )

B
— oy~ 1) + e fo ds As(ts — s, DGols — 4, 1).
(53)

The Ag transformation is then defined to be a
transformation involving the quantities Gs, Ls, Ps,
and the particle-photon vertex functions. The two
basic transformation equations are

L.,S(tm b, l) = exp [_e(t2 - tl)S(l)]

x{Lsm,tl,n— [ Gs(tz,t,lms(t—t,,l)} (54)

and

(t):.e(tz —h = f:d’ Gollz — ¢, 1‘)<t),,0(t — 1)
X exp [—et;S(L) + eaS(1)],  (55)

where the unprimed bracket symbol can be any of
the particle-photon vertex functions of Fig. 1, with
the photon momentum dependences suppressed.

We now wish to prove the following two theorems:

I. The sum over all possible one-particle cluster
graphs can be expressed in terms of the primed
quantities (54) and (55) instead of the corresponding
unprimed quantities.

II. If one-particle cluster graphs are calculated
using only primed quantities, then all self-energy

terms can be eliminated with the proper choice
of S().

After substituting the first line of Eq. (53) into
Eq. (55), one can carry out the integration over
¢t in (55). Then, upon identifying the S(1) of (52)
with the counterterm in Eq. (43), one finds the

( l) —_ | ( l) '
12 ts 12 N S-O.

(56
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Thus, the transformation equation (55) leads to
the cancellation of the counterterm in Eq. (43).

We next invert the first of the transformation
equations (54) with the aid of the integral equation
for Go(t; — i, 1) [second line of (53)]. This gives
the result

8
Goltsy 1, ) = [ dt exp [elta — DS]

X G.,S(th tr I)Go(t - tl) l)y (57)

where
sty 4, ) = 808, — t) + eLs(t, 4, 1). (58)

Now, according to Eqs. (48)-(51), the sum over all
possible one-particle cluster graphs is given by

2 dt G(t,, ty, 1). With the aid of Eqgs. (53) and (57),
one can show that

f " d6Gs, b, 1)

= exp et = SW] [ deGittn, 1, D, (59)

which demonstrates that G{(¢,, ¢, 1) also leads to a
correct calculation of the sum over all possible
one-particle cluster graphs, thereby proving the
first theorem.

The explicit prescription for caleulating Lj(t,, £, I)
can be determined from Eq. (54) by substituting
Eq. (57). This gives

L5(t,, 6, 1) = exp [—e(ts — 6)SD1Ls(te, 21, D
- f ’ dt Gis(ts, t, DAs(E — 4, 1), (60)

a result which is true for any function S(1). In order
to see how to choose S(1) in a useful manner, we
use Eqgs. (55) and (57) to prove that

foﬁ dt Gs(a, 1, 10(};)“00 T e A0

8 ’
X fo dt Gs(t,, ¢, ll)cl) 6(t — £) exp [—etS(L:)].
2/ 2,
(61)
Therefore, if we define £'(Z,, ¢, 1) in analogy with
the integral equations (50) and (51) as
8
&t b, ) = [ &G, 1, DPYE 4, 1,65, (69
[}

where Pi(t,, &, 1, G§) is defined in the same way
a8 Ps(t,, ti, 1, Gs) except that primed functions are
used, then we may conclude from (61) that

&'ty 4, 1) = exp [—e(t; — t)S(D]1Ls(t,, 4, D. (63)
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Upon substituting this result into Eq. (60), we

obtain the final expression
L.’s(tm tl: 1) = £/(t21 tly 1)

f 4t Gy, £, DAS(E — £, 1)

f dt Glla, 1,
X [Ps(¢, 4, 1, GE) — Ag(t — 4, D].
(64)
Equations (56), (59), and (64) are the important
results of the A4 transformation. They show that for
any function S(1), one may calculate the sum over all
one-particle cluster graphs using primed quantities
instead of unprimed quantities. Moreover, they show
that the counterterm S(I) can be cancelled by per-
forming the Ag transformation. It now only remains
to define S(1) as

S() = the temperature-independent

part of P2t 8,1, G§). (65)

With this definition, together with the expression
(52) for Ag(t, — t,, 1), it should be clear that all
terms of the form S,() and S,(I), Eqs. (47), are
explicitly subtracted away in the prescription (64)
for calculating L{(¢,, ¢, 1), which proves Theorem II.
We may now justifiably call such terms self-energy
terms, because their sum cancels the counterterm
of Eq. (43).

We next observe that the exponential factor
in Eq. (59) is exactly the factor which is needed to
cancel the counterterm S(1) wherever it appears in
the entire formalism for calculating the grand
potential via Eqs. (19) and (41). Therefore, all
charged-particle self-energy terms due to the occur-
rence of electromagnetic interactions are eliminated
from the theory, and we have carried out a complete
renormalization program for this nonrelativistic
theory.*

It is important to observe that after the Ag
transformation there is a nonvanishing contribution
from one-particle cluster graphs. The nonvanishing
terms must be due to the structure of a charged
particle which arises when it interacts with the
electromagnetic field. The prescription which results
from the Ag transformation for calculating this
effect is, as follows:

30 A renormalization program in quantum statistics has
also been conducted by I. A. Akhiezer and 8. V. Peletminskii,
Zh. Eksperim. i Teor. Fiz. 38, 1829 (1960) [English transl.
Soviet Phys.—JETP 11, 1316 (1960)] These authors use the
methods of conventional field theory and apply them to the
relativistic theory of a system composed of electrons, positrons,
and photons.
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(1) Replace all particle energies «” (k) by w(k).

(2) Caleulate one-particle cluster graphs using
Eqgs. (64) and (58).

Thus, one obtains for the one-particle cluster graphs
of Fig. 2, using Egs. (45),
ts
Tt =t 1) = [ dsTiL =5, 1),
ts
ta ta
Tty — 4o, L) = ef ds, f dss

X Ti(t: — 83, L)T{(s5 —

Ta(tz‘ tOy lx) = fgd&f’ds,;f‘dsz

2nZ’a\(R*\* Poazy-
X ( o “)(M) DU

X exp [(sq — 81)(

81, b)), (66)

— Wy — ws)]

X Tils = 50, 1) — [ dsiSi(m),
to

ta
Tt — b0, L) = ‘/; ds;Ti(t, — 1, 1),

where one must refer to Eqs. (44) for the various
definitions of 1, and 1,, and where T} and T are
given by Eqs. (46) with the replacements «!®

The electromagnetic self-energy term S(1) which
has been eliminated from the theory is given by

SO = 8D+ 8D + S+ -+, (6))

where S;(I) and S.(I) are given by Eqs. (47) with
the replacements «!® -» w;. The term S;(,) is

2nZ I3 PR
S:(l) = ( WQ a) (M) ll Z, lg(ll‘es)z
X (iz’és)zlglls_l(wz Wy ws)-z
X [0 — ws — ws)™! — (0, — w5 — wy —ws)"'], (68)
wherel, =1, — l;and1l, =1, — I; — 1;). This term
is a divergent integral in the limit @ — «, as are
S:(1,) and S,(,), but the Ag transformation has

shown that such infinities are of no consequence
to the physical theory.

—_r W,

V. LINKED-PAIR EXPANSION OF
THE GRAND POTENTIAL

The linked-pair expansion of the grand potential
is derived by substituting Eq. (41) for the cluster
functions of quantum statistics into Eq. (19). It is
a prescription for calculating the grand potential
directly in terms of the basic vertex functions of
Fig. 1 using the expressions (38) with the single-
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particle energies w(k) [not w®(k)], and diagram-
matically it corresponds to connecting together the
solid external lines of wiggly-line cluster graphs in
all possible ways. The procedure for handling one-
particle cluster graphs will always be to use Eq. (64).

Before deriving the linked-pair expansion of the
grand potential, we make a brief study of the
two-particle problem. When the forces between two
particles can be represented by a short-range
potential V, (local or nonlocal), then the “effective”
interaction is obtained by a repetition of the matrix
elements of V,(¢) for various possible intermediate
states, as in ordinary perturbation theory. Dia-
grammatically this is equivalent to inserting double
bonds in wiggly-line cluster graphs (see Rule 6 in
Sec. IIT). The sum over all possible ways of including
such double bonds for two particles leads to the
conclusion that one may replace the short-range
V.(t,) by

R, 8) = —{1 - ft’ dsVs(s)

+ f;, ds, f‘“ ds,Vy(sy) Valsy) -+ '}Vz(tl)

= —(8/0t,){exp (5,H”) exp [—(t, — t)H™]
X exp (—4HY) — 1}, (69)

where it is not necessary to use the Fock represen-
tation for V(¢) in this case. The reason why the sum
of Eq. (69) occurs independently of the rest of the
wiggly-line cluster graph has already been discussed
after Eqgs. (44) in connection with one-particle cluster
graphs. The function R(¢,, ¢;) is discussed in detail
in I; however, we note here that its matrix elements
can be expressed completely in terms of two-body
wavefunctions, thereby admitting the realistic situ-
ation obtaining when the two-body interaction
contains a hard core.

We call a matrix element of R(2,, t,) a pair function,
and we use square-bracket symbols for pair functions:

“Ikk
[k:kz], = (kks| B(t, 1) [koks)

-+ €a<k1k2l R(tzy tl) Ik4ka>

for identical particles (@ = B),

= ea6p<k)k2l R(tZy tl) ]k3k4>

for nonidentical particles (@ = 8).  (70)

The ‘“‘upper” temperature variable #; associated
with a pair function is determined graphically by the
outgoing lines at the vertex ¢;,. The determination
of ¢; in the possible cases which can arise is shown
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Fia. 3. Cluster vertices for pair functions. The upper
temperature variable of a_pair function is determined by the
nature of the outgoing lines and the labels of the other
vertices where the wiggly lines (if any) attach.

in Fig. 3. We henceforth assume that all two-particle
cluster vertices which correspond to short-range
interactions represent pair functions (see Rule 5
in Sec. III for remarks concerning integrations
over temperature variables in this case). The only
remaining double bonds in wiggly-line cluster graphs
are therefore those which involve one or two photons
and those connecting vertices at least one of which
represents the long-range Coulomb potential.

We now state the general result for the grand
potential which one obtains when Eq. (41) is sub-
stituted into Eq. (19) and all terms are gathered
togethér which become identical after relabeling
of k-momenta.

Qf(ﬂy Gas Q) =0 ;fo(ﬁr Ja Q)

-+ Qz [a.“ different Qth-order linked-pair O-graphs] y (71)
=1

where the first, or free particle, term is given by Eq.

(77). The proof of Eq. (71) will be given after we

have defined Qth-order linked-pair 0-graphs.

Linked-Pair {-Graphs

For the purpose of studying the distribution
functions of a system, such as the momentum dis-
tribution, it is necessary to define not only linked-
pair O-graphs, but also linked-pair {-graphs for { > 0.
We, therefore, define a Qth-order, linked-pair {-graph
(¢ =0,1,2 --.) to be a collection of @ cluster
vertices (see Figs. 1 and 3), which are entirely
interconnected by m solid lines and » wiggly lines,
and which have ¢ incoming external solid lines
and { outgoing external solid lines. The type of
particle represented by the line is indicated by a
Greek letter (e, 8, ---). Linked-pair 0O-graphs
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which can be separated into two parts by cutting
a single photon line are excluded, because in this
case the photon always has zero momentum [see
comment below Eqgs. (27)]. The rules for connecting
the @ cluster vertices by the (m + n) internal lines
of a linked-pair {-graph, and the procedures for
determining the corresponding expression are as
follows:

(i) When connecting the (m -+ n) internal lines
to the @ vertices, the n wiggly lines must be con-
nected according to Rules (1) and (2) for wiggly-
line cluster graphs (Sec. III).

(ii) The only wiggly-line double bonds which can
occur are those which involve an electromagnetic
interaction vertex. A factor of } is included for each
identical particle (wiggly-line) double bond.

(i) If ¢ # 0, then associate the external lines with
certain pregiven momenta, such that the incoming
lines refer to the same set of particles as the outgoing
lines.

(iv) Two linked-pair ¢-graphs are different if
their topological structures, including line types, line
directions, and particle-type labels, are different.
External lines with different momentum labels are
regarded as being distinguishable when they leave
(or enter) different vertices. .

(v) Associate with each internal line a different
integer 1(z = 1,2, --- , m + n) and a corresponding
momentum k; or 1; according to whether the line
is solid or wiggly.

(vi) According to Rules (i)~(v), every linked-pair
¢-graph consists of interconnected wiggly-line cluster
graphs. For each cluster graph, perform the inte-
grations over the temperature variables of its cluster
vertices according to Rules (6) and (7) in I for
wiggly-line cluster graphs.

(vii) Assign a factor 87" to the entire linked-pair
graph, where

S = symmetry number. (72)
The symmetry number S is defined to be the total
number of permutations of the m integers associated
with the solid internal lines that leave the graph
topologically (including the positions of these
numbers relative to the m solid internal lines and
their particle type labels) unchanged.

(vii)) Assign a factor J[.(¢"®), to the graph,
where (Pg), is the total permutation for the a-
particles of the bottom-row momenta of the @ vertex
functions with respect to the top-row momenta.

(ix) Assign a factor (er.). to each solid internal
a-particle line, where
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v = exp (g — w)/[l —eexpflg —w)].  (73)

(x) Finally, sum over all (m 4 n) internal mo-
mentum (and spin) coordinates according to the
particle type labels of these lines. (It may also be
necessary to sum over internal states for some of the
particles; see Footnote 19.)

The above rules are equivalent to those of I for a
single-component system. The one-and two-vertex
linked-pair ¢{-graphs of a single-component system
for ¢ = 0 and { = 1, are shown in Fig. 10 of I.

The general proof that Eq. (71) is correct proceeds
ag follows. We first define numbered 0-graphs to be
linked-pair 0-graphs with the following changes:

(a) One-particle cluster vertices, ie., vertices
with one line in and one line out, corresponding
to eduxr are allowed (see Rule 9 for wiggly-line
cluster graphs).

(b) Rule ix is changed to: Assign a factor

[e exp B(g — wi)la
to each solid internal a-particle line.

(c) Rule (vii) is changed to: The numerical factor
associated with each number O-graph is [[.(N.D ™,
where N, is the number of solid (internal) a-particle
lines and ZaN « = m. [This factor can be verified
from Eq. (19).]

(d) The m solid-line integers of Rule v are assigned
to the solid (internal) lines.

(e) Rule (iv) is changed to: Two numbered 0-
graphs are different if they have different topological
structures, including the positions of the m numbers
of (d) relative to the solid lines and their particle
type labels.

With the aid of the concept of numbered O-graphs,
it is easy to see that substituting Eq. (41) into
Eq. (19) (and using the results of Sec. IV) gives

A, g0 @) = O

Q=0

Let D be the total number of different numbered
0-graphs which correspond to the same linked-pair
0-graph, where for the present we include among
the latter 0-graphs those with one-particle cluster
vertices edyj-. From the definition of the symmetry
number below (72), it is easy to see that

D=8"TIW.0; (ZN.=m).

But after properly relabeling k-momenta, the D
numbered O-graphs are seen to be equal. We may
therefore deduce the following result:
® all different Qth-order linked-pair

[ ] oo

all different Qth-order
[numbered 0-graphs ]-

(74)

(75)

O-graphs, including those with one-
ﬂf(ﬂ, Ju, Q) = Z particle cluster vertices
Q=0
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where the internal solid-line factors of the O-graphs
on the right-hand side of (76) are still those corre-
sponding to (b) above.

We now observe that the free-particle grand
potential

Za: fo(ﬂ» Ja» Q)
= —q Z € ;h [1 = e, exp B(g ~ w)a] (77)

can be easily derived from (76) by summing over
those linked-pair O-graphs constructed entirely
from one-particle cluster vertices. We finally consider
all those linked-pair 0-graphs in (76) which do not
include any one-particle cluster vertices. This set
of terms is in one-to-one correspondence with those
in the second term of (71). By summing over all
possible ways of including one-particle cluster
vertices in the set of terms from (76), one obtains
the solid-line factors (er,), of (73) for linked-pair
0-graphs. Moreover, after performing this sum, there
are no longer any 0-graphs with one-particle cluster
vertices in (76), and the proof of (71) is completed.

VI. DISTRIBUTION FUNCTIONS

In this section we show how to calculate dis-
tribution functions in terms of the linked-pair
¢-graphs of the previous section. In particular, we
are interested in the momentum distribution and
the pair-correlation function, which are the prob-
abilities for finding one and two particles in mo-
mentum states. The momentum distribution has
been studied in detail in II. Thus, Eq. (I1.4) for
{n(k)) remains valid for a multicomponent system
provided the notation of Eq. (14) is used:

) = S S e | 8 S ]

e kw =1

k .- k N
X W(sn(ki kz)(; ak‘_k,).

Equation (78) gives the probability for finding an
a particle with momentum (and spin) k, in the
system, where the subscript indicates the type of
particle so that only those k; referring to « particles
contribute to the final Kronecker 8 of (78).

By referring to Eqgs. (14) and (43), one can readily
see that the momentum distribution (78) can be
obtained by a simple functional differentiation of
the grand partition function

&) = —B7%¢” V{[8/bwal)]e™}w,  (79)

where the matrix elements of W(8) are to be held
fized during the differentiation. We have chosen to
differentiate with respect to w,. (k) instead of w'®(k),

(78)
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because after carrying through the renormalization
program of Sec. IV the quantity S.(k) is eliminated
from the grand potential f. Thus, one may reduce
Eq. (79) to a calculable form by the following three
steps:

(na®) = —p{[8/bw.(&)]Of} v

= va(k) + v.(®)[1 + era()]

X {[8/ )] T “emmr }v

= p,(K) + era(®[1 + ewra(k)]

X D (all linked-pair 1-graphs)k o (80)

We have used Eqs. (71) and (73) to obtain the second
line of (80), and the subscripts V indicate that the
vertex functions of Figs. 1 and 3 are to be held con-
stant during the functional differentiation. Finally,
one can modify a proof due to Lee and Yang® to
verify the third line of (80). Linked-pair 1-graphs
were defined in the preceding section.

The third line of Eq. (80) expresses the momentum
distribution of the & particles in a multicomponent
system in a form which is suitable for ecalculation
for some systems. But as we have shown in II, Eq.
(80) is not in a suitable form for calculating the
momentum distributions of very low temperature
systems. Therefore, it is of value to carry through
the following steps in the analysis of (n,(k)), which
are essential for low-temperature systems and which
do not complicate the calculations for other systems.
Thus, as in II, we define a quantity N .(k),

N, (k) = exp [8(g — wr)all + ealna(k))]
Pa@[L + vo(k) Y Tomprgi]. (81)

The second line of (81) can be rewritten as an
integral equation for N,(k) after introducing the
concept of reducible and irreducible graphs.

Definitions

A linked-pair ¢-graph is called reducible if by
cutting two of its solid internal lines open the entire
graph can be separated into two (or three) dis-
connected {-graphs one of which is a 1-graph. An
trreducible {-graph is a linked-pair ¢-graph which
is not reducible, with its solid internal lines repre-
senting factors ¢,N . (k) instead of e,v, (k). Examples
of reducible and irreducible 0-graphs for a single
component system are shown in Fig. 1 of IL.*

With the above definitions of reducible and

31 See the end of Appendix Cin T. D. Lee and C. N. Yang,
Phys. Rev. 117, 22 (1960).

32 The second reducible O-graph in Fig. 1 of IT is missing
a line and one of the lines in the next to last irreducible 0-
graph should be wiggly. .

I

I
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irreducible graphs, one can readily verify that the
second line of (81) can be rewritten as

No®) = v + Nk > i tommsre]. (82)

Equation (82) represents a set of coupled integral
equations for the functions N,(k) of a multi-
component system. When substituted into the first
line of Eq. (81), the solution for N,(k) yields the
momentum distribution (n,(k)). If the steps of
Eqgs. (81) and (82) are unnecessary for a particular
system, then the solution of (82) by iteration yields
the third line of (80). Therefore Eqgs. (81) and (82)
can be used to calculate the momentum distribution
for any system. [Here we encounter an essential
difference from other formalisms, e.g., that of Bloch
and De Dominicis,® which employ the functions
v.(K) of Eq. (73) throughout. When particle inter-
actions are included, these functions are unphysical
at low temperatures and in the present formulation
are replaced, after resummations, by the functions
N (k). Thus, while other authors®® obtain expres-
sions similar to Eq. (83) for the grand potential,
say, these expressions do not contain this essential
analysis of the distribution functions.] We return
to a further analysis of these last two equations in
the next section.

Grand Potential

When the considerations of Eqs. (81) and (82)
are important for a calculation of the momentum
distribution, then it is important to also express the
grand potential in terms of irreducible graphs. The
correct expression is

Qf(ﬁ; Na} Q) = Z €y ; In [1 + €a<na(k)>:'
— X e 2 I ®N (&) — 1]+ (all irreducible

linked-pair
0O-graphs).
In order to verify that Egs. (83) and (71) for the
grand potential are equivalent, it is simplest to
calculate the average number of particles (¥,) by
substituting (83) into Eq. (7) [(N.) should not be
confused with the function N,(k) defined by Eq.
(81)]. One then verifies that (83) yields (N,) =
Zx(n,(k)), which shows that both expressions (83)
and (71) satisfy the same linear partial differential
equations in the variables (8g,) [Eq. (71) satisfies
Eqgs. (7) by definition]. Therefore, the expressions
(71) and (83) can differ at most by a temperature-
dependent constant. Investigation of the high-
temperature limits of these expressions then leads
to the conclusion that this constant is zero. Q.E.D.

3 For example, J. M. Luttinger and J. C. Ward, Phys.
Rev. 118, 1417 (1960).

(83)
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Pair. Correlation Function

The pair-correlation function P(k,, kj) is defined
to be the probability that an « particle in a system
has momentum (and spin) k, while a 8 particle has
momentum k’. (We may, of course, also be interested
in the case a = B),

Pka, ki) = (na(B)nsk’)) — (a(k)d k- 8ap.  (84)
It is related to the fluctuation in particle number
(An(B)Ang(k")) = (na(&)ns’)) — (nak)Xnak’)) (85)
by the equation
(An.(K)Ang(k')) = P(kq, k) — (na(k))ns(k'))

+ (n.&))ox k- 0a5-  (86)

In analogy with the derivation of Eqgs. (80) from
Eq. (78) for the momentum distribution, one may
verify that the general expression for the pair-
correlation function is given by

P(k., ky)

s — - ) o
— 26 ﬂf[e Bwa(k) eﬁwa(k) ___eﬂf:|
B P) w0 @’

= (n.))nsk))
+ ﬁ'ze‘ﬁ”“‘k)[.aw_;zﬂ Foat)
= (n.(kK))nsK"))
- e gl e w |

= (n.(K))nsk')) — (a(K))dic,x 8.

+ w1 + epp(’)]{[8/ dvs(k)na &)}y

= (o ®)na& DL + €adi i da.6)

+ eaerra (@)1 + ewra(@)]pp)[1 + egrpk’)]

X D (all linked-pair 2-graphs)k o , k p- - @87

We have used the first line of Eq. (80) to derive the
third line of (87), and Eq. (73) to derive the fourth
line. The last line of Eq. (87) can be verified by
substituting the third line of Eq. (80) into the fourth
line of (87) and then using the identity

ols/ 30N 3 “Lamires” =
X [ “Lansbots + X Srernorn o s (88)
In deriving this identity, it has been assumed that
the basic interactions of the multicomponent system
do not permit 1-graphs in which the incoming and

outgoing external lines refer to different particles.
The last line of (EEq. (87) expresses the pair-

o “fl

€l 100 g
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correlation function of a multicomponent system
in a form which is suitable for calculation for some
gystems. As with the momentum distribution, how-
ever, we must incorporate the analysis of Eqgs. (81)
and (82) in order to calculate the pair-correlation
function for low-temperature systems. We are,
therefore, led to use the concept of reducible and
irreducible 2-graphs, introduced below Eq. (81).
It is a simple matter to generate the sum over
all linked-pair 2-graphs from the sum over all
irreducible linked-pair 2-graphs. Thus, one may
readily verify that the following identity is true:

[N @IV, 3 St 5™
= D@ pa)] 20 80T (89)

If this identity is substituted into the last line of
Eq. (87) and if the last lines of Egs. (80) and (81)
are used, then one obtains the following expression
for the pair-correlation function:

Pka, k) = (na))ns& N1 + eabi,xba.p)
+ eaesll + ea(na®)][L + exna(k’)IN ()N4(k')
X Z (all irreducible linked- (90)

pair 2-graphs)k o ,k’g *
We see from this equation that once the solution
to the coupled integral equations (82) is known, then
one may calculate P(k., kj). Alternatively, use of
the iterated forms of Eqs. (82) in Eq. (90) is equiv-
alent to the calculation of the pair-correlation
function by the last line of (87).

Our purpose in this section has been twofold. In
the first place, we wished to show that the distri-
bution functions of a many-body system can be
expressed in terms of the linked-pair ¢-graphs of
Sec. V. In the second place, we wished to show that
the momentum distribution occupies a central role
in the theory and that the other distribution func-
tions and the grand potential can all be expressed
in terms of the functions N ,(k), instead of »,(k),
which are directly related to the momentum dis-
tributions (n,(k)) by Eq. (81). We are not interested
any further in the pair-correlation function in this
paper.

VII. MASTER GRAPHS

In Sec. VI, we expressed the grand potential and
the distribution functions in terms of irreducible
¢-graphs. In irreducible ¢-graphs, there are no
constituent parts which consist of only one solid
line in, one solid line out, and no connecting wiggly
lines. Such graphical parts do appear in the linked-
pair {-graphs of Sec. V, but in the irreducible ¢-graph
formulation they are all contained in the functions
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N.(k) of Eq. (81). The importance of collecting
together these parts has to do with the momentum-
space ordering associated with low-temperature
systems. Thus, we have shown in IT that the func-
tions », (k) which appear in Eqs. (80) are not very
closely related to the momentum distribution (n,(k))
for very low temperature Fermi systems with particle
interactions. In order to extract the dominant low-
temperature behavior of (n,(k)), one is forced to
analyze the integral equation (82) in considerable
detail.

Now, in the irreducible {-graphs, there may still
occur graphical parts with one line in, one line out,
and no other connecting lines, where either or both
of these lines are wiggly. Moreover, it was shown
in the investigations of Sec. II in II, that these
graphical parts were just as important for under-
standing low-temperature momentum-space ordering
as those with two solid lines. It was therefore neces-
sary to collect together these graphical parts by
deriving a second integral equation which was
written down graphically in terms of master {-graphs.

We now derive the master-graph formulation
for a multicomponent system. Since this formulation
is really only a preseription for writing down integral
equations in temperature variables [just as Eqs. (82)
are integral equations in momentum variables], it
becomes convenient to formally eliminate the com-
plicated rules for temperature integrations {see Rule
(vi) of See. V]. This objective is accomplished by
introducing step functions into the vertex functions
of (38) and (70) as follows:

“O = Onblts — )
hl:( )ee = ( ) 8(t, — to)o(tz - tO)

if two outgoing lines,

n:,t.( Yeo = ()i 8(t; — )0ty — 10085 — 1)

if three outgoing lines,
t1ta I:kxkz]
kik, |,

if one outgoing line,

( ta k]kz]
at, — ¢ 0t — ¢
(1 2) [k3k4 ‘o (2 0)
2
: klkz]
= J + 0(tz - tl) [k3k4 :.o(tl - to)
if & #t,
" kk .
{ [k;kj]‘oe(tl - to) if tl =( tz).
91

The variables ¢,, ¢, and {; are the temperature labels
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at the heads of outgoing wiggly lines from the vertex
ty, and for a solid outgoing line Z, t; = 8. When we
use the vertex functions (91) in a linked-pair ¢-graph,
we may extend the range of integration of the tem-
perature variables at all of the vertices to the entire
interval O to 8. For this reason, we assume in what
follows that the vertex functions (91) are being
used in linked-pair ¢~graphs.

Corresponding to each irreducible linked-pair
1-graph, we next introduce an L-graph with exactly
the same structure, but subject to the condition
that we do not integrate over the temperature
variable f, at the vertex to which the incoming
line attaches. These L-graphs are generalizations
of the “one-particle L-graphs” of Sec. IV. Thus
if we define

La(ﬁ) tll k)
then Eq. (82) may be replaced by

N =0 1+ V.0 [ L, 0 10) o)

The advantage of the L-graphs over the irreducible
linked-pair 1l-graphs is that the former permit a
simple generalization which is useful for generating
more complicated graphs from simpler graphs. We
next define L-graphs with one or both of the solid
external lines replaced by wiggly lines by merely
specifying the temperature variable £, at the vertex
to which the outgoing line is directed if that line
is wiggly:

L.y, t,, k) = 94)

Equation (94) reduces to Eq. (92) for L-graphs
with external solid lines. For L-graphs with outgoing
wiggly lines, we note that we may have t; < ¢; as
well as {, > ;.

We next define a quantity P, (., t,, k):

(all L-graphs with solid
E external lines) k . »

(92)

(all L-graphs with given
Z external lines)k ..

all L-lgiriaphs ‘}Yitll; giventely):-
ternal lines which ecannot be
P a(tZ: tly k) = Z [sepamted into two L-graphs ) (95)
by cutting one wiggly line Jk 4
in terms of which we can write down a simple
integral equation [see remark below Eq. (88)]

8
Lot t,8) = [ dsGulte, s, W)Po(s, 5, K),  (96)
where
Ga(tzy tl) k) = a(t2 - tl) + eaLa(th tl) k)' (97)

Note that Egs. (92)-(97) apply to each component
of a multicomponent system, and that the various
components are still only coupled together by the
integral equations (93). Equations (96) and (97)
are represented graphically in Fig. 2 of II.
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Master graphs are expressed in terms of generalized
vertex functions, which are defined in terms of the
vertex functions (91) as follows:

8
“Ou = [ dsgult, 5 k)"0
(&1)a;

8
m.< Yoo = j; ds, ds;Gal(t1, 81,K1) Ga(t2,82,k2)"*"( ),
(kl)n’ (k2)9;

tatgt ﬂ
0, = _/; ds, ds, ds;Ga(h, 81, ki)

if one outgoing line:
if two outgoing lines:

X Gs(tay 82, Ko) Gyt 83, ka)**"*( )i
if three outgoing lines: (k) ., (Ka)s, (ks),;

tils klk 8
{kskz}g, = fo ds; ds:{ Galt, 81, K1) GQalls, 82, Ky)

=) =8 b ] g

where
Gall, 8, K) = G, (2, s, k) + €, 9.(¢, K)Ga(8, 5, k), (99)

and

8
N.(4, k) = N (k) f ds'G.(t, &', k).  (100)
[4]
The quantity G.(, s, k) is defined by Eq. (97), and
if an outgoing line at the vertex i, is an external line,
then in Eq. (98) we must make the replacement.

Gu(l, 8, k) — Galt, 5, k)

(for an outgoing external line), (101)

where k is the momentum variable associated with
the external line. The difference between the second
and fourth of Egs. (98) lies in the fact that the
latter vertex function applies to the case of the
two-particle interactions (25) which have been
treated especially by the sum of Eq. (69). Thus,
the subtracted term in the fourth generalized vertex
function corresponds to the fact that in linked-pair
¢-graphs there are no wiggly-line double bonds
between vertices which represent short-range inter-
actions. In the third of Egs. (98), it will be the case
for nonrelativistic systems that two of the outgoing
lines will always be photon lines [see Eqgs. (38)].
In order to indicate in a graph that vertices represent
generalized vertex functions, we shall use the usual
vertex symbols of Figs. 1 and 3 with circles around
them., Such a symbol will be called a generalized
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vertex. The definition (98) is illustrated in Fig. 4 for
the case of two outgoing internal lines with ¢ = ¢,.

A Qth-order master {-graph(t = 0, 1,2, .-.) is
defined to be a collection of @ generalized vertices
which are entirely interconnected by m directed
lines called ¢nfernal lines, and to which are attached
T outgoing external lines and { incoming external lines.
The type of particle represented by the line is
indicated by a Greek letter (o, 8, +--). All of the
lines in master {-graphs are solid lines, and each
master {-graph is not reducible. Two master {-graphs
are different if their topological structures, including
line directions and particle-type labels, are different.

To each master {-graph, we assign a term which
is determined by the following procedures:

(i) Associate with each internal line a different
integer (i = 1, 2, ---, m) and a corresponding
momentum k;. '

(i) If ¢ # 0, then associate the external lines
with certain pregiven momenta, such that the
incoming lines refer to the same set of particles
as the outgoing lines. External lines with different
momentum labels are regarded as being distinguish-
able when they leave (or enter) different vertices.

(iii) Assign a factor S™' to the entire graph,
where S is the symmetry number defined below (72).

(iv) Associate with each generalized vertex a
temperature variable ¢;, and assign as a factor a
corresponding generalized vertex function whose
“upper temperature variables” are those at the
vertices to which the outgoing lines from the vertex £;
are directed. The upper temperature variable for
an outgoing external line is 8.

(v) Assign a factor [[. (¢°%). to the graph,
where (Pj). is the total permutation for the a-
particles of the bottom-row momenta of the @ vertex
functions with respect to the top-row momenta.

(vi) Integrate over all of the temperature vari-
ables from 0 to 8, and sum over the m internal
momentum coordinates (and spin or other internal
states) according to the particle-type labels of the
lines.

A master L-graph is defined to be a master 1-graph
in which (1) the integration over the temperature
variable ¢, at the vertex to which the incoming
external line attaches is not performed; (2) the
last sentence of Rule (iv) is changed to read: “The
upper temperature variable for an outgoing external
line is t,(<B);” and (3) the external lines may be
wiggly or solid.

We can now realize the power of introducing
the function L, (¢,, ¢, k), for at this point an integral

Fi16. 4. The definition of the generalized vertex symbol for
the case of two incoming lines, and two outgoing internal
lines with ¢; # ¢,; see Eqgs. (98), (99), and (100).

equation in the temperature variables can be imme-
diately deduced from Egs. (94) and (96).

B8
La(tzy tl; k) = ‘/; dsGa(t2s S, k)

X [Pa(s’ b, kl G) - 0(8 - tl)Su(k)]

= X (it te .. (102)
In the first line of Eq. (102), we have explicitly
indicated that P, is a functional of all of the G,,
Gy, G, -+ - by the letter G. It should be clear that
the various components of the multicomponent
system are now coupled by #wo sets of integral
equations; namely, (93) and (102). We have also
now explicitly included the prescription of XEgs.
(64) and (52) for the renormalization of the one-
particle problem, where 8, (k) is defined by Eq. (65).
In order to verify that Eq. (102) is correct, a straight-
forward procedure is to check that its iterated form
is equivalent to Eq. (96).

According to (101) and the first line of (102),
the function P, (s, ¢, k, () is the sum over all master
L-graphs with no external line factors. We now intro-
duce two new quantities LS (4, t,) and G (2, ),
which are slight modifications of the functions
L.ty t) and G,(i,, §,). These new functions are
defined, for 8 > r, as follows:

LWy, 1, k) = f ds G(t,, 5, K)
0

X [Pa(sx tlyk) G(ﬂ)) - 0(8 - tl)Sa<k)]
- Lff)(tz, tlr k) = La(t2v tlyk),

=8

szr)(tzy hok) = 6(f, — h) + GaLf:)(tz, 4, k)
_; Gz(:ﬂ)(tzr tl: k) = Gu(tz, tlr k)'

(103}

It is to be emphasized that the definitions (103)
do not entail any modifications of the ¢nternal line
factors of G in P.(s, ¢;). The functions (103) occur
in the expression for the grand potential given
below.

Momentum Distribution

It is clear from Eq. (102) and the definition of
master L graphs that Eq. (93) for the quantity



F1c. 5. The two basic ring
structures. Only the first of
these structures is associated
with a ¢4 singularity.

N.(k) may be written as

N.® = @[ + NG X (Clomme)].  (104)

Thus, by means of Egs. (81) and (104), the mo-
mentum distribution (n,(k)) is given explicitly in
terms of master 1-graphs. By combining Egs. (81)
and (93), one can also show that the momentum
distribution is equal to the function 9.(3, k) of
Eq. (100):

Na(8, k) = (na(K). (105)

Equation (105) shows that the weighting factors
MN.(t, k) in master {~graphs are very closely related
to the true momentum distribution of the system,
which indicates that the master-graph formulation
of quantum statistics is a very physical formulation.

Grand Potential

The grand potential (83) can also be written in
the master-graph formulation. A straightforward
generalization of the derivation given in II for a
one-component system yields the result

(8, Na, Q)
=D e ; In (1 + e.(n.(k)] + QF@B, N, Q)

— Ye ;f: dt Lo(8, ¢, )3(, ) — 22 22

8 8 (2%
X f dtl{ f dt,GP (4, 1., k) — f dtzGL“’(tl,tz,k)}
0 0 0

X [Pa(t2y tly k) - 0(t2 - tl)Sn(k)]r (106)
where 1 st
QF (B, Na, @) = 2 (o-graphs.)- (107)

In Eq. (106) all quantities are expressed in terms
of the generalized vertex functions (98), except the
last term which involves a modified external line
factor as defined by Egs. (103). With Eqgs. (104)
and (106), we have achieved the goal of expressing
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both the momentum distribution and the grand
potential in terms of master graphs.

VIII. COULOMB INTERACTIONS
AND RING DIAGRAMS

The preceding sections constitute the main strue-
ture of the formalism required to achieve our major
objective for any real system; namely, to calculate
the grand potential via either (71) or (106). How-
ever, the existence of charged particles in a system
leads to several difficulties in such calculations, the
first of which was treated carefully in Sec. IV.
Another major problem in fully ionized gases arises
from the long-range nature of the Coulomb inter-
action.

The Ursell equations (17) presume the existence
of clustering in the many-body system. It might
seem then that the infinite range of the Coulomb
force would allow only one large cluster to form
in a charged-particle system. However, any neutral
aggregate of particles has only a net short-range
interaction with other particles, and we see [e.g.,
below Eq. (159)] that clusters with nonzero charge
can probably always be combined to give finite
results for systems with zero total charge.

The momentum-space matrix elements of the
Coulomb interaction are

&k | Vo) ki kP

= 20’289k, + k; — k, — k)
X (472 o Z56) s Srmsmad
X exp Blwa(k) + wslls) —

where
= (Mo + Mg)7 Mk, — k;) + M.(ks — k)]
=k — k. (109)

The ¢~* singularity in (108) is due to the infinite
range of the Coulomb potential, and it results in
an apparent divergence of the grand potential. Thus,
if one considers the ring structure of Fig. 5, then
one can readily verify that a factor of ¢~* oceurs in
part of the corresponding expression. Clearly, the
iteration of this structure is associated with an
extremely divergent expression. We call such an
iterated structure a ring chain. Moreover, it will
be a basic assumption of our approach that the sum
over all possible ring chains is not divergent, but
rather leads to a screened Coulomb interaction.

walks) — wylks)], (108)

Ring Chains
We now write down two infegral equations which
generate the sum over all possible ring chains
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corresponding to the two kinds of rings in Fig. 5:

kK, tlsl — ““< 1k3> —_
Lo.co 2Ky toso k. hﬁ(to SO)
afB
11t
e 111> lzka t(!sl)
HRLW: [ o <212 oo lk,, boso
1Ks ' t131) - k1k3 t131>
7?,; LC'(B)(kzk«; 4080 = Lo 2k4 4080/’
af (110)
K.k, t,s‘) _ b kk3> B
Lo.o\ge, | toso) = i,/ 200 = )
afd
T tisa 3031
+ Catt I,ZI. f a3 <12k4>uLE o t082>
ks t131> - (I;Ika 131>
:__.;LE'(m(kzh foSo =Lz K | s’ (111)
af3 af
where the generalized vertex functions are those

of Eq. (98) using the Coulomb interaction (108),
and we require these functions for r = 8 as well
as 7 = B. [The use of the Greek letter 8 for both
(k7)™ and a particle-type label should not be
confusing.] It is to be emphasized that each gen-
eralized vertex function in Ly corresponds to a
single matrix element. So long as a 5 S there can be
no confusion about this point; however, this point
must be remembered when the case & = 8 occurs,
as in Eqs. (138)-(143). Likewise, it is to be noted
that, even though the analysis of the present section
is completely in terms of master graphs, we have
included all reducible diagrams, in order that these
equations may also be valid in the linked-pair form-
ulation of Sec. V [provided one uses Eq. (154) for
the function G,(¢, ¢, k)]. The diagrammatic rep-
resentations of these integral equations are given
in Fig. 6.

We must next introduce two functions which are
closely related to L¢ and Lg, namely:

LY (kk 5131)
C {(r) 5080

8¢ ts ok k
= La. ‘*’<k 3 tlsl - kzki>, oo = s0)
@ [kiks tlsl) — (2)(k1k3 t131>
H-:Lc'(ﬁ)(kzk4 loSo - e Ky | LoSo/’ (112)
af af
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kha B/k kN B ka K\a B ks
o o = Bltg-s9) + "@ o"
a B
ke Kq
Y s, 5,
k\at B/ ks kN\e Bkg Ky B k
fo = ol Slgsg) + “& e“
B o a
L k2 Ky ky ky

Fie. 6. The diagrammafic representatlons of the two integral
equations (110) and (111).
o [KKs | b8 _ @ (ks | hs
L}:'(Y)(kzk‘i toso> = cadaslon K, Soto)
aff ao
kk; | 48,
+ (1 - 6aﬁ)[LE.(7)(k2k4 toso)
af8
t18:
-G, - e
af
@ (KkKs t181> — 7 k.k, tl&)
ok, |t T T ek | 1) 11D
aff af
Both L& and L{’ are sums over all possible ring
chains in which (diagrammatically) either k, is the
left incoming line [L§’] or k, is the left incoming line
[L3’]. In these functions the single vertex term has
been explicitly subtracted, because then these func-
tions are suitable elements for the most-general
ring diagrams discussed below. Note that for L
a distinetion must be made between the cases & = B
and a # 8. We henceforth refer to the four functions
Le, Ly, LY, and L as eggs.
Ring Diagrams
If one appropriately connects combinations of
the functions Lo, Lg, LS, and LY in all possible
ways, then one obtains, among other things, all
possible ring diagrams. In order to specify the struc-
ture of ring diagrams more precisely, we define a
contraction procedure to be used for their identi-
fication. Thus, in order to qualify as a ring diagram,
it must be possible to identify a ring (Fig. 5) when
all eggs are replaced by generalized vertices (i.e.,
points). Then, when the identified ring is replaced
by a point, it must be possible to identify another
ring. The continual contraction of rings to points
must eventually result in a single generalized vertex.
We note that in ring diagrams two lines never

connect the same two ends of two eggs, for such a
structure is already included in a single egg.
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J.',(') Ky k3 4 s,
° k2k4 1o so

Lottt k) = ol Lo =

K

Fig. 7. The diagrammatic representations of the three
functions £¢c(®, L£¢,q, and £ of Egs. (120), (116), and (117)
respectively. Note that the vertex which represents £(8) is
associated with two temperature labels.

The oceurrence of the singular ring structure is
not limited to the simple ring chains of L¢, but
occurs in all possible combinations of the two func-
tions L and Lg. Thus, it is essential that we have
a systematic procedure for determining such combi-
nations, and sums over these combinations. It is
probably unnecessary to carry out a complete
analysis of the most-general ring diagram in order
to understand the physics of a real charged-particle
system by an approximate calculation. However, as
we show below, it is easy to formally write down
the sum over all possible ring diagrams, thereby
facilitating the systematic treatment of the Coulomb
interactions for any given problem.

We now define the sum of all possible ring dia-
grams for four possible cases:

klkg 5.8 All ways of connecting egzs such
Le, " = E [ that k1 is thg left incoming line,
Ky | oS0
of
k1k3 t131 klk3 tlsl
- °GC 8 = "GC k ] (114)
=8 Ks | FoSo Ke | oS0
ap af
k 58 All ways of connecting eg ch that
£E. (r) ? ak E [k: is th)(;srzght mcommg lm%sa':::i B # a]
2k toSo
klka tlsl) k1k3 tlsl
- L, (k = L¢ (115)
r-f @ 2k4 to8o Ky | LoSo/’
of
ALl f ¢ ti h that
Lc.olty, o, kl) = ) [:hervé"’l’;"f 21y one incoming (and o:e]
outgoing) external line
(116)
Al f ti uch
Lo = 2 [that there are no external tmes],  (117)

where the single egg is included with both £¢.,, and

£5.¢y. We also define three functions which are

closely related to £¢.¢-) and £z,¢).

kK, t131)
Ky | 080
afl

(2)
aec. (r)
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— kK&, tlsl fass klk3>
= ool | o) = G, o -
af
kk, | is kk; | s
—3 £(2) (kl 3 1 1) = £(2) 183 1 1) 118
8 C @ K | LoSo ¢ e | fosol’ ( )
af af
@ [(KKs tl&) - 3} kk, tlsl)
Lo/ s | LoSo - eaﬁapaﬁc,(,) K | Solo
aff ao
kk, | s
1 — aa [ee . 183 g} 1)
+ ( ﬂ) E,(n) 2k toso
tys
183 1k3> :I
k2k4 ‘0600 80)
.k ts) Ik ts)
(2) s | 081 __ &K ) 48
T8\, |t = 5 ik, | et 119
af aff
(s (K tlsl)
£G.(r) 2k4 tosu
af
_ Ik, t1-5‘1> @ (KK t131>
= Lo Ky | 2080 * Le K | ZoSo
af af
kk; | is ) (l;k Ls )
(8) 183 191 ) . (&) H1Rs 191
— Lo Ky | fose/ Lo 2Ky | foSo/” (120)
af af

The diagrammatic representation of the three func-
tions £5%, £c,., and £ is shown in Fig. 7. These
functions may be used either in master graphs or
in linked-pair graphs, in which case we must stipulate
that no rings (Fig. 5) can occur which involve two
Coulomb interaction vertices, because the functions
L£EP|rupy Lo.ay, and Lo represent all possible ways
of including such rings. We note that £¢,, is that
part of L., Egs. (96) or (102), which is due entirely
to ring diagrams, and that £c¢ is the ring-diagram
contribution to the sum over all linked-pair O-graphs,
or master 0-graphs, depending on whether (71) or
(107) is used.

We now write down explicit coupled integral
equations for £¢, and £g,, equations which
can be verified by iteration to leading orders as well
as by careful analysis of the general structure of
ring diagrams.

kkst@)
Ky | 2080
of

£C.(r)
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_ k.k, tlsl) (L—)(i{;ka tlsl)
- LC 2k4 toSo + £C.(T) 2k4 tOSO
aof8 af
I} T
P o [t |
1:1s 0 2la | UoS2
an
(2 LKs szsl) @ (lzka szs)]
x [egzaie | ) + o2 | 12) ) a2
78 78
k1k3 tlsl)
L£x. (s
B0 Ky | foSo
af
— k.k, tlsl) - (KiKs t15'1)
=Lz 2k4 £oSo T e K | foSo
aff
k 1 tltz)
+ Gaép I‘Zl’ f dtg f dszLE(12k4 825
aff
(2) Lk, | 858 (- K3 3231)]
% [“c" ol | resa@h | 2)] e
af af
where
-(kk ts)
(L 1K | 1S
£C (r)(k k toso
= ZE,, Zf d83f dtz£§§2)(f)<ik{1}1 tltz)
lils o3 P 7
an
o [lKs 3281)
x £C.(f) (11k4 t2so
78
kk ts) ofkk ts)
(L= {K&3 | 1) - (KiKs | 78
;‘;*’BC (ﬂ)<k2k4 toso £C 2k4 toso ' (123)
a8 afl
ok k ts) f" ’
(L K3 | BS1)
Lz, m 2k4 toSo = €acs 1.21, 0 dt; 0 ds;
af
@ (Kl t1t2) (8) (‘121{3 32'5'1>
XSC'(T)(lzkai 8280 Lo 21 | fobs
a3 af
kk, | 4s o(kks | 4s
£(L) 3 11)= (L-)[ 8183 11).
r:_; B Ky | foSo La K | 2080 (124)
a3 aff

The diagrammatic representations of the integral
equations (121)—(124) are given in Figs. 8(a) and
8(b). :
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Self-Energy Ring Diagrams

We refer to the ring diagrams in £¢,, as self-energy
ring diagrams, because these diagrams, characterized
by only one incoming external line and one outgoing
external line, are closely associated with the momen-
tum-space ordering which may occur at very low
temperatures in & many-body system. (This momen-
tum-space ordering is formally achieved by the
A transformation of II, which takes one from a
particle description of the many-body system to
a quasiparticle description.)

One must be careful when attempting to erte
down a general expression for £¢,., for the correct
symmetry numbers are not duplicated by simply
connecting the (external) 8 lines of £8”|,.s. This
latter expression gives many of the terms of £¢
more than once and it also overlooks the fact that
a “double bond” may occur when the 8 lines are
connected. In order to account for the last possibility,

. we first define a function Ly, as follows:

kk,

tlsl)
Ky | LoSo
af

=~ foudeess 3 k“‘> <‘2’?> . (125)

We next define a functxon L¢,« by the equation

LC.a(tl; tO} kl) s
h E kZ, '/:) dSOLC(knka laSo T

af

La

Lé.a(th tD) kl):

(126)
where

Lé a(tl) to; kl)

2 1,8 K
T [ asdrle | ) - Lab(k“
13

(z)(k il tltg) o® (12k
k1, | 8280 Lk,

tlso)
t4So

8082)
tz to

T ety 3 f ds, dtz[

a1
k| Gt oo (LK
L(kll 12) (L)(’:;
+ Lo aly | 8082 Le 1.k,

af Be
3}
tzto
af Ba
8
+ Z E j; ds, ds, dlseqes

Bsa ki
tltz) (2)(k12k3
£
SoS2 " Ay

‘ oKL sosz)
X 1§|: © <12ka tols
, of af
k1, | tt¢ - Lk
L ( 1 n 2) (L )(kz 3 Sosz)
+ g 12k3 S280 £E ]_11 tgtg :
afl ‘af

@127
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Then the complete expression for £¢,, is

£C,a(t1} to; kl) = LC.a(tly to; kl)

’ e (lly | bty
+ Z Zf d82 dtzeﬁ £é !
B 1, Jo i | tose
af
8
Lk, 3230> (2) k.1, t1t2)
xZZ] dsf'LC(llkg bso) T2 kL, | tos,
Bn of
k.1, | &,
X Lc.g(Sz, tz, 11) + £c(kili ! t;s:)L,C'p(s2’ tg, 11)}
afl
(128)

It should be clear that

£C,a(t17 tO) kl) had L’C,a(tly to; kl)
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(a)

Fia. 8. (a) The diagrammatic
representations of Eqs. (121) and
(123). (b) The diagrammatic repre-
sentations of Eqs. (122) and (124).

(b)

tita k1k3
+ 22 <k1k3>., (128a)
oB

in the master-graph formulation, because the
remaining part of (128) is composed of reducible
graphs. The function £5°7 is given by

8 8
.sé’*"(t‘ll‘:' t‘8‘> = > f ds, f dty
284 n [} 1]

toS0 Iils
af8

(B8 klll t1t2> (2)(12k3
X £C (k t082 £E 11k4

242
an 78

8281 .
tzso) . (129)

The diagrammatic representations of Egs. (126)-
(129) are given in Figs. 9(a) and 9(b). Note that the
incoming external lines of the functions (126)—(128)
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tI
N\a
= t
Leo otk =0
a
I'(l

where

t’I
ke
Lealtptyk) = 1o
a

kl

t B a

F1a. 9. (a) The diagrammatic
representations of Eqs. (126) and
(127). (b) The diagrammatic repre-
sentations of Eqs. (128) and (129).

(b)

all attach at f,-vertices, as they should [see above 1w (1;111 tltz)] oo <12k3 szsl)
Eq. (92)]. B (D\k,1, 1082 B Lk, | 2.8
Closed Ring Diagrams o L
We refer to the ring diagrams in £¢, Eq. (117), o g k.k, tlsl) _ £(“)(11i1k3 tlsl) (130)
as closed ring diagrams. In order to write down the .5~ P \kk, | t,s/ = ~° ok | £0so/’
complete expression for £¢, we need the following af aff
three functions:
(= [EKs | 68 ecé._(:))(];lkz t181)
L£c. ) Ky | oS0
Ky | 1080 aB
a8
4 i Sk, | bt ) d ’ [ (k L | ¢ t)
— S B ST ST - (2) 1 | Ll
= zq: €, hzl’[) d82‘/; dt2[£c’(1—)<k212 losz = €afp I‘El"/; dtgf; ds; SC_(,) 12k4 $25

an af
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B ks
- O - soo - (=38, so‘
k a kI a
a
Fra. 10. The diagrammatic repre-
+ sentations of Egs. (133) and (134).

s
It

g

%)

a
QA + G
0 So Y S

+ eel;L(_r;(kl ll tlt2):|£((32)(7)(k2k 3281), (131) + Z f dto dSz dSo f dtz €63
Lk, | s 1 @ Lk ks Iils
af of ﬁ#a
L5, to, k) X [ (2)(k1 L tzso)£(2) (;zka tosz)
. 8 © \Lk, | fosa/ 7% O \k, 1, | s,
= Lé.a(tl} to, kl) + Z Z f d82 dtzéﬁ aﬂ aB
k1, 4t f ( n'a sto> (kl 1, tzso) (—=) <’i2ka tovsz)]
(——)[ B1d1 1v2 L 13
X {£C (k111 thz) ; Z dSOLC 1k3 tho + E 12k3 tosz £E.(“) 111 tz-S'o ! ( 3)
af af8 aff
(2) 1 142 II = = 0°0
+ & (k111 l 148, LC'B(sz’ by 11) - az:ﬁ ki ks dto dso LC k oS0
af8 af
o (Bl | bla)pe g, 1) s2) 41 ’ ,
+ Lo Lo | tese c.8\82; b2y L) (s +35 Zea Z f dty dso\ L, o (80, 11, K1) L0, (b1, 80, k1)
aB ;

s _ :
where £~ and £ are defined by Egs. (123)and [ _[ dtoLc 3k1 ’ 0)]68((;,),,(&, So, kl)}.
(124), respectively. . Ba (134)

We next define two quantities £4 and £74:
K | ¢ The complete explicit expression for £¢ is
_ (2) K3 | LoSo
I = = azﬁ o f dto f dso[LE (tn)(k t080> ’BC - £6 + Ié’ (135)
aﬁ where in the master-graph formulation of quantum
_ Ldb(lélka tos())] + = Z f dt, dss ds, statistics
K | toSo o Bt e
aB Lo — £+ 3 Iy > dto s (135a)
k
di I: (2)<llz 11 Sot2>£<2) (12k3 Szto) @8 kika L 3 '°
X f 2 €atp 312 t082 ¢ lied llkl tZSO
of Be because the remaining part of £4 is composed of
79 PR IP YO SN (12k3 szto) reducible graphs.
+ Lo AN £c.o Lk, | tso The diagrammatic representations of Egs. (133)

of Box and (134) are given in Fig. 10. It should be observed
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that in Eq. (133) we have set r of Egs. (110)-(131)
equal to f,. By referring to Figs. 8 and 10, we can
see that it is always possible to specify which
temperature variables should be integrated only
from O to %. These are the temperature variables
at the left end of an L or an £ and the right end
of an Ly or an £g.

In order to demonstrate that Egs. (133)-(135)
give the correct expression for £, including the
correct symmetry numbers, one must make use of
the following identity: If f(t, ¢, ---, {.) 18 a cyclic
function in the m temperature variables, then

1 8 B 8
_;L./; dt,,,j; dtm_l . j; dtlf(tly t2’ .

B Y L L

X f(t, tay -+, o). (136)

We observe that none of the Ls or Ly functions in
the second two terms of (133), or in Egs. (121),
carries a subscript 7 = §f, a fact which should be
clear from symmetry considerations.

IX. STUDY OF THE FUNCTIONS L; AND Ly

*a tm)

In the preceding section, we have set down a
formalism for the systematic analysis of the effect
of Coulomb interactions in a many-body system
with charged particles. We have shown that the
three principle functions of Fig. 7, ie., £, £c,a,
and £¢, can each be calculated entirely in terms of
the functions L¢ and Lg defined by Eqs. (110) and
(111). In this section, we examine these latter two
functions in detail.

Each vertex in a ring, Fig. 5, which corresponds
to two identical particles, is associated with both
a direct and an exchange interaction matrix element.
If the particles are not identical, the vertex is
associated with only one or the other of these matrix
elements. Thus, the vertices in Ly, Eq. (111), are
all associated with exchange matrix elements (see
Fig. 6).

One observes that in a typical ring chain in L
identical particles will occasionally interact at
vertices along the chain. The product of matrix
elements corresponding to such a chain may look like

(Daﬁ)(Dﬂn)(Dnn + Eﬂrl)(Drm + E’M)
X (Dﬂ‘)(D'm)(D{{' + EN‘) Tt

where D,, and E,, are, respectively, direct and
exchange matrix elements for o particles. Therefore,
each chain in L can essentially be written as a sum
of identical ring chains, but with different matrix
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elements at some of the vertices. We see that it
is possible to have chains of all direct matrix ele-
ments, chains of all exchange matrix elements, and
chains of all possible combinations of the two.

We begin this section by separating the contri-
butions from the direct and exchange matrix ele-
ments in L, Eq. (110). To this end we first define
the function L, by an integral equation involving
only direct matrix elements [indicated by a super-
seript (d)]

kk, tlsl = h“< > —
LD'(T)(kzkA toso k2k4 to 8t
af
ity
+ E €y Zf dt, < 1ll> LD ) lzka t@,)
1:1, to 1k4 tho
kk, t131> — kzks t1-5'1>
—) LD (8 X, | tose) Ly X, | )" (137)
af a3

We next define two functions Gpg and Ggp by
integral equations,

G klka tlsl =1 k1k3 tlsl
DE, (1) 2k4 £4%0 = LpE,(n 2k4 toso
of aff
+ Z € Zf di, ds, LDE.(r)(iilil ?tz)
I:ls 21z | LSz
an
12k3 8281>
X GDE'(T)<11k4 tzSo ’ (138)
78
kk; |t k
Gep,(n :k: t:::) = Lgp,n :ll;i :;::)
of of
+ E € E f di, ds, LED,(r)(lilil iltz)
1.l 21z | LoS2
o
12k3 8231)
X GED'(T)(llk.; tzso 1] (139)
8
where
kk; | ts k), | 4t
L S Eie | b 1) (kl 1|4 z)
DE. () Ky | tosg 1.1s f dt; ds, Lo 2ls | 468,
af aff
X Lo oo 250 155, (140
by | 8ola

88
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k1k3 tlsl) (kl 11 tl t2)
LED'(T) K | toSo Mllxllf dtzdszLE « Lk, | 83t
af ac
Lk, stl)
o0 99)
X Lo Lk, | t:8 (141)

af

We note that one must use only direct matrix
elements in the expressions for Ly to be used in Egs.
(140) and (141), because exchange has already been
explicitly included by the notation of Eq. (111).

It is now possible to write down a defailed equation
for L¢ in terms of Ly and Lg,

kK, 181) _ kK, 5131>
Lo Ky | Goso/ Lo Ky | Lo8p
a8
kk, tr31> (l]ixk3 5181)
+ easaﬂLE‘(f)(k‘;kz Sotn + GC.(T) 2k4 tuso ) (142)
[57s 4 afd
where
k.k, t131> - kik, t131>
Gc.(f) K | fose/ Gos.n Ks | 4o
aff aff

kil |2, ’
+ Gupco(FE 189 5 5 [ s
3.9 0 7 1,1, Y0

of
k.1 txtz) (lzks 8231)
XLD'(?)(kzlz 108, Gxo.c Lk, | fso
an 78
k1 txtz) (lzks 8281)
+ 3 [ dndsie "’(121:2 )92\ Lk, | )"
oo af|
(143)

Equation (142) for L can easily be verified by
observing that it includes all possible ways of alter-
nating direct and exchange matrix elements.

We have now shown that the principle vertex
functions £5%, £¢,., and £¢ can each be calculated
entirely in terms of the functions Ly, and Ly, defined
by Egs. (137) and (111), respectively. We show
below that it is the funetion L, which includes the
extremely singular terms discussed below Eq. (109).
Moreover, the leading contributions (in powers of )
to the principle vertex functions arise from the
Ly terms in L¢ and L{P. We therefore next write
the first approximations to these functions. From
Egs. (119)-(122), we have for £2

(o[ kKs i13l> ~ kk, t131)

Lo (kqu toSo/ Lo Ky | foSo
af af
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kk, t,sx)
+ eaéagLD 4k2 Soto - (144)
aa

From Egs. (126)—(128) and (113), we have for £¢..

Kk ts)
£ ) , g it 120
c.alts, b, K1) ; ; f dSO[LD X | o5
af

kk, 3130)]
+ €.8.pLp &, | st (145)
oo

where in the master-graph formulation this approxi-
mation becomes

t;te
Lo.ally, by k) = 3 2[ < *11:3>
[ F' 1 3/ te

t,so):]
sobo/ 1’
Finally, Egs. (133)-(135) give for the first approxi-

mation to £¢
toso)
1oSs

8
£c — ‘:’l' Z f dto[f dSo LD k1k3
2 R o 0 K
tos(,)]
Sabo/ |’

off
which becomes in the master-graph formulation

tals
£o _; 2 2 dto[ <k‘k3>z

.8 Kiky 0
toso):]
Setol 4

We next investigate the three functions Ly, Lg,
and Ly [Eq. (125)] in greater detail by using the
explicit expression (108) for the Coulomb-interaction
matrix element. From Egs. (137), (98), (91), and
(38), we have for Ly,

k 1k3
Skl

oo

8
T eabus f dsy Ly (145a)
[+

k .k,
oK,

(254

(146)

to
+ Ea5asf ds, Lo,y
o

+ €abas f ds, L, (c.)(i:lks (146a)

L klk;; tlsl)
D,(r) 2k4 toSo
aff
= —(2‘7‘-)6 _25(3)(k + k3 - k2 - k4)8m;m Mmyme
Z .7 e
X == 27r ﬁ éaﬁﬁf a4 d819 (ts, i, 1)98(31y 81, k;)
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X 0(t — t)0(si — so) exp t[walks) — wal(ks)]
X Lo, (g | t80) exp solews(ks) — wa(ks)], (147)

where

Lo, (g | toso) = 8(ts — 50) — 3 2 &(2S, + 1)

X (7% )2 f 'L, j; dt, f ’ e}’ dsi’

X gvz(tzy ti’l 12 - Q)gﬂ(tm sl ) lz)ﬁ(t - lO)a(s{' - tz)
X {exp (o — t)lw,{l — O — @,(I)]} L. (g ] t250)-

(148)
Similarly, Eq. (111) for Ly can be written as
k.k; t‘s,)
LE’(T)(kaks lo8p
af
== _“(2”)69—.26(3)(1!1 + k3 - k2 - k&)am:mnﬁmam.

2 8
x ZEE o [t dsigutn 8, KIon o )

X 0t — 80)0(85 - to) exp So[wa(kl) - "-’B(h)]

X Lg, (&1, @y K | t680)ap €xp tolwslhs) — wa(ka)],
(149)
where K = k, — k,, and

Leg ink, ¢, K l foSo)ap = 8(ts — So)
7 8
— %(Zazge2 1r2) f d312j; dsgfa dil’ ds!’
X 8,9(82, t{'7 12 - K)ga(s(); S{’, 12)
X 0t — s0)8(st — s)(la — k) (L — &y + @)7°¢
X exp (s, — sp)[ws(ly — K) — wa(ls)]

X LE.(T?(IZy 12 + q— kl) K ‘ tosz)aa-
Finally, we may write for La, Eq. (125),

k1k3 t;sl)
Ldb(kgk4 tho
off
= (1 — 28,)@2m°Q2 %60k, + k: — k, — K,)eaes

X (Z Zﬁe) f &, f dt! ds! 4t dsl’ Gu(, 8, k)

X 6(t] — o) Gsls1, 81, k,)0(s] — o)

(150)

X 98(50; A K)o(t’ — so)
X ga(so: S{’) 12)6(*9;, - tﬂ)
X exp Solwa (k1) ~— wﬁ(k4)]

X exp (s — to)ws(ls — K) — wa(ly)]
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X exp to[wﬂ(ks) - wa(kz)]

X {snums 5»».15‘(‘2 - kl)wz(lz -k + q)~2

F SapdmimiOmams K [(28a + DK*

+ eall; — k)7 + ealls — ki + 977 (151)

In the application of the above explicit expressions,
one must observe that ¢ = 0 in the integrands
of £¢.. and £¢. As we shall see, however, Ly, is well
defined at q = 0. Moreover, the leading term of Ly
has already been included in the second terms of
(144)—(146). Thus, one is led to examine ¢~ times
the second term in the iteration of (150). One sees
that at g = 0, there is a singularity in the integrand
at I, = k,. One then finds that this singularity is
precisely cancelled by corresponding singularities
in Lg when these terms are substituted into Egs.
(127) or (133). Singularities at ¢ = 0 in the higher-
order terms of Lz have not yet been examined.

Applications; High-Temperature, Low-Density Limit

The value of any theory, of course, is in the new
results to which it can lead. Detailed application
of the above equations to any real system in a par-
ticular temperature-density range is fairly lengthy,
but it is in order to briefly mention some of the
problems to which the foregoing theory can readily
be applied. In the general ionized gas one must
consider as constituents electrons, ions (in different
stages of ionization), neutral atoms, and photons.
[As we have seen, if other types of nonconserved
particles are important in a system they are easily
included in the above formalism, and external fields
have formally been included in Eq. (23).'*] The
major difficulties arising from the Coulomb inter-
actions among ions and electrons have been treated
above, and the lowest-order contribution from the
nonring interaction of charged particles is probably
of order ¢°. Nonring diagrams are contained in the
function F(B, N,, @) of Eq. (107).

In the consideration of a partially ionized gas
one must examine the contribution to the thermo-
dynamic quantities from the internal states of ions
and atoms. As noted previously, sums over internal
states are included implicitly in the formalism, but
several subtle questions relating to the caleulation
of these bound-state contributions remain to be
answered. There is reason to believe that some
of these questions are intimately related to the
calculation of nonring diagrams, so that this “bound-
state problem” is one of those under present investi-
gation. One result of subsequent studies via our
formalism will be corrections to the Saha equation.
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In Sec. IV we have paved the way for including
radiative corrections to all diagrams involving
charged particles, which is a necessary step toward
including all possible effects due to photon inter-
actions in the ionized gas. One should observe,
also, that other photon—charged particle interactions
are included in Egs. (71) and (106), besides those
of Sec. IV. The systematic study of these terms,
along with a study of the photon momentum distri-
bution, is an important investigation which should
be undertaken as soon as possible. Completion of
such a study should, for example, lend insight into
higher-order corrections to Planck’s law.

Finally, there are two limiting cases which are
of immediate interest. The low-temperature, high-
density electron gas has been studied previously,
resulting in the expression of Gell-Mann and
Brueckner.’* The present formalism can be used
along the lines of II to study this limit further,
and an extension in this direction would be very
desirable. In the opposite limit of high temperature
and low density, one encounters the case of fully
ionized gases. Others have previously calculated the
lowest-order contributions to the grand potential
in this limit, but we calculate it again both to
illustrate the use of the preceding equations and
to demonstrate the reduction of our expressions to
a known result. In this limit we not only restrict
contributions to those from ring diagrams, but also
we approximate the sum over all ring diagrams by
Eq. (146). This implies that we ignore complications
such as internal states and photons.

One may approximately solve the integral equation
(148) for Ly in the high-temperature, low-density
limit. The criteria which we adopt for this limit
is that

Ne K lo K Ny, (152)

where A, is the thermal wave length, Eq. (16), for
a particles, [, is related to the density p, of «
particles by p, = 3% and A, is the Debye length
defined by

Aoy = (@€’ 2 paZa) . (153)
We use the linked-pair formulation (Sec. V) of
quantum statistics, rather than the master-graph
formulation, in this limit. This is equivalent to
writing the functions G, in Eq. (148) as

ga(tZJ tl) k) = 6(t2 - tl) + Eal’a(k)a(ﬁ - tl)' (154)
We may then approximate G, in the region (152) by

3¢ M. Gell-Mann and X. A. Brueckner, Phys. Rev. 106,
364 (1957).
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ga(t27 tuk) =~ 5(t2 - tl) + €y 3«:‘5(3 - tl)

X exp [—Bwa(k)]r (1548')
because in this limit.
¥« = exp (8g.) = (28. + 1)7pal
X {1 — 38(Z "\ } K1, (155)

as we show below.
With the aid of the approximations (152) and
(154a), one can show that Eq. (148) can be written as

Lp,»(q l £0S0)
= B(to - so) -7 E (2‘Su + 1) 3,,)\;3(2Z.,e/q)’

X ‘/; dtg LD_(f)(q ' tzSo). (156)

In deriving Eq. (156), we have used the fact
that [Lp, — 8(t, — s,)] is appreciable only when
g < Ay, & result which follows from the solution
to (156),

Lp, (g | tes)) = 8(ta — 30)
— B70'(r — s)[(7/8) + (N:)"]

where 6'(t — s) differs from the step functions
introduced in Sec. IV by requiring that it be unity
when ¢t = s, and

Ny = [4ne’8 D (28, + 1) 5. 2203 X A\ py. (158)

(157)

With Eq. (157), we have demonstrated that in the
region (152) Ly, is not divergent at ¢ = 0. Moreover,
the Debye length A (p) canbeidentified asthescreening
length for the Coulomb interaction in any charged
particle many-body system characterized by (152),
[see discussion following (109)]. This latter statement
becomes clearer when one substitutes Eqs. (147)
and (157) into Eq. (145) for £¢,,. The result is

£C.a(tl) tD; kl)
g _eaza{g(tl - tO) + €y %a eXp [_ﬂwa(kl)]}

Z 562

X @8+ D 2% 3, [ d', exp [~ uslha)]
8 T

8 2.2 pB
X j; dsolq"Ln(g | t630)]amo — e€a gfz;—‘/; dso
X {0t — $0) + €a 3a exp [—Bua(k.)])
X [ s e (o — Wloull) — w B (6800 — &)

+ €a 3o exp [—Pwalks)]} K Lo(K | soto)
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= “'47réaza62>\2(,0) ; pBZﬁ[I - %B(Zﬁe)z)‘(—ll))

+ 2e)ealZe8) [ dso [ KL + R\o)T”

X exp [—(80 - to)wa(K)] - 23a(Zae)2)\:10(t1 - to)
o 2mBhipyeaod O(ty — &) }; peZs

+ €(Z.)"' Ny 0(t — L)t — 4)/8, (159)

where we have used Eq. (155) in the second set of
terms, and the fact that Z,0.Z, = 0 for a neutral
system. According to Fig. 7, one may interpret £¢,
a8 an “effective’”’ single-particle potential energy,
and therefore, the above result shows that this
effective energy is ~ €°/A(p, in the region (152).
One may finally evaluate Eq. (146) in the high-
temperature, low-density limit. The result is

3.13(} g {121!’()\{]3) )8] -t y (160)
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where A/, is defined by Eq. (158). According to
Egs. (71) and (77), an approximate expression for the
grand potential in the region (152) is then

fo2 3 28, + 132+ Q7. (161)

Equation (155) can now be verified by substituting
(161) into Eq. (7). Finally, we may use Eq. (6) to
derive for the pressure of an ionized gas

® =871 — (247pNimy) '] (162)

which is the well-known result of Debye and
Hiickel.*
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We present a method of treating the assembly of interacting bosons under Bose—Einstein conden-
sation. Without applying the Bogoliubov approximation in which the creation and the annihilation
operators of zero-momentum particles are replaced by a ¢ number, we keep the quantum nature of
these operators—thus the title, “Quantum Mechanics.” The method is a quantum mechanical adap-
tation of the theory of small oscillation. The oscillation means the fluctuation of the number of con-
densed particles. The interaction between particles determines the stability of this oscillation. When
it is stable and its amplitude is not macroscopic, the Bogoliubov approximation is valid. In this way,
our method provides a validity criterion for the Bogoliubov approximation as well as an estimation
of the errors thereby committed. We have to note that the excitations associated with the fluctuation
of condensed particles can never be obtained within that approximation. Our method is applied to
the Huang model, the assembly of bosons interacting through a hard core plus weak attractive po-
tential. Having found that, within the physically accessible range of the particle density, the above-
mentioned oscillation is stable, we can conclude that Huang’s treatment is well founded. We have
discussed the mathematical background of our approximation by invoking the representation theory
of canonical variables of an infinitely large system.
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1. INTRODUCTION

HEN we consider the many-body problem of

bosons, the standard procedure is to apply

the Bogoliubov method of approximation,’** in

which, taking advantage of the macroscopic occupa-
tion of the lowest single-particle level, we replace the
corresponding creation and annihilation operators,
a; and ao, by a ¢ number N3, the square root of the oc-
cupation number of the level.

It is very long since the approximation was inven-
ted and the method has been applied to various
problems yielding physically reasonable results.*'’

However, as Yang and Huang noticed in their
paper,®'* the approximation has been justified merely
by the consistency of the procedure and the con-
sistency does not necessarily mean the correctness.
In particular, there has not been known any method
for estimating the errors committed. Recently,
Foldy and Bassichis® have examined a soluble model

* This work was supported in part by National Science
Foundation under NSF GP 1193 and the U. 8. Air Force
Office of Scientific Research under AFOSR 500-64.

+ On leave of absence from the University of Tokyo,
Tokyo, Japan. Address from 1 February 1965: Department
of Physics, University of Illinois, Urbana, Illinois.

1 N. N. Bogoliubov, J. Phys. (USSR) 11, 23 (1947).

2 T, D. Lee, K. Huang, and C. N. Yang, Phys. Rev. 106,
1135 (1957).

# A lucid discussion is found in C. N. Yang, The Many-
Body Problem (Centro Brazileiro de Pesquisas Fisicas, Rio de
Janeiro, 1960).

¢ K. Huang, Phys. Rev. 115, 765 (1959). As for the
discussion on the validity of the approximation, see Sec. V
of this paper.

5 K. Huang, Phys. Rev. 119, 1129 (1960).

¢ W. H. Bassichis and L. L. Foldy, Phys. Rev. 133, A935
(1964).

of one-dimensional Bose gas to show that, under
some circumstances, the macroscopic oceupation of
the lowest single-particle level is destroyed by the
interaction between particles thus invalidating the
Bogoliubov approximation. It is now urgent to
establish some validity criterions for the approxima-
tion.

In the work of Bogoliubov and also in those of
the others, the c-number replacement of the creation
and annihilation operators was motivated by a
physical intuition. In this paper, however, we are
going to pave the way to the Bogoliubov approxima-
tion by the orthodox machineries of quantum
mechanics throughout. The operators, a; and ao,
will not be replaced by a ¢ number but by N} + of’
and N? + af, respectively, which are in fact operators
obeying the canonical commutation relations; we
require, say, [o5, af'l] = 1 so that [N} + af,
N} < af"] = 1. Needless to say, these replacements
do not involve any approximation at all.

Then, our method of approximation is to construct
a quantum analog of the method of small oscillation
in the classical mechanics. In the above replacements,
N? stands for the equilibrium position around which
the many-body system undergoes the small fluctua~
tion to be described by aX' and af. The approxima-~
tion consists in expanding the Hamiltonian in
powers of af' and a%. The mode of the fluctuation is
determined by the interaction between particles.
Sometimes, the fluctuation turns out to be of a
harmonic-oscillator type with amplitude much
smaller than N?, when the Bogoliubov approxima-
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tion is valid. But, depending upon the interaction,
the fluctuation can be unstable so that the ampli-
tude grows larger and larger to compensate the
background occupation N,. In this case, the assump-
tion of the macroscopic oceupation is not valid and
the Bogoliubov approximation fails. In this way, we
obtain the validity criterion for the approximation
in terms of the interaction between particles. The
errors induced by the approximation can also be
estimated.

Two interesting features appear when we consider
the limit of infinitely large system. First, some of
the terms in the expanded Hamiltonian become
exactly negligible under the condition that the
fluctuation be not macroscopic. Second, we come
across the theory of inequivalent representations of
the canonical commutation relations’ to see the
above replacement is imperative if we want to deal
with an irreducible representation. In fact, when the
occupation number &, is finite, the above replace-
ment, a, — N} + af, etc., can be effected by an
unitary transformation. But, in the limit Ny — o,
such a transformation does not exist at all and we
have to construct a new representation suitable
for the infinite system. At least in the case of free
bosons, the requirement is met when we use the
well-known Fock representation for af' and of
after the replacement. We shall see that some inter-
esting questions arise concerning the conservation of
particle number as well as the states with sharp
particle number.

Now, in Sec. 2, the basic ideas will be explained.
There, the model used for the illustration is the
assembly of free bosons. In the sections thereafter,
we shall take up the example of Huang model* in
which the particles interact through a long-range
attractive force with a hard core. For the sake of easy
reference, we shall recapitulate the definition of the
model in Sec. 3. Then, in Sec. 4 the “Hamiltonian’
(the Hamiltonian with the chemical potential times
the number operator subtracted) will be expanded
according to the method of the small oscillation and
the orders of magnitudes of each component will be
estimated. In Sec. 5, the diagonalization of the
“Hamiltonian” is carried out in the lowest-order
approximation, in which we have to deal only with
the particles of momenta larger than some critical
value k, (1/k, is the range of the attractive potential).
These sections, 3, 4, and 5, constitute a preparatory
step for the further developments. In these sections,

7 L. Gérding and A. S. Wightman, Proc. Natl. Acad. Sei.
U. 8. 40, 622 (1954); A. S. Wightman and S. 8. Schweber,
Phys. Rev. 98, 812 (1955).
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we claim nothing new except for the use of the
chemical potential which is absolutely necessary
for the adaptation of the method of small oscillation.
But, it would be interesting to see how the chemical
potential works and how our method compares
with Huang's.

In Sec. 6, we reach the position to treat the fluctua-
tion described by the operators af' and a%. The
stability condition will be written down in terms of
the parameters of the interparticle potential. This
condition is called the k = O-stability condition.
We find that the fluctuation cannot be stable if the
attractive force is too strong. In the same spirit we
treat the particles of momenta k, 0 < |k| < ko, in
Sec. 7. Here, we obtain another stability condition
which we call the §£; O-stability condition. This
condition is found to be equivalent to the statement
that the sound velocity of the system be real.

On the basis of these calculations, we discuss the
properties of the Huang system in Sec. 8. As stressed
by Huang, the system possesses the equilibrium
density p, at which the energy is minimum. As far
as the system is at temperature zero, the system
cannot be brought into the state of density p < py:
If we try to expand the container, we shall see the
system lump like a liquid drop (the neglect of the
surface energy will be justified for a sufficiently large
system). One of the most interesting conclusions of
this paper is that both the k = 0- and the f:-
stability conditions are satisfied by the Huang
system with the physically accessible density p > pz:
In this sense, the use of the Bogoliubov approxima-
tion is completely justified for the Huang system at
absolute-zero temperature.

What happens in the higher temperature is an
open question. We believe that the same approxima-
tion scheme can be used without any difficulty to
investigate the lower excited states. The stability
conditions will be the most interesting subjects.
From the point of view of the representation theory
of the canonical commutation relations, however,
the occurrence of many series of energy spectrum
will be the most remarkable, because each series
is found to belong to one of the many mutually
inequivalent representations® of canonical commuta-
tion relations. The inequivalence accounts for the
orthogonality between the states belonging to dif-
ferent series of the energy spectrum. Since we have
invoked the chemical potential and its value can be
different depending on which state is concerned, the
orthogonality is not guaranteed in such an ordinary

8 Each of them is labeled by the density N,/V of the
particles in the Bose-Einstein condensation.



382

way that the eigenvectors of one and the same Hermi-
tian operator are orthogonal.

In Section 9, we discuss the mathematical back-
ground of our approximation scheme by generalizing
the arguments given by Araki and Woods® for the
case of the free Bose gas. We want to show that the
replacement a, — N? + a} is an inevitable conse-
quence of our presumption of the Bose-Einstein
condensation if the system s infinitely large. In order
to prove this statement in its most general form, we
have to compute the Wightman functional without
any assumption but for the condensation. But, for
the sake of a clear presentation, we shall be satisfied
with treating some oversimplified models. We still
believe that these models will be sufficient to indicate
the realistic situation and then to show the necessity
of the replacement. The point we emphasize here is
the c-number addition as represented by N} in the
above. The more elaborate discussion will be given
elsewhere.

The concluding remarks are given in See. 10.

In Appendix I, we collect some useful formulas of
the Bogoliubov transformation. In Appendix II, we
compute the fluctuation of the particle number in
the condensed state, on the basis of which the mathe-
matical models in Sec. 9 will be constructed. Appen-
dix III gives a derivation of the mathematical
formula used in Sec. 9 together with its generalization.

II. BASIC IDEAS

Throughout this paper, we consider an assembly
of Bose particles in a state of Bose—Einstein conden-
sation. The Hamiltonian 3 of the system can be
represented in terms of the creation and the annihila-
tion operators, a, and ay for the bosons of momen-
tum k:

k= (21I'/V*)(n2y Ny, nz)y

n, =0, %1, --- 2.1)

where ¥ is the volume of a cubic box containing the
system.

In treating such a system, the nowadays standard
procedure is to apply the approximation method
developed by Bogoliubov,’ Lee, Huang, and Yang”:
By taking advantage of the fact that the individual
particle level with zero momentum (hereafter, we
call it the k = 0-level) is occupied by a macroscopic
number of particles we replace the corresponding
operators, a) and a,, by a ¢ number,

, ete.,

(2.2)

where N, is the occupation number of the k = 0-
% H. Araki and E. J. Woods, J. Math. Phys. 4, 637 (1963).

t
as, ao — N},
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level in the unperturbed state and ‘“‘macroscopic’
means that N, is proportional to the size V of the
system, Ny = p,V. In fact the matrix elements of
operators are such that (Nox1)*=Ni+0(1/N})
and the approximation has been quite successful.*®

However, it is unsatisfactory that the fluctuation
in number of the k = O-particles is neglected when
the replacement (2.2) is done. The fluctuation is not
necessarily of quantum origin but can be caused by
the interaction between the k = 0- and k # 0-
particles.’’

Such a fluctuation due to interaction can partly
be taken into account by adopting an additional
prescription for the operators quadratic in a; and/or
ay.

t+ ot t
oo, Qolo, Gollo — No — Z AxOk, (2.3)

k=0

as has been done by Lee, Huang and Yang.? Since,

as will be shown later, the fluctuation effect caused
by the interaction linear in a; or a,, say

V' 3 vubyexaixapa + Herm. conj.

PO
p+k#0
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in & well-known notation, is negligible under certain
circumstances, the above procedure may seem fairly
reasonable.

The question we want to ask concerns the sta-
bility of the assumed Bose-Einstein condensation,
which cannot be examined within the approximation
(2.2). Tt is true that this approximation scheme leads
us to a consistent theory,* but we cannot still ex-
clude the possibility that the interaction would
violate the condensation to smear out the particle
distribution in momentum space in contradiction
to the starting assumption.

Method of Small Oscillation

In order to discuss the stability, we can use the
method of small oscillation around an equilibrium
position. Instead of the replacement (2.2), we make a
change of variables'':

Gy = Né’ + ag, (2.5)

where af is a new annihilation operator intended for
the description of the small oscillation. By requiring
a% and its adjoint aF' to satisfy the canonical com-

mutation relations,
% a3l = 1,

1 t
[a%, @] = [a5 ,as'] = O,

10 By k = O-particles we mean the particles with k = 0
and by k = O-particles those with k = 0.

1 In the elementary particle physics, this kind of trans-
formation was first introduced by 8. Kamefuchi and H.
Umezawa, Nuovo Cimento 31, 429 (1964).

(2.6)
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we make a, and a] also a canonical pair of operators,
thus achieving an improvement over the replace-
ment (2.2). The more important point is that, while
the shift of equilibrium point N} is macroscopic, we
expect the matrix elements of af, not to be propor-
tional to the size of the system V. In other words, we
develop an approximation scheme under the assump-
tion that the amplitude of the small oscillation be
remaining finite and small even when the system
becomes infinitely large, V — .

Then, according to the usual method of small
oscillation, we can expand the Hamiltonian in powers
of a5 and neglect the terms of higher powers than
the second to compute the eigenfrequency of the
a% oscillation. To be emphasized is that, as will be
seen later, some terms in the expansion are exactly
negligible in the limit V — . The stability of the
oscillation and therefore of the Bose-Einstein con-
densation can be judged in the following way: If the
frequency of the a} oscillation comes out to be real,
then the condensation is stable against the dis-
turbance caused by the interaction with the k = 0-
particles. If the frequency becomes imaginary, then
it is unstable and the matrix elements of a% will not
remain finite to prove the replacements, Egs. (2.2)
and (2.5), inadequate for that system.

In the case of stable condensation, the total density
of particles will be computed as a function of the
density of k = O-particles, p, = N,/V. When the
total density is given by an experimental setting,
the inversion of this relation determines the equi-
librium point N2.

Chemical Potential

If one would hesitate to adopt the change of
variables (2.5), it might be because the change
violates the conservation of particle number 91 =
e ay a; which is inherent in the many-body Hamil-
tonian. In order to take care of the conservation,
we have to invoke the chemical potential p.

What happens will be most clearly seen when we
take up an example of the Hamiltonian of relativistic
free Bose gas, 3¢ = D_ y wxay ax With w, = (&* + m?)*.
Instead of the Hamiltonian itself, we have to deal
with the operator X = 5 — u91 in the new repre-
sentation where a, and a, are replaced according
to Eq. (2.5). The operator to be diagonalized is then

K = (m — plas'as + Nial' + a5) + N

+ l; (O — Wanae.  (2.7)

The only question is how to eliminate the terms
linear in a% and a7, If one tries to do this by such a
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displacement of origin as aj — a§ 4+ A with some
c-number A, then the result is to come back to the
original operator a,. Therefore one must choose the
chemical potential to be

(2.8)

and the remaining operator becomes obviously
diagonal in the usual occupation-number representa-
tion. When the total number of particles is given by
a c-number N, the energy of the system X + uN
turns out to be

E = ) (wx — maxax + mN.

k=0

= m,

2.9

This result is easy to understand, because the second
term represents the exeitation energy. Since for the
ground-state energy E, = mN we have

0E,/dN = u, (2.10)

we know that our way of determining the chemical
potential is equivalent to the usual one. This will
be seen to hold also for the interacting bosons.

In the later discussion of interacting bosons, also,
we shall invoke the chemical potential to eliminate
the unwanted terms linear in a% and a¥'.

The State with Sharp Particle Number

We are now prepared for applying our approxima-
tion scheme to any many-boson system in which
Bose—Einstein condensation takes place. The sta-
bility of the condensation serves as the validity
criterion for our approximation. Yet, one may wonder
if the above procedure of diagonalizing 3¢ — u = &
is in faet equivalent to the diagonalization of 3C
itself with the particle-number conservation ex-
plicitly taken into account. To answer this question
we shall show a way to construct the simultaneous
eigenvector of 3¢ and 9. This method has once been
presented for fermion case'” by the present author.

For the purpose of illustrating this method, the
model of free bosons is not so suitable because the
operator & with u put equal to m contains no a¥ nor
af' thus having no preference for any state of “a%-
quasiparticles”’; the eigenvector of & is indeterminate
to this extent. Here, remembering the assumption
of small oscillation, we assume the vacuum |Q) of a%
and a; (k # 0) to be the “eigenvector” of X, (the
true vacuum): (2 | @) = 1 and

X |2 =0; a5 |2 =0, ax |2) =0 (ks 0). (2.11)

We know that the number of physical particles
should be counted by 9t = D 4 a,ax, the vacuum of

12 H, Ezawa, J. Math. Phys. 5, 1078 (1964).
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which shall be denoted by |0):
@ 0) =0, (0]0)=1. (2.12)

Now, the first step is initiated by an important
observation: The conservation of particle number
implies the invariance of the Hamiltonian under the
phase transformation, a; — axe’® and ak* — aje "
Then, imagine we have employed the transformed
operators from the beginning. The Hamiltonian
and also the operator & takes the same forms as
before. But, the change of variables we make will be

ae’® = N + afe’”. (2.13)

If the old replacement (2.5) provides us with an use-
ful approximation scheme, the new one (2.13) must
work as well yielding the same value for the approxi-
mate eigenvalue of X. In fact, in the case of the
free bosons, we can see immediately that this is true.
As will be seen in the following sections, it is true
also for interacting bosons: After the change of
variables [(2.5) or (2.13)] has been done, the apparent
forms of X’s, the old and the new, may be different
from each other (as it is actually the case for inter-
acting bosons), but their eigenvalues will be found to
coincide. The operator X written in terms of the new
variable afe'® will be denoted by X.,.

The second step is to notice that the change of
variables (2.13) can be looked upon as an unitary
transformation within the representation space of a,
and a,. In fact,

%6’ = W.aee’* UL, (2.14)
where
U, = exp [—Ni(ae'® — ale” 9] (2.15)

Then, the true vacuum of X, is related to the vacuum
of a, as

[Q.) = au, [0), (2.16)

the suffix a being supplied to the vector |2) in Eq.
(2.9). As has been anticipated, the true vacuum
|2.) is a superposition of the states with different
occupation numbers.

In the actual case of the interacting bosons, the
construction of the true vacuum is not so simple as
in the above example. After the change of variables,
the operator &, will depend on a% and af' so that
some further transformation will be necessary to
diagonalize it. Anyhow, the true vacuum can be
related to the free vacuum |0) by the operator,
axe'® and ale*“ [see, for example Eq. (5.8)].

We are now in the position to construct the simul-
taneous eigenvectors of 3¢ and M. The key is to make
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the following observations: Since the vectors, |Q.)’s
(0 € a £ 27), are the respective eigenvectors of
K.’s with one and the same eigenvalue and the
operators X, are expected to approximate 3¢ — udt
equally well under the condition of the Bose—Einstein
condensation, any superposition of |Q,)’s must be as
good approximation to the eigenvector of 3¢ — w9t
as each |Q,) is.’® Then, we construct a special super-
position,

|20 = [y | Qa7 fo Te"“ |Q.) da, (2.17)

which is by nature an eigenvector of the number
operator 9N, and therefore the simultaneous eigen-
vector of 3¢ and 91, This concludes our approximation
scheme.

In the case of the free bosons, the vector |[Qy) is
simply given by

Q) = (N Hao)" |0). (2.18)

If one suspects that we might have made an un-
necessary detour, he should remember the whole
procedure of our approximation: The point is that
the change of variables (2.13) provides us with a
tractable method of approximation if the Bose—
Einstein condensation is assumed. It is well-known
method of small oscillation. Once such a change of
variables is adopted, we are forced to abandon
the conservation of particle number. The use of a
chemical potential is a partial remedy, and, at the
last stage, we have to return to the original variables
(by the transformation U,) to construct the state
with sharp particle number.

In the following application to the case of the
interacting bosons, we shall not try to construct
the state with sharp particle number. The full dis-
cussion of the state vector will be given elsewhere.

Infinite Volume Limit

Hitherto the change of variables (2.13) has been
looked upon as an useful means of developing an
approximation scheme. Now, we want to explain
that it becomes imperative when we consider the
limit of infinitely large system (No — o or V — o
with po = N,/V kept constant). The argument here
is of heuristic nature and the detailed one will be
given in Sec. 9.

We use the model of free bosons, again. Before
entering into the main subject, it will be instructive
to examine the limit V — « of our true vacuum

13 Here, we are speaking in terms of the original repre-
sentation: The operators 3C and 9 are written in terms of
ayei® and a,te ** and the state is created by the suit-
agle applications of a, te”** on |0).
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(2.16): The true vacuum has the form of direct
product of vectors representing the particles with
various momenta k. Let us avoid the complication
due to the scale transformation needed to relate
the representations in boxes of different sizes V by
concentrating our attention to the k = 0-component
of the state vector, for which the scale transforma-
tion is unity. The infinite volume limit is easily seen
not to exist. In fact, if that component of the true
vacuum is denoted by [2.(V)) and the norm of a
vector by || ||, then

o Qa(V) | Qe (V7))o

= exp [—3po{V + V' — 2ViIVrEi="2}], (2.19)
and therefore
“ |Qa(V)>o - |Qa(V,)>0 H

= 2{1 — exp [—}p(V — V'’]}, (2.20)

so that the Cauchy condition for the (strong) con-
vergence,

[112u(V))o = |2u(V))o || 2088V, V' =

is obviously violated.

In the same way, we can conclude the nonexistence
of the limit, limy..., |Qy) with p, = N,o/V kept con-
stant. Precisely speaking, we have to say that the
limit does not exist in the Fock space for a, and a;.
This is quite understandable because the Fock space
is defined as the closure of the space spanned by the
eigenvectors of the number operator with finite eigen-
values.” Any vector with an infinite occupation
number cannot have a finite length.

The nonexistence of the limit means that the
infinite system cannot be dealt with unless we con-
struct a new Hilbert space suitable for representing
it. In order to accomplish this, we have to invoke the
Gelfand construction.'

In the Gelfand construction, we restrict ourselves
to the smeared-out field operators, i.e.,

(2.21)

o) = X2 @V Wax + fWa]  (2.22)
and its canonical conjugate
w(g) = 2 iCV) e — §Wai],  (2.23)

k

where the functions, f and g, are assumed to be
normalizable,

flf(k)]gdk < w, ete.

14 A, 8. Wightman, Phys. Rev. 101, 860 (1956). R. Haag,
Lectures in Theorelical Physics (Interscience Publishers, Inc.,
New York, 1961), Vol. IIT. M. A. Naimark, Normed Rings
(g}’; Ncg;ihoﬁ Ltd., Groningen, The Netherlands, 1959),

ap. IV.
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The construction of the space is achieved when we
obtain all the vacuum expectation values of the
products of these operators, (the Wightman funec-
tionals).”” The vacuum expectation values in the
infinite volume representation (which we want to
construct) will be obtained as the limit of those
expectation values computed with [Q,(V)) or |2y)
employed as the vacuum vector.

Let us now consider what will happen if we take
the vacuum to be the state with sharp particle num-
ber. The reason why we take it is that the ground
state of the interacting bosons will be of this nature
and that the ground state is required to be contained
in the Hilbert space [conventionally denoted by
Ov(V — «)]. In order to obtain all the vacuum ex-
pectation values, it is convenient to compute

EN(fv g) = (QN! e *Pe'm [QN), (2-24-)

and to take the limit V = N/p — o with p fixed.
According to Eq. (2.15), we have

Ex(f, 9) = (@ | )] f 7 as f " de

X VB (0l (TP DT [y, (2.25)

Since we are interested in the limit of infinite system
(N — ), the method of steepest descent is the most
suitable for the computation, The same sort of
computation has been carried out for the case of
fermions in the BCS model.’* Without repeating it,
we write down the result:

Ex(f, 9) ~ Qv | Q]!
x [ as | " da exp [~ 4pV(a — 8]

X exp [{(2p)}{ J(0) cos a + §(0) sina}] (2.26)

where we have put f(k) = §(k) = 0 for k = 0 be-
cause these are immaterial for the present discussion.
What we have to emphasize here is that, in the limit
V — o, the contribution to the integral comes only
from the neighborhood of o = 8, and the Gaussian
integral cancels the normalization factor that can be
computed in a similar way. The concentration of the
integrand around ¢ = f§ means that

lim [(QN | QN>]-1eiN(a-ﬂ) <Qﬁl eiw(f)eiar(a) |9a> (227)
Voo

« §la — B).
As is seen from Eq. (2.19), the vectors, |2,(V)) and

5 This is because the Hilbert space is so constructed as
to be spanned by the vectors generated by the repeated
application of field operators on the vacuum (the cyclic
representation). The collection of the vacuum expectation
values can then be regarded as giving all the matrix elements
of the field operator.
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Fia. 1. The two-body potential in the present model.

12(V))(a £ B), are orthogonal in the limit V — o,
In addition, we have just found that these two
vectors cannot be connected with any powers of
the smeared-out field operators. Then, we have to
conclude that the representation of the field opera-
tors with the sharp-particle-number ground state is
reducible: The Hilbert space H4(V — =) is de-
composable into the direct sum of those $,(V — = )’s
which are constructed by a repeated application of
the field operators upon [Q.(V)) together with the
limiting procedure V — « applied to the Wightman
functions.

Now, it is not difficult to see that the representa-
tion with |2,) employed as the vacuum is irreducible,
or in other words, all the vectors in §,(V — o)
can be connected each other by the application of
the smeared-out field operators, since the representa-
tion is provided by the Fock representation for a,
introduced in Eq. (2.13), (for k # 0, af = ay)."®
This completes our argument.

The conclusion is the following: When the system
is infinitely large and is in the state of Bose—Einstein
condensation, the change of variables (2.13) is
imperative if one wants to use an irreducible repre-
sentation of the creation and annihilation operators.'”

The corresponding arguments for the interacting
boson system is given in Sec. 9, where the present
discussion of free Bose gas will be useful as a
reference.

III. DEFINITION OF THE MODEL

The model we discuss is the same as that treated
by Huang® in 1959. But, for the sake of convenient

16 The detailed discussion is given in Sec. 9.

17 Precisely speaking we have to say ‘‘if one wants to use
an irreducible representation of the smeared-out fields.”
When we restrict the field operators to the smeared ones,
we are presuming that every quantity of physical interest
can be expressed in terms of them only. See Refs. 9 and 12.
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reference, we briefly resume the characteristic
features of the model. We take units so that 4 = 1
and 2m = 1, m being the mass of the particle.

Two-Body Potential

We consider a dilute assembly of Bose particles
interacting through a two-body central potential
which, as is shown in Fig. 1, consists of a hard core
of radius a and a weak attractive part w(r) extending
outside. (r: interparticle distance).

To simplify computations we choose the attractive
part w(r) such that its Fourier transform is a step
function:

w, = f dr e ) = \j —8r(a+ b) for [k| < ko 3.1)
0 for k| > k,.
In the coordinate space, it amounts to
w(r) = —3D ji(ker)/(kor), 3.2

where j;(z) is a spherical Bessel function and D is
the depth of the potential:

D = [w(0)| = (324°/3)(a + b)k}. (3.3)
As is seen in Fig. 1, the range may be represented by
TO = 4-5/k0- (3 .4)

Now, in order to discuss the many-body problem
it will be sufficient to take the binary collision only
because we assume the gas to be of low density. In
addition we require

Dl « 1, (3.5)

so that the hard-sphere part of the interaction will
affect the S wave only at least for the low-energy
particles (D! gives the wavenumber of zero-energy
particles in the potential) which would form the
major part of the gas near the Bose—Einstein con-
densation. Thus the interaction can be substituted
for by

v(r) = 8xad)(d/or)r + w(r), (3.6)
the first term being the pseudopotential'®**® that is

to represent the hardsphere part. We have to note
that the pseudopotential is not Hermitian.

The Hamiltonian; the Subtraction Prescription

In the second-quantized form, the Hamiltonian
is given by

1
ge = 3 Kaxox + 537 2o Uk 2 Gpexlo-rloly, (3.7)
" 2V £ o

18 K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957).

b F,. Fermi, Ricerca Sci. 7, 13 (1936). J. M. Blatt and
V. F. Weisskopf, Theoretical Nuclear Physics (John Wiley
& Sons, Inc., New York, 1952), p. 74.
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where

vy = f dr e™* " [87as(r) + w(r)]
_ { 8xa for k € &,
—8xb for k € {0, &:},
with the sets of moments defined as follows:
=1k 0< |k| <k}, fu= {k; ko < |k|} 3.9)

One may notice that b gives the total scattering
length at zero energy.

The differential operator (3/dr)r in the pseudo-
potential has been taken care of by the subtraction
procedure indicated by the prime in the summation
over k in (3.7). Suppose that a matrix element f(k)
arising from (3.7) behaves like

3.8

f&) ~ Ak + O™ at k— o, (3.10)
then the subtraction is defined as
T = 20 - 4K @D

The detailed account has been given in the Ref. 18,

Orders of Magnitude

The parameters of our model, p, a, b, and %,, are
characterized by the smallness of the following
dimensionless quantities:

(3.12)

all of which are assumed to be of the same order of
magnitude® as designated by e.

While (pa®)! ~ e says that the space occupied by
the gas molecule (hard sphere) is small compared
with the volume of the gas, the number of the mole-
cules within the range of the attractive potential

(1/k3)p ~ 1/e (3.13)

is not small at all. However, the hard core suppresses
the total scattering length at zero energy and there-
fore the number of molecules within the sphere of
radius b is small:

(pa®) ~ b/a ~ ke ~ e,

b’p ~ .

3.14)
In the following we find it most convenient to take
8wpa as the unit of energy.

IV. ANATOMY OF THE “HAMILTONIAN”

We start on our job to determine the energy
eigenstates of the gas. Since, as explained in Sec. 2,
20 Because of the discontinuity of the occupation number

distribution, we cannot come to the case of pure hard core by
taking limit ko — O.
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we have to make a transformation that violates
the conservation of the particle number anticipated
from the very structure of our Hamiltonian (3.7),
what we have to diagonalize is not the Hamiltonian
itself but

X =3 — ud, 4.1)

where u is the chemical potential and 9t is the number
operator, 9 = Yy ardy. The energy eigenvalue of
the gas is given by the eigenvalue of & plus uN ...,
where N, is the total number of gas molecules.”
We shall call the operator & “Hamiltonian”.

Based on the idea presented in Sec. 2, we make the
replacement

ay — ao + Nl e, 4.2)

where a, on the right-hand side stands for the annihil-
ation operator in a new representation®® and N is
the average number, both belonging to the unper-
turbed eigenstate of zero momentum k = 0. « is the
phase angle (0 < a < 27) characterizing, together
with N, the irreducible representation of the Bose
commutation relation.

Remark: It is not ab initio obvious if the replace-
ment (4.2) allows the use of Fock representation in
the limit N — «. Anyhow, the smallness of the
matrix element of a, on the right-hand side should
be checked at the end of the calculation.

After the replacement (4.2) is done, it is conven-
ient to anatomize the Hamiltonian to obtain the
following components. In this analysis we ignore the
phase factor ¢ in Eq. (4.2) to avoid the unnecessary
complication. It is true that the phase factor can be
removed from the “Hamiltonian” by carrying out a
phase transformation.

4.3

but, as shown in See. 2, this transformation cannot
be effected by any unitary transformation. Never-
theless, we can easily check that the phase factor
does not affect the eigenvalue of the ‘“ Hamiltonian”
at all.

Now, the anatomy. After the replacement (4.2),
we divide the ‘‘Hamiltonian” into several compo-
nents: in addition to the one that contains the
operators a, and ay only (the k = 0O-component),
we have §;-, &1 -component and the components that
describe the interactions among k = 0-, £;-, and

ax — are'®,

2 In Sec. 2, the total number was denoted by N and the
number of the k = 0-particles by N,.

2 For the sake of simple notation, we omit the superseript
F that have hitherto been attached to the operator a, on the
right-hand side.
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TaBLe I. The components of the “Hamiltonian’: their
orders of magnitude in unit of 8zap.

Ko Ko® Ko® Ky Korr Korz® Korr® Ko ®
8rap X |e ﬁ ]Tef eN eNt &Nt € e

Ky Kor Kau® Kp® Kor® Ryer
8rap X |éN &Nt &Nt & é —_

f-particles. There comes the k =
first:

N2
JCO = (ﬁ Vo

0-component

3

- Nu) + <J¥, o ~ N*#)(a; + a)

+ 2N—Vvo(a§a§ + aa0) + (% vy — u)aZao, (4.4)

%
R = Nﬁvo(a;a;ao + a;aoao)v
4.5

1 1t
= 57 VoQeAo0oly .

(2)
oo = oy

Then, there follows the component for the Ri;-
particles (the particles with momentum k & Ry,
which will constitute the heart of the matter in the
present analysis:

K = Z kzal:ak

II

t ot t
Z' ve(axa-_x + 2axax + ara-y)

11

N
tav
+ (%Uo - u) > Oxtly,

II

where the summation Zn extends over §;; and the
prime thereon indicates the subtraction. One may
notice that the structure of &y, is slightly different
from the structure of 3¢,.

The interaction between the k = O-particle and
the f;-particle consists of four parts,: Korr + X2 +
x4 x. The most important one is given by

(4.6)

t
Korn = Vnr + V11,
Nt t
VU = _I}‘ Qg Z’ Uk(akaik -+ al:ak)
I1

The other three are:

where

4.7

(1) (1) ('t
Kort = Ui’ + Vi, ete,,
where
]
a1y __ N t
U = _'Vvo Z A Ao,
II
@ _ 1 ’ t ot t t
U = Z 0u(0x0-1 0oy + axaracay), (4.8)

2V 4
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@ _ 1 tt
Ui = T,Uo Z’ Ax Qoo .
11

The term

(4) -1 t t .
Keir = V' D vxap.xalxaya, + Herm. conj.,
=0
p+k=0

though existent too, will be shown to be negligible.
(See Refs. 28 and 29, pp. 390 and 391, resp.) The out-
standing role of the f:-particles can be understood
by referring to the order of magnitude assumption
b/a < 1 in Eq. (3.12). The interest in the k = 0-
particles comes from the stability question of the
macroscopic occupation of k = 0 level (Bose—
Einstein condensation).
The component for the &;-particles,”

K+ Kor + Ko + XD + xsP, (4.9)

can be obtained from the above [Eqgs. (4.7) and (4.8)]
by replacing the summation Y _;; by ;. The remark
that the structure of &; is slightly different from
that of X, applies also to &;. This difference will be
important when we deal with the phonon spectrum
of f;-particles and the stability of the macroscopic
k = 0-occupation, the former in Sec. 7 and the
latter in Sec. 6.

Finally, we have the interaction between f;- and
Ry-particles,

5(:1 I = % Z vka;+ka:_kapaq, (410)
I,I1

which will be analyzed in detail in Section 7. The

tilde above X i1 is just for the sake of later con-

venience.

Now, in order to see the relative importance of
the above components, their “orders of magnitude”
(in the unit of 8wap)®* are presented in Table I.
The estimation is based on the following anticipation:
(1) The “order of magnitude’ of the operator a, will
be 1. (2) The summation over the momenta (1/V) D1
will result in k3 ~ pe and also (1/V) D -+ -~ pe. It
should be noted that the ““orders of magnitudes” of
operators are not necessarily multiplicative. For
example, the diagonal element of the operator (o)
is of the order of (8=ap)’e but not of (8rap)’e’N be-
cause the momentum conservation restricts the phase
volume.

If the above assumption (1) is accepted, we may
neglect X" and X exactly in the limit N — o
because the intermediate “phase space’” consists of

23 Since the fifth part Xor® is again negligible, we don’t
write it down here.

2 By order of magnitude of an operator we mean the
orders of magnitude of its representative matrix element.
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a single level, k = 0, only. But, a reservation should
be made to this statement since the operator a,
is unbounded and the state in question can be an
infinite superposition of the states with different
occupation number in the k = 0-level.

We see from Table I that the most important
component is & ;, which will be diagonalized first in
the next section to form the backbone of our analysis.

V. DIAGONALIZATION; THE LOWEST ORDER

Before entering into the diagonalization of X,
we have to determine the value of the chemical
potential p. This can be done by the requirement
that the “Hamiltonian’’ should not contain the term
linear in a, or a; (see Sec. 2). In the lowest order, we
see from Eq. (4.4) that

0)

(5.1)

Then, the last term in Eq. (4.6) vanishes and the
operator X;; turns out to be

Kn = Z{I{Pkakfaik + 2Qkal:ak + Pkaka_k},
where
Py = Qx = %kz + 4wap.

According to the formulas in Appendix I, this opera-
tor is diagonalized by the following Bogoliubov
transformation,

= pvo = —8rpb.

(5.2)

tpvi = 4rmap,

Ax = bk cosh 0 — bik sinh 0k. (5.3)

For the sake of the convenient reference, we list
two equations that define the angle ¢, for k € &

. k* 4 8wap 1 (8rap)’
2 _——— e Ay
Sih” O = S 16rap) "2 4k
COSh 0k Sinh 0k (5.4)
Srap drap  (Swap)’

T 2% + 16wap)? & 2%

where ~ indicates the asymptotic behavior at
k — . The diagonalized operator is given by

Ky = Z kK + lﬁrap)%bxzbk + Cu,
IrI

where

(5.5)

Cu = ' [3k(k* + 16map)t — L(k* + 8rap)]
11 N (5.6)
= 8naa 1 (%) 7,0)
with*®

% In Huang’s formula for F'y(»), the term —3}» is missing.
If the subtraction prescription is followed, Fy(») should
vanish when » — « because it is given by a convergent
integral over the range (», «). Thus the term —1p is in-
dispensable.
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v = ko/(lﬁ"mp)}:
Fi6) = BBA 4+ — 31+ = b+ 3+ 1.
The zero-point energy Ci; is computed by applying
the subtraction procedure indicated in Eq. (3.11).

Since the summand behaves like — (4wap)®/k° as
k — o, the summation goes as follows:

V[T E g }
CII = (27r)3 fk.. [2 (70 + 161rap)

2
~ 1 + 8rap) + (i’%’l)—]zxwkz dk.
The excitation deseribed by Eq. (5.5) is exactly of
phonon type.
The transformation (5.3) is effected by

as ‘ll.(Ok) = exp [ﬂk(aka_k - akfaik)] (5'7)
by = U(O)axl ' (6x).

Then, the vacuum |Qyr) of by (or of ;) is related to
the vacuum |0) of a,:

IQII> = Hntu-(ok) IO> (5~8)

One may notice that the right-hand side is an infinite
product and the convergence should be examined. It
turns out that the infinite product does not converge
when the system is infinitely large and therefore that
we have to construct a new representation. But, we
want to defer the detailed discussion to the suc-
ceeding paper on the mathematical structure of the
Huang model.

Remark: In this approximation, we get the equa-
tion corresponding to Eq. (2.14) if ax and @, are
replaced by ace’® and a/e*°, respectively, and if
we apply the additional transformation U, in Eq.
(2.13) to take care of the change of variables. Here,
we don’t want to calculate the state vector with

sharp particle number.

VI. THE FLUCTUATION OF THE CONDENSED STATE

In the last section, we have diagonalized the ;-
part of the “Hamiltonian.” Now, we are in the
position to depart from Huang’s theory; we are
going to diagonalize the k = 0-part. Under the condi-
tion (5.1), however, Eq. (4.4) results in the instability
of the Bose—Einstein condensation.”® In fact,

Lovo(acag + oo — N), (6.1)

can be regarded as the Hamiltonian of a harmonie
oscillator with an imaginary frequency, X, =

:.K:g=

.26 Huang has notice in his papert that a similar instability
arises for the ®;-particle when its interaction with the
f1r-particle is neglected.
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3ov0(p® — z* — N), because the creation and the
annihilation operator can be represented by a
canonical pair of the momentum p and the coordi-

nate x:
a = 2p —ix), ay=27%p + ix),

[p, z] = —1.

(6.2)

There would not exist even the normalizable ground
state.

This paradox will be solved quite naturally if we
take into account the interaction between the k = 0-
particles and the Ri-particles. While the most
important interaction of this type is o;r given by
Eq. (4.7), we shall see later that x{Z} should be
taken into account as well.

In order to take care of these interactions, let us
first diagonalize X1y 4+ &oyr + X3 with respect to
the §1;-degrees of freedom. Then, X, + (X +
Korr + XK3)) can be regarded as consisting of the
diagonal array (labeled by the states of £:;) of sub-
matrices which are labeled by the quantum numbers
of the k=0-particles. We shall carry out the diagonal-
ization of &;; + Koz -+ X3 by using the perturba-
tion theory. In this section,®” the unperturbed state
of Ky is taken to be |Q;;) of Eq. (5.8).

If we start from the first-order perturbation theory,
what we meet first is a small correction to the phonon
spectrum, Eq. (5.5). The eigenmode of the con-
densed k = O-particles will come into question
later.

Correction to the Phonon Spectrum

In the first-order perturbation theory,X,;; yields
the terms linear in a, or a/:

<Qn| Korr |9u>

1
= Nlg, v ;' v Q1| {a;a:k + al:ak} [Qur)
+ Herm. conj. (6.3a)

The expectation value can be computed, for example,
as

(2n] axals [Qr)
= (0] W (Ow)aru(b:) U (Bx)al U(0s) [0)
(0| (ax cosh 6, — a_y sinh 6,)
X (alx cosh 6y — ay sinh 6;) |0)
= —sinh 6, cosh 8y,
where use has been made of Egs. (5.3), (56.7), and

(6.3b)

2 In g separate Jd};a.per, we shall discuss the behavior of the
system related to the excited states of the ®;1-particles.
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(5.8). In addition to the contribution from X,
[Eq. (6.3)], the linear terms may come from X(p),
too [ef. Eq. (4.8)]. But the latter contribution is
smaller than the former by b/a ~ eand is neglected.”

The term linear in a, or a, must be canceled by
changing the chemical potential from the value of
G tou = p® 4+ 4, where u is given by the
coefficient of @, on the right-hand side of Eq. (6.3):
Carrying the integration over k with the subtraction
prescription in mind, we get

= 8rpa-8(pd’ /T G0) + Go()]  (6.4a)
with v = ko/(16rap)t and
Gi6) = L+ =, (6.4b)

@) = 1+ = 3L+ + B
It is remarkable that z™ is of the same order as
1'®. For the sake of convenient reference, we list
the origin of these functions:

1 ’ t
8ra %5 fu (9111 ax Q-1 IQII) dk

= 8mpa-8(p’/mVG0), g 40

1 4
87l'a W ‘/;I (QIII a;ak !QII> dk

= 8rpa-8(pa’/m)'G.0),

where the subtraction is indicated by prime.

Now, the change in the chemical potential causes
the last term of Eq. (4.6) to revive thus affecting
the coefficient @, in Eq. (5.2); its new value is

Qu = 3 + 4map + AQw, AQk = —3u.  (6.5)

If, however, one wants to know the effect on the
phonon spectrum in Eq. (5.5) now, it is to hasty
because we are now asking the perturbation only on
the ground state |Q) of fi-particles. What we can
conclude at this stage is the change of the zero-point
energy Cy; in Eq. (5.5), the corrected value of which
is found in the spirit of the perturbation theory as

Cii = Cu + ACyy, (6.63)
with
AChH = Z' 2AQx (Qu| al:ak [Q11)
1 (6.6b)
3
= —8rapN 512 pa F.(»),
3 =
where
Foi) = 3(1 + ) — 201 + ) + 2°. (6.60)

% The first-order contribution from Xor;® is zero because
the state congists of pairs of particles with opposite momenta.
See Eq. (1.8) in Appendix 1.
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It might be interesting to note here that this correc-
tion ean be obtained also by modifying Eq. (5.6)
in the following way as suggested by Egs. (5.2) and
(6.5):

2 B~

II

”(1)>(k2 + 161!'6![) - M(l))]}

[ A—
)3 S

— (K + 8rap — u™)}.
The Stability of the Condensed State

Having settled the question of terms linear in
a and a), we now proceed to the quadratic terms.
In addition to %, Eq. (4.4), we have some correc-
tion terms induced by the interaction between the
k = OQ-particles and the fi-particles. Thus, the
determination of the coefficients of “perturbed
Hamiltonian,”

6.7)

, 1 (pa®\t  + ¢ 1
5{:0 = 87rap 'é 7 [Paoao + 2anau

+ Paoao] + Co, (6.8)

will be the main task of this section. In this equation,
C, stands for the zero-point “energy’’ of the k = 0-
mode.

Hitherto, our arguments have been based on the
assumption of the Bose—Einstein condensation intro-
duced in Secs. 2 and 4. Namely, we have assumed
that, after the change of variable a, ~ a, + N* with
some macroscopic number N, the matrix elements
of a, should be of order 1. Now, if we fix the coef-
ficients in Eq. (6.8), we can ask the condition that
guarantees this assumption. It will be called the
stability condition for the condensed state, or the
k = O-stability condition. According to Appendix I,
the eigenfrequency of X would be imaginary suggest-
ing the decay of the condensed state, unless
(@ — P)Y(@ + P) > 0. Here, we have to exclude the
equality, because, as is seen also in Appendix I, it
makes the spectrum of % continuous in contradic-
tion to the normalizability postulate of the ground
state. Finally, we have to require @ > 0 so that the
spectrum be bounded below, otherwise the k = 0-
mode of oscillation would grow up wildly thus
violating the finiteness assumption of the matrix
elements of @, and a). Summarizing, we find that

@Q@—-PQ+P)>0 and @ >0 6.9

constitute the necessary condition for the Bose-
Einstein condensation. In the last part of this section
we shall examine the “orders of magnitude” of a,
and a, to know that, in the present case, the condi-
tion (6.9) is also sufficient for the condensation.

Now, we are in the position to determine the
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coefficients in Eq. (6.8) by computing the perturba-
tion effects due to the ;1 particles, which, as we
shall find, amounts to the same order of magnitude
as the unperturbed part X,. The effect of & -particles
is negligible because of the assumption b/a < 1.

Within the first~order perturbation theory, impor-

tant is the interaction %7} in Eq. (4.8) that induces

3\4
(Qui| B |Qpr) = 87rap-4(”—j—) (G ()acas

+ 20.0)act0 + Gi(P)aot),  (6.10)

where G, and G, have been given in Eq. (6.4). The
effect of K3} can be neglected.

In the second order, the interaction Xo; in Eq.
(4.8) can induce the quadratic correction of the
same order of magnitude as %3} did in the first order:

Z' (Qul Kon [k, —k)k, —k| Korr [2rr)
f —2k(k* + 16map)’

3\ 3
— 8rap-8(22) [Gi0alal + 2(6,0) + Gt} ale

+ Gi(v)asa, + Gi)], (6.11a)
where
G:() = 31+ "7,
G =4 + ) —v — 30 + )7 (6.11Db)
+ ir — tan™' 4],
and the intermediate states are defined as
k, —k) = [ U(0)]asals [0).  (6.12)

It would be instructive to add the following remarks:
First, one should not overlook the factor 2, for
example, in

Nt

(Qu| Vut [k, ~k) = T % gI:I, vp {Qu1) a;aip k, —k)
v

b

=2 X 'AL (1 2 sinhz Gk,

7 (6.13)

that accounts for the two possibilities of the inter-
mediate state, p = =+k. Second, as warned by II/2
of Y 41, in Eq. (6.11a), the summation over the
intermediate states should not be duplicated by
taking |—k, k) in addition to |k, —k).

The above two exhaust® the induced parts of
%! that are of the same order of magnitude as the
unperturbed part %,. Summing up Eq. (4.4), (6.10),
and (6.11), we get the coefficients in Eq. (6.8),

# The second-order effect of Kor;® vanishes again because
of the structure of |Q;;) mentioned in the previous footnote.
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E
a \pa

Q=X:

(6.14)

where®
X =81+ —v+ 0+,

and the value of the chemical potential [(5.1) and
(6.4)], has been used to compute Q. The zero-point
‘““energy”’ is found to be

Co = Bavo — (u” + u)IV

+ 8map-5 ( ) (@ — P — Q + 16G,()].
(6.15a)

and the excitation spectrum to be multiples of w,,
where

wo = Swap(g)i(%r€>i[2X . g(ﬁ)*]* (6.15b)

From Eq. (6.14), we see immediately that @ > 0
and @ — P > 0 so that the condition (6.9) can be
written as Q@ + P > 0. Namely,

3
g (—”—3) < 2X.

- (6.16)

We call this the k = 0-stability condition to dif-
ferentiate it from the stability condition for &
particles which will be discussed in the next section.

It is interesting to remark here that we would get
the same condition as Eq. (6.16) even if we did not
take the unit & = 1, 2m = 1. This is because we can
restore m and % if we multiply every term of X by a
common factor /*/(2m). Thus, the condensation
condition is independent of the mass when it is
written in terms of the scattering lengths. Suppose
we take the hard-core radius a as the unit of length,
then the right-hand side of Eq. (6.16) is a function
of the range 1/k, of the attractive potential (see
Fig. 1). It is reasonable that the more likely the
condensation is the larger the density p we take;
qualitatively, this tendency is shared by the free
Bose gas.*' The limit on b means that the total scat-
tering length or the strength of the attractive po-
tential should not be too large. However, it seems to
be hard to understand that the limit on b decreases
as the range 1/k, becomes smaller. The further dis-
cussion of this condition is given in Sec. 8.

Now, in order to find the ground state |Qo) of %}

% Apart from the normalization, this function is different
from Huang’s by the term — », which is due to the subtraction.
3 1,. D. Landau and E. M. Lifschitz, Statistical Physics
(Addison-Wesley Publishing Company, Inc., Reading, Massa~
chusetts, 1958).
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we can use the formulas in Appendix I:
I90> = ‘11.(00) 10> (6.17)

Since P and @ in Eq. (6.14) is of order 1, we see
that the matrix elements of a, and a; are also of the
order of magnitude 1, thus confirming our starting
assumption of the ‘“small oscillation.” In conclusion,
the condition (6.16) is necessary and sufficient for the
condensation assumption to be valid, when the order
of magnitude relation (3.12) is presumed.

VII. THE &;-PART

Now, we want to conclude the diagonalization of
the “Hamiltonian” by determining the £;-part of
the energy spectrum. If one is familiar with Huang’s
work,* it will be interesting to discuss the relation
between his method and ours of managing the con-~
servation of particle number: while Huang took it
into account somewhat explicitly, we have taken an
implicit way by invoking the chemical potential.
The approximation we make is the same as Huang’s.

Diagonalization
The first task is to determine the effective inter-
action among $§;-particles induced by their inter-
action X;y, BEaq. (4.10), with the fp-particles.
According to Huang, the interaction % ;; can be
approximated by the sum of the following two:

(2) (€204
Kinn = V1 +CUIII and 5€111 = Ui+ Ot

where
Ut _8—m~2 §5(P+K—a)
X (apox + apa-g)a,
U8 = 8ra _21—V ;’ ; (ana’xaa-y 7.0

t 4
+ axaxanan);

the Roman capitals and the Greek denote the mo-
menta in §;; and &;, respectively,

K.,PE®,; and X E &;.

Since these two, X;;; and X{%;, are quite similar

to Korr and X2, respectively, we can determine the
influence of the ®i;-particles on the £; just in the
same way as we have determined that of the £,
on the k = O-particles. In fact, it can be obtained
from the results in the last section by a simple
substitution, @, — a, (we take advantage of the
fact |a] < Ip)).

As for the unperturbed part of the ¢ Hamiltonian,”
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. F1a. 2. The relations between the parameters of the poten-
tial and the particle density. They represent the relation in
the lowest energy state, kEq. (]8.11), the k = O-stability
condition, {Eq. (6.16) or (8.12)] and the Rj-stability con-
dition [Eq. (7.7b} or (8.12)].

our attention should be called, however, to the slight
difference in structure between X, and X; as re-
marked below Eq. (4.9): in addition to the terms
that have counterparts in X, we have —8xb(W/V)-
ZI a)a, in X; which together with the kinetic
energy term makes the @, Eq. (7.3), different from
the corresponding quantity @ for k = 0O-particles,
Eq. (6.14).

Thus, by applying the necessary modifications to
Eqs. (6.8), (6.14), and (6.15), we obtain the perturbed
“Hamiltonian” for §-particle:

:K:; = ZI: {P)\a:ail + 2@)\0/;@}\ + P)\a)\a)‘} + CI, (72)

with

P, | &3)*[ -é(ﬁ_)*]
P’*“S”“"z(w =G I as

Q)‘E%)\z“"Px

and

O = 81:'@,0-4(2:&;)% ; 0(Q1). (7.4)

The spectrum of &} is readily obtained by the use
of the Bogoliubov transformation to be

K= 2 MM + 16xa’p)t + C;
A
with

a'/a

i

(pa’ /)X — (b/a), (7.5)
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where X is given in Eq. (6.14). We have to note here
that the stability condition

A* 4+ 167a’'p > 0
is satisfied by all A € 8, when and only when

(7.6)

a > 0, (7.72)
or written out explicitly,
b _z,)*
a (pa“’ < X. (7.70)

This condition differs from the stability condition
for the k = (-particles [Eq. (6.16)] only by a factor 2
on the right-hand side of the latter. Even if the
latter condition is satisfied, @’ can be negative so
that the condition (7.6) can be violated by some
NMs. We call this kind of instability &,-instability.
The relation (7.7b) is shown in Fig. 2. In the same
way as explained for kK = O-instability, we can see
that the f-instability results in large matrix ele-
ments of aa, etc., thus violating our starting as-
sumption (see Sec. 4). We see in Sec. 8 that Eqg.
(7.7) is nothing but the condition for the sound
velocity to be real.

Method of the Chemical Potential

Now, let us proceed to compare the method of
Huang and ours to manage the conservation of
particle number.

In order to secure the conservation Huang made a
substitution (2.3) as seen in Eq. (34) of his paper,
while we are relying upon the chemical potential.
Obviously, there is no one-to-one correspondence
between the terms of Huang’s 3¢ and our X. Never-
theless, the energy spectra resulting from these two
theories are quite similar to each other, the only dif-
ference consisting in what is meant by the particle
density p: while our p means the average density of
the k = O-particles,”” Huang’s p means the total
density. Remembering the applicability limit of the
pseudopotential, however, we know that this dif-
ference is not so substantial.

For the sake of indicating that there is still some
sort of correspondence among the terms of Huang’s
3¢ and our X, we compare Huang’s 3C; in his Eq.
(68) with our &; + &; 11 + &® 14, both being in-
tended for the Hamiltonian of the f-particles in
interaction with the &;;-particles. One of the re-
markable differences consists in that the term

—4ga V! ; (amalx + g DN (7.8)

#® Thus, the so-called depletion effect is automatically
taken into account.
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Fi1c. 3. The energy per particle is shown as a function of
the particle density. The parameters of the potential are
fixed. The regions of stability are also shown.

inHuang’s Eq. (68) ismissinginour ; -+ Xy 1 + %2
This term is generated by his substitution (2.3).
At the same time, we observe that the terms

8raV™ 3 avavaray — pParay (7.9)
K

in our ‘“Hamiltonian”” do not find their counter-
part in Huang’s, in which the second term does not
exist by its very nature and the first one is amalga-
mated into his V, thus being neglected [see Eq. (29)
and Sec. 4 of his paper]. These constitute the only
difference that may affect the first-order perturba-
tion effects by the £;,-particles. Now, by taking the
matrix elements with the ground state of i~
particles we see in fact that Eq. (7.8) and Eq. (7.9)
result in one and the same effective interaction among
the §-particles! This completes the comparison be-
tween Huang’s method and ours.

VIII. PROPERTIES OF THE SYSTEM

Having completed the diagonalization of the
“Hamiltonian,” we can draw various conclusions
concerning the properties of the Huang model,
among which we want to concentrate our attention
to the properties of the ground state.

Ground-State Energy vs Density

Now, assuming that the system is in the ground
state with no phonon excited, we collect the zero-
point “energies” in Eqgs. (5.6), (6.6a), (6.15a), and
(7.4), to which we add (u” + w)N,,, to obtain
the ground state energy E, in its true sense of words.
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We know, however, that the second term of C,,
Eq. (6.15a), is not macroscopic and AC;; and C,
Egs. (6.6b) and (7.4), are smaller by ¢ than the
other contributions so that they are neglected. Thus,

E, 4

In our approximation, N can be regarded as the
total number of particles since, as seen from Eq.
(6.4¢), even the average number of particles in &,
is given by

f <91x‘ akak mn> dk

= N- 8( >G2(V) ~ eN.

8.1)

(@)
(8.2)

It is quite satisfactory that the energy of the system
is thus proved to be an extensive quantity.

By the way, it was from this result, Eq. (8.2),
that Huang and others concluded the consistency
of their approximation procedure.”’* As we have
seen, however, the condensation can be unstable
even when the theory yields Eq. (8.2).

In Fig. 3, we plot the energy per particle as a
function of » = ko/(16wap)}; written down explicitly,
Eq. (8.1) is cast into the following form,

g_e_(k__)_l[ b 501 ]

N \ar) 7 %o + 2 Fl(v) (8.3)
When the parameters of the potential are fixed, the
variable » can be regarded as representing the parti-
cle density p. The unit of energy can be taken as
(47*/d”) (koa/47)®, which turns out to be

1 (koa)3 R
2r\ 2/ 2mad’
if we call back the mass of the particle m (that has
been set equal to %) and the Planck constant 7.
Finally, we notice that Eqg. (2.10) holds in this

cagse, too. In fact we see from Egs. (8.1), (5.1),
and (6.4) that

(9/90)(Eo/ V) = u'” + u.
Sound Velocity

Since the excitation of the Huang system is of
phonon type, it is interesting to compute the sound
velocity ¢ from the energy-density relation, Eq.
(8.1), and to confirm that the excitation with low
momentum p actually has the energy quantum

w(p) =cp (8.4)
as suggested by Landau.?'*® Although the computa-
# 1, D. Landau, J. Phys. (USSR) 5, 71 (1940).
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tion of ¢ was done by Huang, we have to renew it
because our functions involved, F,(») and X, are
slightly different from Huang’s (see Footnotes 25
and 30).

The sound velocity is related to the compres-
sibility of the system,

¢ = —29P/ap, (8.5)

where

P = p’ (8/3p)(Eo/N) (8.6)

is the pressure at absolute zero and we have taken
into account that the mass of the particle has been
put equal to 1. Combining the above two, we have

¢ (a L )Eo

4p T3 2 6 N
The derivatives will be conveniently computed in
terms of »:

p=(A/)°, 8/3p = —3A7%" (3/3)
A= ko/(167ra)*.
Then, from Eq. (8.1) we obtain

8.7

8.8

= 16xa’p,

where a’ is related to the excitation spectrum [Eq.
(7.5)] to show the correctness of our anticipation
(8.4). We see also that the condition for the &-
stability, Eq. (7.7), is equivalent to the condition
for the sound velocity to be real.

Liquid State

From Eq. (8.3), we see that the energy per particle
behaves in the following way:

5, {8”“p-%%(pa3/r>*<» ~0),
N —4xbp v — «).
Thus, a minimum is reached at some » =

i(——9)—0 and LA ( °)>O
ap \N/ c')p N

If one wants to know the relation between », and
the force parameters, it is convenient to rewrite the
first condition in Eq. (8.10) as

b 4r

;70—“—32

8.9)

vy, wWhere

(8.10)

[(1 + ) — (1 4+ )}

2
= (1 + A —~ Zv — gva] (» =wv). (8.1D
We call the density p; corresponding to », the
equilibrium density. The behavior of E,/N is
illustrated in Fig. 3 and the relation (8.11) in Fig. 2.
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Now, taking Eq. (8.10) into account, we know
from Eq. (8.7) that, at the equilibrium density, the
Huang system satisfies the f;-stability condition
and therefore the k = (O-stability condition as well.
‘We can conclude that the consistency of our approxi-
mation scheme is thus guaranteed at least for the
purpose of investigating the states in the neighbor-
hood of the lowest energy.

Since we are considering the Huang system at the
temperature absolute zero, it is quite natural that
the system has an equilibrium density: In fact,
it means the liquid state. If the volume containing
it is fixed at such a value that N/V > p., the system
would first tend to expand when V is increased from
this value. This is the state of compressed liquid.
However, when V is made to increase further until
the equilibrium density is reached, N/V = p;, the
presence of the box becomes immaterial. Any further
increase of V beyond this point leaves the energy
and the density of the system unaffected; rather, we
shall see the system lump in some part of the con-
tainer. This is the characteristic feature of a liquid.
We have to conclude that the part of the energy-
density curve for » > v, cannot be reached unless
the system is heated.

Stability Conditions

In the above argument we have seen that the
stability conditions are satisfied at the equilibrium
point. Now, we want to show that the conditions
are also satisfied by any state physically accessible
at absolute zero. In other words, the conditions are
always satisfied by the system with density

p 2= pr.

Then, the consistency of our approximation scheme
will be confirmed also for the compressed state of the
Huang liquid with the obvious reservation that the
liquid should remain at low density, (pa®)! < 1. For
this purpose, it is sufficient to rewrite the stability
conditions as

b 4mr
akoa

<{ } [+ - 4+ 1+ D)7, (8.12)

where the factor 16 in the curly bracket stands for
the k = O-stability and 8 for f;-stability. Since we
know that the above inequalities hold for » = »y,
we can conclude the stability for p > pr from the
fact that the right-hand side of Eq. (8.12) is a de-
creasing function of ». Now, let »{" (i = 1, 2) repre-
sent the critical densities which correspond to the
&- and k = O-instability respectively; namely for
v > »{ the corresponding instability occurs. In
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Fig. 3, we present the boundaries of instabilities
which are described by the points (»{, E,/N) when
the force parameters are varied. The conditions
(8.12) are shown in Fig. 2 together with the equi-
librium condition (8.11).

IX. MATHEMATICAL BACKGROUND

In the previous sections, we have seen that the
replacement (4.2) can provide a consistent approxi-
mation scheme for the eigenvalue problem of the
Huang model when the Bose-Einstein condensation
is presumed. But, is the replacement (4.2) a neces-
sary consequence of the condensation presumption?
Since we have been trying to find the lowest eigen-
state and its neighbors, it seems physically reason-
able to presume the condensation. However, it is
not a priori obvious that there exists no other ap-
proximation scheme that would yield the lower
eigenstates than the ones we obtained in our scheme.

In this section, we want to present a mathematical
background that would make the following state-
ment plausible, though not firmly established: The
Bose-Einstein condensation necessitates the replace-
ment (4.2) when the system is infinitely large
(N — ). Here, the Bose—Einstein condensation in
the interacting system is defined by the require-
ments (1) that the fluctuation®* of the occupation
number n, of kK = 0-level is at most of the order of
(no)t, and (2) that (n,),, is the finite fraction of
N o1, the total number of particles, when N, — .
For the more specific definition, see Eq. (9.19) be-
low. We have also to add that the above statement
is the consequence of the irreducibility requirement
for the representation of canonical commutation
relations, which constitute our first subject.

Representation of Canonical Variables

The many-body system under consideration can
be described by a Bose field,

(x) = }kj @V) Made ™ + ae™],  (9.1)

and its canonical conjugate

7®) = 2 i2V) Hase ™™™ — aye’™ ],

k

9.2)

where k = 2x/VHnandn = (n,, n,, n,), n, = 0,
+1, +£2, --- , ete. They are self-adjoint and satisfy
the canonical commutation relations

[e(), 7(9)] = i(f, 9), 9.3)
o, ()] = [=(), ()] = 0, (9.4)

# The fluctuation of no in the Huang model is computed
in Appendix II. It is in fact proportional to (no)'/%ay.

HIROSHI EZAWA

where

o) = [ dx fo@, @) = [ dx o),
G, 0) = [ dx fgt),

and the test functions, f(x) and ¢g(x), are assumed to
be real and € L,, the first assumption being nec-
essary for ¢(f) and =(g) to be self-adjoint and the
second for (f, g), or more especially for |[f]| = (f, f)}
to exist. Later, we see the need to assume further
f,9 € L.

The representation is realized when we construct
an appropriate Hilbert space $ and define the
action of ¢(f) and = (g) therein. A well-known example
is the Fock representation in which the Hilbert space
is spanned by the eigenstates of a,a, belonging to
the rational class of Garding-Wightman,” so that
a, and ay serve as creation and annihilation opera-
tors, respectively.

In order to explain the other way of constructing
the representation, which is called the Gelfand
construction,’ we introduce the Wightman func-
tional,

9.5)

where ¥ is a cyclic vector® and
Uf) = exp lig()],  V(g) = exp lin(g)]. 9.7)

These operators are unitary and satisfy the following
version of the commutation relations [(9.3) and
9.4)1:

UHV(g) = V(@U(f) exp [—1i(f, 9)], (9.8)
UNU@ =U(F+g), VOV =V(F+g). 9.9

In terms of the Wightman functional, the com-
mutation relation (9.8) takes the form

E*(f, g9) = E(—f, —g) exp [—i(f, 9)], (9.10a)

and the others [Eq. (9.9)] are implicit in the defini-
tion of the functional. In addition to the obvious
condition,

E@0,0) = 1; (9.10b)
it should satisfy the positivity condition
Z MNME(: — i, 95 — 94)
X exp [—ilfs — f1, )1 20,  (9.10¢)

which says that any vector of the form

lu> = Z NUG)V(g) |\I’>

should have a nonnegative norm.

3% We confine ourselves to a representation with cyclic
vector. See Footnote 15.
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Conversely, if a functional E(f, g) satisfies the
conditions (9.10a—c¢) it can be shown to define a
representation of canonical commutation relations
up to unitary equivalence. This is accomplished
by the Gelfand construction.

In the Fock representation, the Wightman func-
tional is given by’

Ex(f, 9) = <0| U:()Ve(g) |0}

= exp [} [[fII* =% llglI* =%, 1, (9.11)

when we take the cyclic vector to be the vacuum
[0). The field operators in this representation are
denoted by ¢r(x) and =z (x).

The Case of Free Bose Gas

Araki and Woods have constructed a representa-
tion suitable for describing the infinite free Bose gas
under Bose—Einstein condensation. The necessity of
constructing a representation other than Fock’s has
already been shown in Sec. 2 of this paper.

They have begun with considering a free Bose gas
of density p confirmed in a cubic volume ¥V < .
‘When we require the representation space to contain
the ground state, it is natural to identify the eyclic
vector ¥ with the ground state itself. Thus, assuming
the gas to be of temperature zero, they take the
normalized state vector in which all the particles are
found condensed in the k = 0-level,

[¥(V)) = [Ny = |no = N,nx = 0 fork > 0), (9.12)

to compute the Wightman functional
Ev(f, 9) = N| Ue(NVx(g) IN) NV = pV). (9.13)

The point here is that, as far as N < o, we can use
the Fock operators Ux(f) and Ve (g) to represent the
Bose field.

Now, in order to obtain a Wightman functional
that provides a representation of the infinite system,
they take the limit V — « keeping p = N/V con-
stant, to find*

lim Ev(f, 9) =

2r

da
Ea(f; g) '2_;_ (914)
This expression corresponds to Eq. (2.26) in Sec. 2
with Eq. (2.27) taken into account. As has been
explained there, the integral expression (9.14) means
that the representation reached through the limiting
procedure is reducible to a direct sum of represen-
tations labeled by o, 0 < o < 27 In addition,
Araki and Woods have gshown that the new repre-
sentations defined by the integrand Wightman

38 The explicit form of the integrand is given in Eq. (IT1.10
in Appendix III. & . ( )
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funectionals E.(f, g) can readily be related to the
Fock representation. In terms of the Wightman
functionals, it means that we have the following
expression for the integrand of Eq. (9.14):

E.(f, 9) = 0| U(NVa(9) [0),  (9.15)

where U, and V, are obtained from those in Eq.
(9.7) by replacements,

$(x) = ¢a(x) = ¢x(x) + (20) cos e,
7(®) — T.(x) = m(®) + (20)* sin a.

(9.16)

Since the representation is fixed by the Wightman
functional, we can conclude that the component
representations in Eq. (9.14) is realized by using the
operators, ¢,(x) and 7, (%), together with the cyclic
vector |0). We have also to note that the irreduci-
bility of these component representations follows
from the irreducibility of the Fock representation.

Referring to the expansions of field operators
[Egs. (9.1) and (9.2)], one may notice that the rela-
tion (9.15) can, roughly speaking, be written as

9.17)

which is the replacement we have adopted in the
previous discussions [see Egs. (2.5) and (4.2)]. More
precisely, we are to make the substitution (9.17)
already in the case of finite system V < «, where
this procedure can be regarded as an unitary trans-
formation, and it does not matter which operator,
the left- (ax means the Fock operator here) or
right-hand side of Eq. (9.17), to use. When we go
to the limit V' — o, the original Fock representa-
tion [left-hand side of Eq. (9.17)] becomes decom-
posable. If, however, we start with using the repre-
sentation on the right-hand side of Eq. (9.17), we
can keep the irreducibility of the representation at
V — o, Moreover, the matrix elements of a’, do not
grow up with ¥V — . This last property can be
conveniently used to construct an approximation
scheme for the many-boson problems.

The convergence of the “Hamiltonian” in this
limiting procedure can be discussed in the same way
as in the fermion case treated before.*®

In conclusion, we have to go through the following
process if we want to take an irreducible representa-
tion to describe an infinite free Bose gas: Make the
replacement (9.17) first and then let V — o« after
computing the quantities of physical interest!

ax — a: + (PV)}eiaak.o;

The Case of Interacting Bosons

We now proceed to the consideration of the case
of interacting bosons. The point is to replace the
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free-particle ground state (9.12) by a superposition
of states in which some of the particles are brought
into the excited states by the interparticle interac-
tion. Though the model employed here is a little too
simple to simulate the realistic model of Huang, it
would serve to indicate what could happen in the
limit of infinite system.

We compute the Wightman functional by taking
a normalized cyclic vector of the form

(V) = 2N —») [g7(V),  9.18)
where N — » is the number of the k = O-particles
[see Eq. (9.12) above], | ‘") represents the state of »
particles which are excited to the k = 0 levels by the
interaction, and Y, ||’ (V)||* = 1. The reason
why we assume the vector |¥(V)) to be of sharp
particle number is that it is intended for the ground
state in a finite volume V. The nonconservation of
the particle number can take place only when
V— w,

In the case of the Huang model, we find in Ap-
pendix 2 that the fluctuation of the number of the
k = O-particles, n, = N — , is of the order of N*.
It seems reasonable to take this property as the
definition of the Bose-Einstein condensation in the
interacting system together with the obvious prop-
erty that the average number (No),, = N is macro-
scopic (proportional to the volume V). In order to
simplify the discussion, however, we have to assume
that®

(V) =0 unless » < oNYP  (9.19)

with some positive numbers, ¢ and 5. We hope that
it will be meaningful to take the limit § — 0 after
the whole computation.

Now, our task is to compute the Wightman fune-
tional first for a finite V,

Ev(f, ) = ; (N = ;7))
X Us(NVelg) IN — »; T(V)),

and then to examine what representation of field
operators comes out in the limit V' — « with p =
N/V kept constant.’® Because of the assumption
(9.19), the summation over (u, ») can give an infinite
geries when N — o, Instead of taking the limit
V = N/p — « of Eq. (9.20) as a whole, we shall
simply assume that the same limit can be reached

(9.20)

37 The generalization to the case of § = 0 is discussed in
Appendix III.

8 The same sort of argument was used to construct the
representation for the BCS model of a superconductor. See
Ref. 12 and R. Haag, Nuovo Cimento 25, 287 (1962).
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through the following two-step procedure:
lim By(f, g) = lim 2.7 lim (¥ — u; ¥9(V)|

Vo Via®o u,» V—o
X Us(NV3(g) [N — »; ¥7(V)).

In this paper, we do not want to enter the discussion
of this conventional procedure but just to assume its
validity. The mathematical details will be discussed
elsewhere.

By introducing the Fourier transform

©.21)

fw) = [ ax g, (9.225)
and a conventional notation
Tl = @V) W), (9.22b)
we can easily see that
Us(DVelg) = Ex(f, 9; V) : Us(DV(g) :, (9.23)

where

:Us(DVelg) + = IT exp [{ifk) — G2)}ai)

k

X I exp o) + v, 9:24)

is the normal product and the notation Ex(f, g; V)
will be self-explanatory. In particular,

lim Ex(f, g; V) = Es(f, 9),

Voo

with the right-hand side being given by Eq. (9.11).
Accordingly, the matrix elements in Eq. (9.21) can
be split into three factors:

(N — p; X)) Us(DVe(g) IN — »; ¥(V))
=Ec(f, g; V)-(N — | : Us(DV(g) : IN —»)
P W) Us(DVe(g) : (V).
The first factor can be absorbed by the third:
(N — w; ¥(V)| Us(DV(g) [N — »; ¥(V))
= (N — p| : Us(DV(g) : [N —~ )
@RV Ue(DVelg) [F7(V)).  (9.26)

We shall see in Appendix III that, under the
assumption (9.19) we have

(9.25)

lm (N — u| : Us()Velg) : [N —5) = f T g

Ve

X exp [1(2p)}{ F(0) cos a + §(0) sin a}] %‘fr- 9.27)

This formula will play a central role in the present
analysis. Then, the Wightman functional (9.20) can
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be written as

lm B/, 0) = [ B0, 05, 028
where
Ea(f} g) = Ea(f’ g)
X exp [12p){J(0) cosa + §0)sina}]  (9.29)
with
2.0, 9) = lim 3 "
X lim (@ (V)| Us(f) V=(g) [€7 (V). (9-30)

One should notice that Eq. (9.28) is of the same
form as Eq. (9.14) for the free bosons. If we show
that E.(f, g) describes a representation of canonical
variables, then we can conclude therefrom that the
infinite volume limit of the sharp-particle number
representation is decomposable in the case of the
interacting bosons, too.

It is convenient to begin our argument with the
proof that E.(f, g), the first factor on the right-hand
side of Eq. (9.29), provides a cyclic representation
of canonical pair of field operators. Namely, the
functional shall be proved to define a pair of field
operators, ¢.(x) and #,(x), together with a cyclic
vector ¥, such that

.| 0.Vl [Fo) = B, 9),

where U, and 7V, are constructed from é,(x) and
#.(x), respectively.

Now, according to the Gelfand construction of
the representation,’ the desired proof is accom-
plished if we show that the Wightman functional
E.(f, g) satisfies the conditions (9.10a—c). Let us
introduce a vector

(9.31)

V) = e ROWY; 08)
then
2.4, 0) = lim @.(V)] Us()V50) [9.07)). 039

The point of our proof is to refer to the fact that the
functional

TN UsD V() Na(V))

for V < o satisfies the above three conditions in an
obvious way. In fact, we can prove the commutation
relation (9.10a) by recalling the properties of the
Fock operators,
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B1(, 9) = lim (F(V)| Vs@Us() [2.(V)
= lim (¥.(V)] Vs(=0)Us(—1) u(V)), (9.39)

and their commutation relation (9.8). The condition
(9.10b) is obvious. Finally, it is clear that the posi-
tivity condition (9.10¢) is satisfied by

T UsNVe(g) [Fa(V))

because the finiteness of ¥V guarantees it to describe
the Fock representation. Then, going to the limit
V — o, we find that the positivity condition is in
fact satisfied by £.(f, g). This concludes the argu-
ment that the functional %,(f, g) defines a repre-
sentation of canonical commutation relations.

We now turn to the complete functional E,(f, g),
which carries an additional exponential factor related
to the zero-momentum operator; see Eq. (9.29). It is
not difficult to prove that this functional satisfies
the canonical commutation relations, ete., when
reference is made to the corresponding properties of
E.(f, g). But, the shortest way is to borrow the
cyclic vector |¥,) and the field operators, ¢,(x) and
#,(x), from the above representation. In fact, the
new representation defined by E.(f, ¢) is readily
realized when we take the cyclic vector and the
field operators to be |¥,) and

¢.(x) = .(x) + (20)* cos a,
To(x) = #.(%) + (2p)! sin a,

respectively. This procedure of generating a new
representation from an old one is the same as Araki
and Woods have adopted in the case of free bosons.
In particular, Eq. (9.35) corresponds exactly to
Eq. (9.16). Then, Eq. (9.28) tells us that the repre-
sentation defined for an infinite system by

lim Ev(f, g)

Voo

(9.35)

is decomposable into the direct sum of representa-
tions realized by the operators in Eq. (9.35) together
with the cyclic vector |¥,). Whether or not the
latter representations are further decomposable con-
stitute a different question, to which we will come
back later.

Now, we have to emphasize that the zero-mo-
mentum part of £,.(f, g) is the same as that of
Ex(f, 9). In fact, the cyclic vector ¥,(V) has no
particle in the k = 0-level. From this observation,
we can conclude that the matrix element of the
zero-momentum creation, annihilation operators,
@4, and ., of $,(x) are not macroscopic. The defini-
tion (9.35) tells us then that the corresponding opera-
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tors, a', and a,o, of ¢,(x) have just the same char-
acter as those operators in the previous sections have.
Namely,

Qo = Qa0 + N¥'* (9.36)

and the matrix elements of 4., are not macroscop-
ically large.

It should be noticed here that, under the assump-
tion (9.19) the density of the k = O-particles is
equal to the total density at V — o.

Some remarks are in order about the representa-
tion defined by E.(f, g). In the special case of ¢ = 0
in Eq. (9.19) we have E.(f, 9) = Ex(f, g) coming
back to the Fock representation. Even when ¢ > 0,
the functional defines the Fock representation if
and only if the strong limit V — o« of |¥,(V)) exists
in the Fock space. If this is the case, then ¢,(x) =
¢r(x) and #,(x) = mp(x) and therefore the repre-
sentation is irreducible.

In the realistic model of Huang, however, we can
show that the limit ¥V — o of the ground state does
not exist in the Fock space even when we take care
of the Bose—-Einstein condensation by the ““c-number
addition.” Therefore, the representation cannot be
Fock’s. We have good reason to suspect that the
representation of {¢.(x), #.(x)} is decomposable
when we remember that the “finite temperature
case” of Araki and Woods provides an example in
which the representation of the operators corres-
ponding to our {¢,(x), #.(x)} is in fact decomposable.

In the previous sections, we have not differentiated
($a(x), #.(x)} from {¢r(x), Tr(x)} using a common
notation a% for the annihilation operators, for
example. The reason for this is that we have been
only emphasizing the fact that the matrix elements
of 4., are not macroscopic at V — . The “c-
number addition” or the replacement such as in
Eq. (9.35) is the characteristic feature of the macro-
scopic occupation of the k = 0-level (Bose-Einstein
condensation) regardless whether the particles are
interacting or not. We have to keep in mind that the
argument in this section is limited to a fictitious
model and therefore the study of a realistic case is
left for the future investigation.

In conclusion, we have seen in this section that
the “c-number addition” is a necessary step when
one wants to get an irreducible representation for
some® systems (and probably for any system) under
Bose-Einstein condensation. This is the mathe-
matical background we can give at present to the
replacement (4.2).

8 We are referring to the assumptions of Eq. (9.19) and
of the validity of the limiting procedure in Eq. (9.21).
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X. DISCUSSION

First, let us summarize the main results of this
paper.

We have investigated the behavior of the Huang
model near the ground state by applying the quan-
tum mechanical adaptation of the method of small
oscillation. Here, oscillation refers to the fluctuation
of the number of the k = 0-particles which are in the
state of Bose-Einstein condensation.

It has been found that, in some range of the
particle density and the parameters of the inter-
particle force, the oscillation is unstable. On the
assumption that the oscillation is stable and has
small amplitude, we have computed the total energy
of the system as a function of the particle density.
The total energy has been found to have a minimum
at some density pp. What is important is that the
density p,, lies in the region where the above-men-
tioned oscillation is actually stable. In the physically
accessible range of the density p > p, the oscilla-
tion is found to be always stable and its amplitude
not macroscopically large.

This result shows that the Huang model can be
treated without any serious error by the Bogoliubov
approximation in which the fluctuation of the con-
densed particles is neglected. In general, our method
can provide the validity criterion of the Bogoliubov
approximation. By the use of our method, we can
estimate the errors committed by the Bogoliubov
approximation. It will be interesting to apply our
method to the model recently discussed by Foldy
and Bassichis.

In addition to the excitation spectrum that Huang
obtained, we have found a new one related to the
fluctuation of the condensed particles [see Eq.
(6.15b)]. The excitation energy of such fluctuations
cannot be neglected when we take into account the
phonon mode of §;-particles, because they are
comparable in orders of magnitude.

Within these arguments, it is not quite clear
whether or not the ground state obtained by our
method is really the state of the lowest energy. When
we tried to answer this question, we have been led
naturally to a consideration of the limit of an infi-
nitely large system. Taking advantage of the phys-
ically plausible assumption that the lowest energy
should be attained by the state of Bose-Einstein
condensation, we have tried to formulate a mathe-
matical reasoning for the inevitability of our method.
We have analyzed the representations of canonical
variables to be applied to some models which are
intended for simulating the Huang model. So far as
these fictitious models are concerned, we have
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established the statement that, in the Limit of infi-
nitely large system, it is imperative to use the method
of small oscillation if the system is in the state of
Bose-Einstein condensation.

Some further investigation is necessary to general-
ize this statement so as to apply the Huang model.
First of all, we have to analyze the state vector of
the Huang model in more detail: We have to see the
structure of the sharp-particle-number ground state
to attain the better simulation. In order to discuss
the limit of infinitely large system, we have to
analyze the limit Wightman functional. We have
seen in the text that the infinite volume limit of the
ground state of Huang model does not exist within
the Fock representation even if the Bose—Einstein
condensation is properly managed. This difficulty
will be resolved in a natural way when we obtain the
representation of the canonical variables suitable in
the infinite system. These mathematical problems
are left open for the future investigation.

The question of the higher excited states will be
interesting both from physical and mathematical
point of view. The physical part would not be so
difficult. Anyhow, this is also an open question.
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APPENDIX 1. THE BOGOLIUBOV
TRANSFORMATION, ETC,

When we want to diagonalize the operator,
%X = Payaly + Qadax + alia_y) + Paya_y. (1.1)

we have to treat the cases @° — P® > 0 and
Q® — P? < 0 separately.

A, *-P >0

In this case, the operator X can be diagonalized by
the Bogoliubov transformation (k can be equal to 0),

dx = bk cosh Bk - bik sinh Ok} (0
k
alf = b; cosh @ — b_x sinh 6,

to be

=6, (1.2
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K = wg-3(babx + bleb_i) + Ci,

where
we = £2(Q° — PHY, Cu = (@ —P)' - ¢q, (13)

with the upper and the lower signs referring to the
cases @ > 0 and @ < 0, respectively. Due to the
presumption @° — P? > 0, the case of @ = 0 is
excluded. The angle #, can be determined by some
of the following relations. The sign convention is the
same as above:

tanh 0k

i

[@ F @ — P*Y/P,
cosh 0, sinh 6, = £1P/(Q* — P},
cosh’ 6, 4 sinh® 6y +Q/(Q° — Pz)*.

For a while we assume k # 0. Then, the trans-
formation (1.2) is generated by

14

W) = exp [6u(dx — A4)] (1.5)
as
bk = Qi cosh 0k + aik sinh O
= U(O)axU'(0).  (1.6)

The operator Ay satisfies the following commuta-
tion relations:

[Ax, A4] = By,  [Ax, Bi] = 24x, (.7

where
+ t
By = axax + a-xa_x + 1.

For the sake of convenient reference, we note the
ordering theorem

U(6,) = exp [— Ay tanh 6,] exp [—By log cosh 6;]
X exp [Ay tanh 6] = exp [Ax tanh 6]
X exp [Bx log cosh 6] exp [— A, tanh 6,].  (I.8)

In order to prove the first relation, for example, we
put

W(0x) = exp [Axf(8:)] exp [Big(6:)] exp [Auh(6)],

and require it to satisfy the same differential equa-
tion and the same initial condition as U(f,) in
Eq. (1.5) does:

@/d6)U(b) = (Ax — ADUB), UO) = 1.

Then, we obtain simultaneous differential equations
for three unknowns f(6s), ¢(6x), and h(6y). These
can easily be solved to lead us to Eq. (I1.8).

In the case of k = 0, we have to change the nota-
tion,

Ak = Qpl-x,

= 1 — At
4, = 20000, B, = aqa, + 3

(L.9)
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s0 that the commutation relations take the same
form as those in Eq. (I.7). Then, we see that Egs.
(1.5), (1.6), and (1.8) also hold for k = 0.

B. 0°-P*<0

In this case, it is more convenient to use a con-
tinuous representation in terms of

T = 2_*1.(0/1; - a;),
Px = 27}ax + a)

which obey the canonical commutation relations
for the coordinates and their conjugate momenta:

(1.10)

[xx, Pe] = 10k 17,

(L.11)
[zx, 2] = [Px, P’] = 0.
Then, the operator & [Eq. (I.1)] becomes
& = Ppup-x + 3Q@: + pl)
— Pryz_y + 3Q(i + 724), (1.12)

which can be cast into a normal form of harmonic
oscillator Hamiltonian by the following canonical
transformation

bes =27z + 2o1), Mes =270k + 1),
Bew =27 Py —poi), M- = —27 @k — 2_x).

#'s stand for the canonical coordinates and 9’s for
their conjugate momenta. In fact, these operators
satisfy the canonical commutation relations

(L13)

ey me-] = ¢, [Bu-, fxe] =0 ete.,  (1.14)
and we have
% = 3@+ P . + £ 25,
i+ @2Ee |

This form will be convenient for treating the case
Q + P > 0, which we assume hereafter.

Now, we see that, if @ — P = 0 then X describes
two “free particles’” and if Q — P < 0, then X des-
eribes two ‘““harmonic oscillators” with the potential
functions concave downwards. In any case, the
gpectrum of X is continuous and the wavefunction
not normalizable.

APPENDIX II. THE FLUCTUATION OF THE
PARTICLE NUMBER

As a preparatory step to the construction of a
mathematical model in Seec. 9, let us compute the
mean-square fluctuation,

(Ano)z = () o IQD> — (@] o Iﬂo>]2, (IL.1)
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of the number n, = aja, of the k = O-particles in
the vacuum |Q,) of the operator b,, when the follow-
ing transformations are made:

ay = alz + N*
followed by
a® = b, cosh 6, — by sinh 6,. (I1.2)

The computation can be carried out in the same
way as in Eq. (6.3b). We get

(Q] 7o |R) = N + sink? 6,.
(o] m3 () = (N + sinh® 6,)"
+ (cosh 8, — sinh 6,)°N + 2 cosh® 4, sinh® 8,, (I1.4)
and therefore
(An,)* = (cosh 6, — sinh 8,)’N + O(1),  (IL.5)

where we have assumed that cosh 8, and sinh 6, are
of order 1 (when N — «), We find that the fluctua-
tion is proportional to N*,

In the same way, we can compute the fluctuation
of the total number of the k 7 O-particles finding
again that it is proportional to N*.

The models in Sec. 9 are the abstraction from
these results.

(1I1.3)

APPENDIX III. DECOMPOSITION OF
limyoco (N — & |: Us(f) Velg) }| N = »)

To begin with, we consider the case p > ». It is
easy to get

(N — u| Us(DV=(9) IN — %)

=G )

where

(II1.1)

z = 3030 + 7)), (), §(0): real)  (II1.2)
z = Go)'§0) — <jO)],

and L (z) is the associated Laguerre polynomial:

= IE e (—_:>:l- Y (N(]Y— :f)i)! G—Vz)

Now, we proceed to take the limit N — . For a
while, we assume the condition (9.19) with § > 0.
Then, we have

(VN =Y/ — ] i~N ¥ (N> o), (I11.4)

Also, as is shown at the end of this Appendix, the
factorials under the summation (II1.3) can be

(I11.3)
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approximated as

N —wY/N —p =) ~N"" (N> »)., (IIL5)
Thus, we get

lim (N — o] : Us(DV=(9) : [N —»)

N-owm

- (f;:i%)"".f(z[zz]*) w<», (L)

where J,.(z) is the Bessel function

7 =) Ememi3)
Now, by the use of the relation
KN — u| Us() V(o) IN — 9]’
= (N - ”l Ve(—=g)Us(—D ‘N — ,
= (N —»| Us(=)Ve(—g) [N — ) exp [i(f, 9],

which follows from Eq. (9.8) and the self-adjointness
of the Bose operators, we can conclude that Eq.
{I11.6) holds also for u > v if we notice

Joa@) = (—=1)"J(2),
In order to attain the decomposition, we notice

% [i Jn(x)] = —;}; Jor1(@), (02 0)

xﬂ

(n: integer).

and the integral representation of J,(z),

(I11.7)

2

neh = [ et -
Then for n > 0,
() 7o = (&) ety

zr . . do
o elna e ze‘ﬂ —_ -z—e""ﬂ =,
fo xp [ 15

The case of n = —m < 0 can be dealt with as

(f%)mj-m@[zé]*) = (fz—‘::];)me(%zé]’)

EARTE

Therefore, referring to the integral representation
of Jo(z), we obtain

Im (N — u| : Us(DV(g) : [N — »)

N

2r
= [T et — 2 E (s
0 w

This is the desired result, Eq. (9.27).
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The funetional for the free Bose gas ean be ob-
tained as a special case when we put g = » = O and
switch the normal product into the ordinary one thus
recovering Ex({, g) [see Eq. (9.23)]:

lim (V] U:(0V>(0) ) = [ Bl 0) 2, (119)
where

E.(f, 9 = Es(f, 9)
X exp [1(2p)'{F(0) cos @ + §(0) sin ¢}].  (II1.10)

Now, we have to show the validity of the approxi-
mation (II1.5). Let’s consider the ease of (N — pu)!
first. If ¢ < oN*° as assumed in Eq. (9.19), then
the Stirling formula tells us that

log (¥ = )t = (¥ — - 3) log OV = ) — (¥ =
+rtog2e+0(%) = OV — o+ D log ¥

2
— N +jlogor+ 5+ o(}v), (111.11)
where we have made use of an spproximation
log @ — [u/N)) = —u/N + O(*/N?). The reason
why we assume & > 0 is that the term p°/N can be
neglected at N — o, Thus,

N —-pl= (27rN)*e“"N"""(1 + 0[;71—2;]) (111.12)

In order to apply the same argument to (N — » — v)},
we have to confirm the inequality » + v <
(¢ + ¢")N*"* for some positive number o’ by showing
that the series (IIT.4) gets a negligible contribution
from the sequence of terms beyond ro, r > 7, with
ro = o’N¥"*, To begin with, we show that the se-
quence in the series (I11.4) is of monotonic decrease
for ro<r <N —» and for a sufficiently large N. In fact,

(r + Dthterm
rth term

< L =

T+ D —p+r,+ )N’
and the right-hand side becomes smaller than one for
large N. The contribution from the r,th term can be
computed by the use of the Stirling formula. It is

inversely proportional to something like N*!"’th
power of N, or more precisely,

1 N — ! F\"°
rlp — A+ 1) (N — » _s‘_‘ro)! (zﬁz)
~exp [{—=2'G — ON*"+ G+ 8) — 1)} log N].
(JI1.19)

(111.13)
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Thus, we see that the total contribution from the
terms with 7, < r < N — » vanishes quicker than
Eq. (IT1.14) X N does as N —» . This is the desired
result.

We close this Appendix by mentioning what hap-
pens if § = 0 is assumed. If so, we must keep u°/N
in Eq. (II1.11) and therefore we have

NV — ! = @eN)N"* exp[—N + (*/N)] (II1.15)

in place of Eq. (I11.12). In the series (II1.4), we can
still neglect the terms with r, < r < N — ». For
r < 1, we have

(N — v — 1! = @eN)INY"" exp [-N + (*/N)].
Thus, the correction to (II1.5) is independent of r:
N = W/ —»—)!

~ N exp [— (@ — &)/N]. (I11.16)
Also, we have
(N —»)l/N — w1
~ N7 exp [+1(° — u*)/N]. (I11.17)
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These equations are used in the case of ¢ < ». In
general »* — p* in the above must be replaced by
|u® — u®|. Therefore, Eq. (II1.8) must be replaced by

}rgg (N — u| : Us(DVe(g) : [N — »)
= [rhs of Eq. (IIL.8)]-exp [~ " —~ 4’|/(2N)],
(II1.18)

and Eqgs. (9.28)-(9.30) should be corrected accord-
ingly.

Now, the reason why we avoided this case of
d = 0 in the text is that the positivity condition is
difficult to prove. In fact, if we adopt Eq. (I11.18) we
cannot put £, (f, ¢) in the form of Eq. (9.33) on which
we have been relying in proving the positivity condi-
tion. It should, however, be noticed here that, if it is
meaningful to take the limit § — 0 after the whole
computation, the positivity of the § = 0-Wightman
functional follows from the positivity of the § > 0-
functional.
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General formulas are given for the exact calculation of the nonequilibrium properties of the one-
dimensional system of equal-mass hard rods both for a finite but large system and in the limit of
infinite size. Only properties which depend upon labeling one or more of the particles are nontrivial
in this system. Various results are obtained on Poincaré cycles, delocalization of a particle with time
and electrical conductivity when one particle is charged.

INTRODUCTION

N order to understand the dynamical behavior
of systems containing a large number of particles,
it is important to have a number of sample systems
in which the dynamical equations ecan be handled
exactly. We give here a study of Poincaré cycles,
pseudostochastic behavior, and nonequilibrium prop-
erties of the one-dimensional hard-rod system, which
is perhaps the simplest model that can be considered.
Some of the simpler properties have been considered
previously by Frisch and others." The other studies
of this type in the literature that we have seen are
restricted to various harmonic oscillator assemblies,
and we feel that a study of a system whose mechanics
are not based on the theory of normal modes should
be important for contrast, in spite of the fact that
it is less physical than these other models.

The discussion of many ergodic properties in this
system is quite convenient. We also obtain some
results on Poincaré cycles not really restricted to
this system and compare them with other known
results. It appears to be possible to calculate almost
any desired property of this system, although, of
course, some calculations are messy. Unfortunately,
most of the most interesting properties of real
many-body systems are both degenerate and un-
typical in this system. However, the Brownian-
motion-like path of a given particle appears to be
one property that does bear attention.

DESCRIPTION OF THE DYNAMICS OF THE SYSTEM

We consider N point particles, all of the same
mass, constrained to move along a line like beads
on a string. The particles do not penetrate each
other, so that they retain their ordering along the
line. When a pair of particles collide, their energy
and momentum are conserved so that they merely
exchange velocities. We assume that there are no

! H. L, Frisch, Phys. Rev. 104, 1 (1956); E. Teramoto and
C. Suzuki, Progr. Theoret. Phys. (Kyoto) 14, 411 (1955).

three-body collisions or that they are so improbable
as to have negligible effect during the time in which
we are observing the system. This can be achieved
by assuming hard-sphere or other very sharp repul-
sive forces between the particles and negligible
attraction. We assume, as stated above, that the
particles are mass points; the same procedure can
also be used for particles of finite size simply by
subtracting off the distances of closest approach
from the interparticle distances and relating these
new distances to the mass-point model. If the system
has periodic boundary conditions, as we assume in
this work, this equivalence is not quite exact be-
cause after these new distances are introduced, the
center of mass of the system (to the extent that it
can be defined) should still move in a box of the
original size.

In order to follow the dynamics of the system
in complete detail we make use of the following
trick. We plot the positions of the particles versus
time as shown in Fig. 1. If no collision occurs, the
motion of one of the particles is represented by a
straight line, or ‘‘trajectory”’, starting on the X
axis at the initial position of the particle, and with
a slope equal to the reciprocal of its velocity. When
a collision occurs, two of these lines cross, and since
collisions are elastic, the two particles merely ex-
change trajectories. Neither trajectory is changed
in direction. This makes the dynamies of the system
simple to follow; we need only keep track of which
particle is on each line in the diagram at any given
time.

To this end, we number the particles and the
trajectories. We pick one of the particles, number
it zero, and put our origin of coordinates at the
position of this particle at the initial time. We
number the rest of the particles 1, 2, --- | N — 1,
starting with the neighbor to the right of particle
zero, and continuing from left to right. Since one
particle never passes through another, this ordering
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is maintained for all time. We give each trajectory
a number equal to the number of the particle
occupying it at the initial time.

We now define A ,,(t) to be equal to one if particle
j is on trajectory k at time ¢ and to be zero other-
wise. A knowledge of A;(t) for each j and %k con-
stitutes a complete solution of the dynamics of the
system in a very convenient form. If, instead of
studying a single system, we form an ensemble over
the initial conditions, the average (4;.(f)) of A;.(f)
becomes the probability that particle j is on tra-
jectory k at time £

Since the particles remain in the same order
around the ring (we assume periodic boundary
conditions), it is possible to determine which par-
ticle is on a given trajectory simply by counting
how many trajectories have crossed this trajectory
from each side up to the given time. Each time a
trajectory crosses it from the right, the particle on
the given trajectory at this time is replaced by its
neighbor to the right, which is numbered one higher.
Similarly, after a collision from the left, the number
of the particle on the trajectory is decreased by 1.
Notice that this is true independent of the history
of each of the trajectories involved. We shall refer
to a collision from the left as a ‘“negative’ collision.
As a result of these considerations we find that after
trajectory & has been crossed n times by other
trajectories (in the special sense where the number
of negative crossings is subtracted), it will}be
occupied by particle number ¥ 4 7. In this discus-
sion particle zero is the particle with number one
larger than N — 1 and N — 1 is one smaller than
zero, i.e., we must count the particles modulo N.

We now show how these considerations can be
used to calculate the A;.(t)’s. We define r,(h, k, t)
to be equal to 1 if trajectory h crosses trajectory k
exactly n times between the initial time and time ¢,
and to be zero otherwise. The number n can be
positive, negative, or zero. If we average 7, over an
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ensemble of initial conditions, #, will give the prob-
ability that trajectory A crosses trajectory k a total
of n times. Next we define the characteristic func-
tions for the probability distributions,

©

sw; h kB = 2 1k, k, He™. 1)
In terms of these quantities, A ;,(¢) is given by
Ah) = 23 ex [—?ﬂ(' - k)l]
ik N = p N J
2l 2xl
0 W21k )
X s%’l ;3, k, t) s(%%l i N — 1)k, t)
with
su, k, k, 8 = 1. (2

To show this, we replace the s’s by the sums
containing the r.’s and use the fact that

N-1 . _
IN > expl:_g]%znl] _ 1 n=0(modN), @)
b= 0 otherwise;

@ 1 %= P
2 |y e -l

Mo My, * " 1=0

A,‘k =

+ et Ny = ] + k)}}rnorn; C Tayoae (4)

We state the argument in terms of probabilities,
since a single system is actually a special case in
which the probabilities are either zero or one. If
the expression in the brackets is left out for the
moment, the resulting sum adds together the prob-
abilities of all the possible combinations of crossings
which trajectory k could undergo between} the
initial time and time ¢. Putting in the expression in
brackets restricts the summation to those combina-
tions which put particle j on trajectory k. The sum
of these probabilities is just A,,(2).

The expression for s(u; b, k, t) to be used in this
equation takes two forms depending upon whether
h is greater than or less than k. If particle & starts
to the right of %, s can be written in the form

stu; by k, ) =:8u, wa], k < h, (5)
with
Slu, w] =™ when (n — DL < w < aL
for each n (6)

and
Wip = X, — Ty + (v,, bd Uh)t, (7)
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where z; and »; are the initial position and the
velocity of the 7th trajectory. If h starts to the left
of k we have

s(u; hy k, ) = e Sy, wul,
In terms of S, Eq. (4) becomes

h <k ®

N-1

1 ..
A = % Z exp [—7ju] H Shu, wi]
© h=0
with
2wl =
u = —N— , and Z = Z' (9)

I=0
We note that S satisfies the equation
S[u, w + L] = ¢™Slu, w]. (10)

Since exp [iu] is always taken equal to one of the
Nth roots of unity, S[u, w] is periodic in w with
period NL.

Unfortunately the fact that the dynamics of the
system are so simple makes most of the charac-
teristics important in the usual many-body sys-
tems trivial and degenerate in this one. For example,
the velocity distribution does not change with time
since there is always one particle with each of the
initial velocities. More generally it can be stated
that the only properties of this system that will be
interesting are those which depend upon attaching
labels to one or more of the particles. If the particles
are not distinguishable we may treat the system
more simply by allowing them to exchange identities
during collision, which in turn is equivalent to allow-
ing them to pass through each other without inter-
action. Hence in this case we may expect the same
results as for a noninteracting gas.

CALCULATIONS WITH A FIXED SET OF
INITIAL CONDITIONS

Although we cannot study the approach of the
velocity distribution toward equilibrium we may
assume that the velocities at the initial time have
already been randomized by some otherwise un-
considered process such as three-body collision and
study randomization in configuration space. This
is of some interest even for noninteracting gases.
The procedures illustrated first on the noninteracting
gas will later also be applied on properties of the
hard-particle system.

It is convenient to make the assumption that
the velocities of the N particles satisfy no relation
of the form

N-1
Zn.-v;L = 0,

i=0

1n
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where the n,’s are positive or negative integers with
perhaps some, but not all, of them zero. When this
assumption is fulfilled we may apply a theorem due
to Kronecker and Weyl to calculate time averages
of various properties of this system following the
procedure used by Montroll and Mazur® for a
harmonic oscillator system. By the time average
expectation we mean the expectation

(lao(® -+ 2y (O]
= tim g [ flanl® -

with z;(¢) = z; 4+ v.t. The Kronecker-Weyl theorem
states that if a bounded Riemann integrable function
of N wvariables, f(xo, -++ Zy-1), is periodic in each
argument with period 27 and if the previously
stated assumption holds then

li f dt
limz | f

- Zy-(D] dt (12)

27

- o fo dry_i f. (13)
This theorem justifies the use of the usual uniform
average in the configuration space of this system.

We use the theorem first to describe the Poincaré
cycle behavior of the trajectories. We say that a
set M of trajectories has returned to an e neighbor-
hood of their original positions, or alternatively has
suffered a recurrence, at time ¢ if the inequality

f(#) = &ZA; dz.(8) — 2,0 < e (14
is satisfied. By 1 y | we mean the function which is
equal to the absolute value of y for —L/2 < y < L/2
and is defined outside this interval by the require-
ment that it be periodiec with period L.

We may calculate the number of recurrences in
a given period of time by counting the number of
zeros of the function f({) — ¢ and dividing by two.
For this reason following Montroll and Mazur we
define the recurrence time 7', by the equation

1
T, -3 Lim o7 f 290 =
where the ¢, are the zeros of f(tf) — e This can be

transformed to

%:QE%Lﬂm—dwww-

to) dt,  (15)

(16)

The theorem can be applied to this expression if
we replace the delta function with any well-behaved

? P. Mazur and E. Montroll, J. Math. Phys. 1, 70 (1960).
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approximation. This gives

1 1L [ @ 8T o — 9
T, 21" J 1, e
X | D visgnpz| (A7)
ey
where
sgnpy =1 0<zxz<L/2
-1 —L/2<z<0. (18)

Sgnp y is defined outside this interval by the require-
ment that it be periodic with period L. This formula
is easily evaluated to give

1 1

o -mreols) | DI

provided ¢ < L/2. In this formula we take the
sum over all combinations of 4 and — signs in
the sum of velocities inside the absolute value sign.
It can be shown using the central-limit theorem
of probability theory that if the number of tra-
jectories is large and a small number of »’s are not

much larger than the rest that

(19)

2\}
S e ~2(2), s=Td e
and hence the recurrence time approaches
T, ~ 2er/M*e)(ML/2e)™. (1)

Hemmer, Maximon, and Wergeland® have also
given a2 method for finding the recurrence time in
a problem equivalent to this one. Their definition
of the recurrence time is the same as ours except
that a recurrence is defined to be a return to the
volume in M space defined by

-Ix,(t) - CE,(O)'" <a; i= 1,2,3,--- rM

for any set of positive a,’s rather than the volume
defined by (14). The recurrence time that they
obtain for this volume is

- T

i=1

(22)

ZJEJ

i=1 2a| (23)

If we choose the a,’s all equal and adjust the common
value so that the volume of this hypercube is equal
to that of the “2™-a hedron’ of (14), this formula

gives

= (L/29"2eM /(MDY 20 Ioll. (29)

If we further assume a Maxwell distribution of

3P. C. Hemmer, L. C. Maximon, and H. Wergeland,
Phys. Rev. 111, 689 (1958).
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velocities so that 7 = (8/3xM)¥s, we find that this
formula differs from (21) by an additional factor

(BM)Y/2(M )™ =~ Le(3/M)* for large M.  (25)

This difference is not large considering that the
formula contains factors as large as (LM /2¢)™. The
method of Hemmer, Maximon, and Wergeland can
also be adapted to the region of Eq. (14) to yield
precisely Eq. (19). A third method of defining the
recurrence time due to Smoluchowski has been
shown by Kac* to give the same result as Hemmer,
Maximon, and Wergeland.

These same methods can be used to determine
properties of the system which depend upon knowing
which particle is on which trajectory except that
the expressions to be evaluated are periodic in the
usual variables with a period NL reflecting this
property of S(u, z). Single-particle properties are
easily calculated. We find that the time average
single-particle distribution is uniform throughout
the system independent of the initial spatial dis-
tribution. A particle spends 1/Nth of its time on
each trajectory, consequently the probability that
it will have a velocity in a given range is the fraction
of the trajectories with a velocity in this range. On
the average, particle ¢ requires a time of NL/v, to
return to its original position on its original tra-
jectory. The time required for a particle to return
to a set of velocities ¢ is given by

r |:p fe P@,) dv, fa P@,) dv, I, — 021]—1, (26)

where P(v) is the probability density for finding
trajectories in a range about v, p = N/L is the
density of the system, and where & is the compli-
ment of the set 6.

Properties of the system which depend upon two-
particle correlations are only slightly more difficult
to calculate. The recurrence time for two particles
to come back to their original trajectories and close
to their original positions is given approximately by

me=tmiL [" 5 a0 a0 u0 @ @
where the ¢.’s are the roots of the function
1) — e = dz:(8) — z,OF

+ d®) - wOF —e. (29
This formula counts only those zeros of f(f) — e

which occur when A4;; and A4,, are both equal to 1.
The formula is approximate because it is not clear

4+ M. Kac, Phys. Rev. 115, 1 (1959).
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whether we should assume that there are one or
two zeros of the function for each recurrence. Equa-
tion (27) can be transformed to

1 2(NL)f f dzy - -

7 =
X 8(lz;] + x| — €
X Ivi sgnp z; - v, sgnp xkl AiiAkk

dzy_,

(29)

where in each of the 4’s wy, is set equal to x; — .
This expression contains a special case of the
quantity @;: ;e

Qe

NL h=N-1
. f Ai:iAk,k H d:v;. (30)
o :

h=ik
h=0

1

- (NL)N—2 ‘/;
to be evaluated, which is of some interest in itself.
It gives the time average probability of finding
particle § on trajectory j which is at a given position
and particle &' on trajectory k at another given
position. Written out more fully, the expression
for @; ;s 18

1
Ciine = 7
kR (NL)N—2
NL
X f L Nz ug; exp —71(.7 u + k'us)]
X H Slwr, z; — 24)Suz, 2 — 24 H dz". 31)
h#i k

The integral over a typical z, in this expression has
the form

1 NL
I = ATIJ' j; S[uh i — x;.]S[uz, T — xh] dxh (32)

and using Eq. (10),
NL
Stu,, z;

i{us+uyz)

I =ce NL ).

— x, + L]
X S[ug, Ty — Xhn + L] dx,,.

In this expression we may introduce z} = z, — L
as a new variable of integration and maintain the
same limits because the integral is over a full
period to obtain

I — ei(u;+u,)I
or
33

We use this formula to eliminate u, from the expres-
sion and find that the result is now clearly periodie
in each z, with period L so that each spacial average
can now be carries out over this shorter range.

I =0 unless u, = —u, mod (2r).
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Following this the evaluation can be carried out
straightforwardly to obtain

o = W = 2!
i’ik’k N(N—k'-f-]—l)’(k'—]—l)'

Bre—jr=1 N+jl~k'—1
Ty — & _ Ty — X
X ( L ) (1 L )

for ¥ > 4§ and z. > =z (349
and
N - !
Q;ripre = . s
NN —-K 457 —-—D'E —§ -1
N—k'+j’—1 Efmitel
Ty — Ty _ Ti — I
X ( I ) (1 7 )
for k' > j and =z < ;. (35)

The results for j/ < ' are obtained by interchanging
labels. In terms of @ the two particle recurrence

time is
L/2
o[,

X |v; sgnp z; + v, sgnp Ti| @;ix-

L/2
T(z) fuz dz;, 5([“’:‘[ + lxk[ — €

(36)

To simplify the work, we consider only the limit
of an infinite system so that N and L approach
infinity in such a way that p = N/L, the density
of the system remains finite. Then @ is given for
k> j by

1 [o(xe — xi)]k’_j’_l o~ (Brmai)e

Qirinn NN & — ' — 1

Qjrjrrr ~ 0

? xk>xi3

(13], < m,‘) . (37)

This second expression becomes zero because the
particles cannot change their order along the line
in an infinite system. Substituting this in Eq. (36)
we obtain the result

»+1
1 I (pe)' e—pe

=y = v — v;
T'(-2) I 1

_P_
2N°
r+2

+ 2_‘,—]\[9:; o + v, _/(; ye ™ dy

where v = k£ — j — 1 and

R

The result which we have given for @;.;;., can
actually be obtained more simply. We note that
@;-jxs is the probability that particle § is on tra-
jectory j at a given position z; and that there are
exactly » = k' — 7/ — 1 trajectories between this
point and the given point z, where trajectory % is

(38)
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located, so that particle £’ falls on this trajectory.
From (13) the probability that there are » tra-
jectories between these points is given by

ol (zErN__y 2 D1 (xk 7 x")v(l - z‘c—'i—x—)m (39)

and the probability that particle 7/ is on trajectory j
is just 1/N no matter how the trajectories are
arranged by a study of the single-particle average
we have discussed. Combining these results gives
(34) and (35). The extension from two particles to
M particles is obvious.

ENSEMBLE CALCULATIONS

We now consider the calculation of the properties
of an ensemble of systems obtained by assuming
suitable spatial and velocity distributions for the
particles at the initial time. It might appear that
any results found in this way should be obtainable
from the formalism we have already given by virtue
of the equivalence of time and ensemble averages.
This is not the case, however, because we are able
to study the dynamics of an ensemble in the limit
of a large volume and large number of particles,
For this infinite system the Kronecker-Weyl the-
orem is not available. Perhaps this is one of the
more interesting points to be illustrated by a model.
Unfortunately the mathematics becomes somewhat
messy s0 we limit the discussion to properties which
can be written in the form

F = (fo(0); z:(8), v;(4]). (40)

We assume, as indicated, the f is a function of the
coordinate and momentum of the jth particle at
time ¢ and also of the velocity of particle zero at
the initial time. Note that we have assumed that
particle zero starts at the origin at zero time. The
function f may also depend on ¢ explicitly without
causing trouble. The quantity F can be written
quite simply in terms of the A4,’s and the initial
values of the variables of the system,

= Z <f<v0; Tk + vkt, vk)Aik>‘

(41)

We assume that at the initial time the particles
are uniformly distributed in space excepi that the
zeroth particle is at the origin and that each has
the velocity distribution g(v). The thermal distribu-
tion ¢,

gr@®) = (mB/2m)? exp [—mpr*/2], (42)

is of particular interest. Since the velocities of the
particles are independent, it is possible to simplify
formulas by expressing them in terms of the quantity
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R[u; Zr + Vi, — xh]

= f g@)SMu, e + vpf — zy — vall dvs.  (43)
Thus we have
_ (N — 1)'
F=x Z f Ay
X f de—z e f dxl{z g(vk) dvk
0 0 k#0 Jv—o
N-1 «©
X H Rlu, . + vt — x,]) f g(vo) dv,
oy -
X Slu, ze + vit — votlf(vo; z + vit, v))
© L Ty
+ f_a° g(o) dUo‘/; dry_, - fo dz,
N-1
X H Blu, +vot — 2 ))f@o; vof, Uo)}' (44)
=1
This can be simplified by using the fact that
L Zn Zy
; fo dx,,f; Aoy -+ fo dz,
1 L L L
=3 f dz, fo iy y - fo dz,  (45)

if the integrand is symmetric in these arguments.
By interchanging integrations, using this relation
and carrying out the sum over k explicitly the
expression can be simplified considerably:

1 <N -1
F=y X7

exp [—1ju]

L ©
x [ o [ 00 @, 7 + ut,0)
L N-2
X [!Z ‘/; R[u, Tr + vkt — x;.] dxk]
LS exp [~iful [ goo) dvofvo, oot, vo)
TN 2 .

1 f* N-1
X [z j‘; R[u, Z + vl — z4) dxh]

Q. o+ ot o) = [ goin, 22 + 0, 0)

X S[u, 2 + v — v4f] due. (46)

Next it is convenient to consider the origin to be
at the center of the interval. This is accomplished
by the transformation,

L L/2 L
f dz, = f dz, +
0 0

L/2

dxkv
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z, = x; — L in second integral,

S(u, w' + L) = e"™Su, w’],

L L/2 . 0
f dz, = f dz, + ¢ ™ f
1] (4] -L/2

where the integrand is now the original function
in both integrals. Now

dzr,

(47)

L
%j; Riu, w — z,] dzs

= f_: g(vs) dv;.lz ‘/;L S, w ~ vt — z;) dz, (48)

and

1 [~ )
Zf Slu, w' — x)dz, =1+ W/L)(Q —e™™)
0
X Sfu, w’] for —L <w' <L, 49)

hence if contributions from outside this range are
negligible, as is true if g(v,) 22 0 when |w — v;¢| > L,
we have

L
%j(; Rlu, w — 2] do,

S+ L~ vl (50)

with

Tlu, w) = f W — 0,)8[u, w — vallgles) don. (51)
We expect these conditions to be fulfilled for large
Land N.

Now consider the limit as N and L approach
infinity with p = N/L held finite. This gives

1 2T i
F = p2—1-r_/; due
- 0 ®
X [‘[0 dz, + e""‘f dxk:] f_ gv:) du
X Qu, z: + vit, v;) exp {p(1 — € )T [u, 2 + v:4]}

1 2x » ©
+ 5;_ ‘/; due f—m g(vo) dvo f(?)o, vot, 1)0)

X exp {p(1 — ™™ Tu, vot]}, (52)
where we have used the fact that
1 1 %
F X o fo du, (53)

and have assumed that @ — 0 for x, large in order
that we have the limit

[+ (/D)0 = €)1 — exp {p(1 — & )T}

for all values of z, which contribute.

(54)
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The integration over u can be carried out if the
expressions for T and @ are simplified.

T, w) = —A@Ww) + (w + Ae™,
Q(uv wy vk) = B + Ce‘uv

with
Alw) = f/ (—w + vat)g@s) dos,
B= [ goofeswu)dn, (65
w/t
C = f g(vo))‘(vo, w, U),) der
where we have used the assumption
f vg() dv = 0. (56)
We make use of the formula
1 2r .
(m) _ _* —imu
J = o fo due
X exp {p(l — e ™)(—A4 + Ge™™)}
= (G/A)" L [2p(ADNe™ 4, (67

where I,, is 2 Bessel function of imaginary argument.
This formula is easily obtained by integrating the
usual generating function for Bessel functions,

exp [x(t —2 t"‘)]

around the origin with a £ factor and changing

= 3 ri@),

n=—oo

(58)

~ variables.

The results obtained by using 8[y — z;(t)] for §
are particularly interesting. This gives the prob-
ability P(y) of finding particle j at position y at
time {. The result is

P@y) = {20(1 — B)BH'I; + p(1 — B)’H'™'I,_,
+pBiH I, +(1/O)H g(y/$)I;} expl— (2A®G)+y)e]

where

_ [ e+ Amp)
B, = f,,, gto) dvo H = [ AW ]

I, = Lol AWy + AW}

We examine the behavior described by this com-
plicated formula only asymptotically in the limit
of large time so that we may set /¢ ~ 0 throughout
the expression. However we shall assume that y is
also large of order ¢! to keep in certain contributions

(59)
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which would otherwise be neglected. In this limit

A~ fw vg() dv,
- (60)
By ~ f g) dv.

A standard asymptotic formula for the Bessel
function of large argument gives

J™ ~ G 1 2(AD p—(A+G)p

=~ (9" micrne

~(At-glyap

m/2
= (—g) m;e (61)

and since @ = y + A >~ A4,

J™ = (dmpd) Tl
and if

D = % fom vg(v) dv,

we have

P(y) =~ (4= D)~ te~v"/*2", (62)

Thus the long-time effect of the motion is to cause
the particles about the origin to appear to diffuse
away. This, of course, is not true diffusion since
there is no way for a particle to get past its nearest
neighbors. This delocalization phenomenon is not
unexpected here since it also occurs in one-dimen-
sional harmonic-oscillator assemblies.®

We can obtain precisely this value of D from an
extremely crude statistical model of this process.
We assume that the trajectories are ‘““on the average”
side by side with a distance 1/p between them.
The particle we are observing performs a random
walk on these trajectories, stepping right or left
with equal probability at a rate equal to the rate
at which the trajectories move this distance to
collide with each other. This rate is

o[ blowd =2 [ vy (63
The usual theory described, for example, by Chan-
drasekhar® gives for the ‘‘diffusion constant” of this

motion the expression
D = inl%;
n = rate of stepping, (64)

Now if we assume that the process is such a random
walk over a line of points a distance 1/p apart with

5 R. J. Rubin, J. Math. Phys. 1, 309 (1960); 2, 373 (1961).
¢ 8. Chandrasekhar, Rev. Mod. Phys. 15, 5 (1943).

{ = length of step.
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a jumping rate of p([v|) as above we get the same
result as in the foregoing analysis.

Another quantity of interest is the correlation
function (v,(0)z;(¢)). The behavior of correlations
of this type is of general interest because of the
role they play in the theory of stochastic processes.
A trick is required to calculate this quantity using
the general formalism we have given because there
are contributions to the integral over z; for large
values of the argument, and we are required to make
a transformation on the expression in Eq. (46) before
taking the limit of an infinite system. We restrict
the g(v) under consideration to the thermal distribu-
tion gr(v) given in Eq. (42). Then the expression
of Eq. (46) with f taken as »,(0)v;(f) has the general
form

P pw L
F = (g) ];m Vs dvk e_<mﬂ/2)u= ‘/; dxk ¢(xk + vkt)
(65)

-+ second term.
Integrating by parts in v, we obtain

_ ___1__ m_ﬁ)% ‘/ﬂl’ =(mf/2)v3? 5y
F = py (27.— 5 e v,

L
X f dz; 56— o(xr + v:8) + second term  (66)
0 Vs

and, since in this expression 8/9v, = 13/dx;, we have

=L do, gL + i) — $l0)

(67)

Here we may make use of Eq. (10) and then take
the limit as N approaches infinity with p finite
as before. The final result can be written as

a(0)0;(2))

_ _»nt f“’ i1y i~y omir
= SrmB _wdv[H Iiow+ H™I;_, — 2H'I]

-+ second term.

EH
X exp [—mp® — (2A08) + vb)] + (gf)

X [ "o 'L exp {~(mB/20" — [2400) + otlo},
with
H = [A@t) + vt/A@D],
I, = LE2p{ AWt + A@p]}H).

We note from the definition of 4 in Eq. (60) that
H is actually independent of ¢ and that the argument
of the Bessel function is linear in ¢.

(68)
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A rather messy calculation shows that for large ¢,

L]
won®) = (2) (-1 + 2) s
Unlike harmonic oscillators this correlation ap-
proaches an asymptotic value even for a finite
system and without oscillation. The initial thermal
average appears to be responsible for the loss of
Poincaré cycles. Since this correlation goes to zero
for large times v,(f) viewed as a stochastic process
must be ergodic by a theorem of Montroll and
Mazur.? In essence the vanishing of this correlation
for large times indicates a type of irreversibility in
this system. If a single particle of the system is
given an electrical charge the motion of this particle
in an external electric field will give rise to an
electrical conductivity. This conductivity can be
expressed in terms of the motion of the system in the
absence of the external field by the Kubo formula’

(69)

o) =8 [ & @Ou@d.  (10)
0

This formula is sometimes written with an addi-
tional factor to give convergence of the integral for
large ¢ but from what we have just seen such a
factor is clearly unnecessary for this system. The
time integration indicated in the formula can easily
be carried out on the expression for the correlation
we have given, yielding a result which still contains

a messy integration over ». For low frequencies we
find that

o eZB[D + linear term in w + (mB/2n)}

5 1 , 2
X (—-'l + g) 5;,3(.0 log & + O(w):l' (71)

At zero frequency the conductivity is related to
the diffusion coefficient as is required by the Einstein
relation’; the «® log w term is easily shown to be
implied by the asymptotic dependence given in
Eq. (69). It would be interesting to know whether
such terms exist for actual physical systems.

7 R. Kubo, Proc. Phys. Soc. Japan 12, 570 (1957).
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Other initial conditions can also be treated. Let
us assume that at the initial time the first M particles
labeled from zero to M — 1 are restricted to lie
in the interval [0, L/2] and that they have a Max-
wellian velocity distribution with temperature T',.
The rest of the particles labeled from M to N — 1
are assumed to be in the interval [L/2, L] at time
t = 0 and have a Maxwellian velocity distribution
with temperature T',. These initial conditions model
the usual experimental arrangement used for study-
ing gaseous or liquid diffusion. The mathematics
which we have described for uniform initial condi-
tions can also be carried through in this case with
slight additional complication. The most striking
feature of the analysis is that the condition that
the pressures in the two regions be equal to each
other, which is necessary in order to make observa-
tions of diffusion in the usual experiments, is re-
placed for this model by the somewhat different
condition that

P1 (Tl)* = Pz(Tz)* y (72)

where p, and p, are the initial densities in the two
regions. This condition actually states that the
number of trajectories crossing the boundary be-
tween the two regions per unit time be the same
from the left as from the right. Given in this way,
the condition is not surprising. Carrying through
the analysis we find that a particle starting on the
boundary of the two regions again has a Gaussian
probability distribution asymptotically with time,
but with the diffusion constant D given by

D = [4p,/(p. + 92)2](27”"62)_;
= [4p,/(p1 + p2)*12rmB;) 7t 73)

It appears that a variety of other properties of this
system could be calculated if required.
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Two lepton-lepton scattering amplitudes are considered within the context of a no-recoil Bloch—
Nordsieck model, with emphasis on the singularities in that configuration-space variable conjugate

to momentum transfer. For the interaction £ =

—g¥Ay, renormalizable in four dimensions, and in

the approximation of including only the exchange of all possible bosons between s pair of leptons, a
light cone singularity no worse than that of the one-boson-exchange graph is found. Similar statements
may be made for the same interaction, nonrenormalizable in six dimensions, provided certain con-~
tinuations in the center-of-mass energy variable are employed; otherwise, an essential singularity
appears. A remark illustrating the formation of bound states is made for the renormalizable inter-
action. No argument is given to establish the relevance of these models to the actual field-theoretic

situations.

I. INTRODUCTION

ECENT work of Lee,' and of Feinberg and

Pais,” has stimulated interest in the possibility
of constructing sensible nonrenormalizable field the-
ories.” An essential part of the peratization
methods™*'® appears to be the necessity of
exhibiting a scattering amplitude damped on the
light cone (le) of that configuration-space variable
z conjugate to momentum transfer. The presence
of such damping suggests that the corresponding
field theory may have a small but finite chance
of existing; and conversely, from the appearance of,
e.g., an essential lc singularity, one would infer that
the corresponding interaction is not sensible, or that
specific prescriptions (such as regularization) must
be employed. Further, it is not known if the peratiza-
tion calculations are very sensitive to their common
approximation, the neglect of external 4-momenta—
and hence all c.m. energy dependence—but not
momentum transfer. These considerations have

* This work supported in Iszsart by the U. S. Air Force
through Air Force Office of Scientific Research; Contract
AF 49(638) 1389.
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California, Davis, California.
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motivated Khuri and Pais,® and Pais and Wu' to
study singular potential theory models, in a search
for possible self-damping mechanisms. In a spirit
somewhat similar to that of the recent calculation
of Sawyer,® we would like to consider a singular,
nonrenormalizable model within the realm of field
theory.

In order to make the problem soluble, we consider
lepton-lepton scattering amplitudes defined for the
simplest interaction within the Bloch—Nordsieck
(BN) model.” This model has been employed' in
studies of lepton progagator structure, and it turns
out that analogous techniques may be used to
discuss scattering amplitudes as well. In such approx-
imations there are no antileptons, and hence all
closed loops vanish. We go further and neglect all
lepton self-energy and vertex-type structure, in order
to construct relatively simple amplitudes given by
the exchange of scalar bosons in all possible com-
binations (ladder and crossed graphs) between a
pair of BN leptons.

Our method is to first write down (Sec. IT) the
generie, functional form of all such approximate
scattering functions, and to then apply (Sec. III)
the formulas to the interaction £’ = —gJyAy in (A)
four dimensions and in (B) six dimensions. Theory A
is conventionally renormalizable; B is not. Our
results indicate that, considered as a function of z,

6 N. N. Khuri and A. Pais, Rev. Mod. Phys. 36, 590 (1964).

7 A. Pais and T. T. Wu, J. Math. Phys. 5, 799 (1964);
Phys. Rev. 134, B1303 (1964).

8R. F. Sawyer, Phys. Rev. 134, B448 (1964).

9 F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937).

10 See, for example, N. N. Boguliubov and D. V. Shirkov,
Introduction to the Theory of Quantum Fields (Interscience
Publishers, Inc., New York, 1959).
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these configuration space amplitudes may each
possess a Fourier transform if certain continuations
of the c.m. energy variable are judiciously performed
during the process of integration. In particular, such
continuations are necessary to avoid an essential
singularity in Case B; by essential singularity we
here mean an exponential divergence of form
exp (1/2), 2 — 0-. These remarks may be illustrated
by stating the nature of these amplitudes near the lc
(z* = * — 22 ~ 0), and, when appropriate, near the
apex of the le (r ~ 0). (A) A singularity of form
(x®)7'(r*)~*), If certain linear combinations of the
external 4-momenta, denoted by L{g), are initially
set equal to zero, this changes to (z*)™' |2*|7¢.
(B) A singularity of form |2*|7***"" {1 + b/r*},
a > 0. If the approximation L(g) = 0 is initially
made, this changes to (z*)™ exp {a(s)/xz’}. Here
&(s) depends upon the total c.m. energy s in such
a manner that Re a(s) < 0 for s > 4m® where
m denotes the lepton mass. In fact, &(s) is closely
related to the lowest g° order approximation «;(s)
of the Regge function «(s), appropriate to this
interaction, which has been discussed by many
authors'''**; here, & = 1 + a;.

For interaction (A), in the physical region for
scattering, we thus find a certain measure of “damp-
ing at the origin” when integration over r is per-
formed, during the calculation of the Fourier
transform. For s < 4m® however, a(s) is real and
positive, with the effect of introducing a pole into
the continuation of the scattering amplitude when-
ever &(s) passes through an integer. Hence the
behavior of the configuration space model amplitude
near the origin acts to produce bound states (Sec. IV)
in a manner completely analogous to the small-
impact-parameter behavior of the (Coulomb) poten-
tial theory model of Ref. 11.

The drastic nature of the approximation which
initially sets L(g) = 0 is apparent for interaction B
unless one has the possibility of continuing in s;
for example, if s is fixed such that s = s, > 4m’,
an exponential divergence appears on the interior
of the le. The reason for this is that this model
distinguishes between interactions A and B by ex-
hibiting an exponential factor whose argument near
the lc is proportional either to In |z*| or to 1/2%
respectively. In the latter case, spacelike and time-
like regions have opposite signs; and since this
dependence is exponentiated, an exponential diver-
gence can occur. The same conclusion may also be

1 R. Blankenbecler and M. L. Goldberger, Phys. Rev.
126, 766 (1962).
12 B. W. Lee and R. Sawyer, Phys. Rev. 127, 2266 (1962).
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valid for the essential singularities encountered in
previous peratization calculations.*’® Our result, how-
ever, is certainly model dependent, and hence with-
out general applicability.

We also emphasize that we know of no argument
relating these models toeach field-theoretic situation.
In fact, we think that the no-recoil models, while
approximating the appropriate Feynman graphs with
expressions having the correct degree of divergence
or convergence, as the case may be, can yield results
which have nothing to do with the interactions they
purport to model. This is because such expressions
contain the combinations associated with infrared
behavior; or put another way, they give the structure
expected in a real field theory when virtual momenta
are very small. However, as used here, a typical
virtual momentum may appear conjugate to the
coordinate z, and it probably makes little physical
sense to use these models for small z, or 2°. Rather
than pursue this subject we here forego all claim
to physical significance, and merely present the
models; solubility is their raison d’éire.

Most arithmetical details have been put into a
brief Appendix. We thought it worthwhile, however,
to include the elementary manipulations of See. IT
in the text, since they do not seem to be very
well known.

II. MODEL SCATTERING AMPLITUDES

We begin by writing down the functional state-
ment of the four-point Green’s function correspond-
ing to the exchange of all possible scalar bosons
(mass M) between a pair of distinguishable leptons
(mass m),

M@y, z2ys) = M(z;y) = exp [—1(8/8)Ar8/5J']
X Gl(xlyl I J)Gll(xgyz I JI)'J-J’-O; (1)

where the specific choice of interaction is expressed
by the dependence of the Green’s functions Gy,
upon the external source J(z). Coordinates with
subscript 1 shall always refer to lepton I, and sub-
script 2 denotes lepton II. Within the stated approx-
imations, (1) can be obtained directly from Schw-
inger’s functional solution for the unrenormalized
four-point Green’s function, but it is easy to see
that the expansion of the exponential operator of
(1) yields the sum of all ladder and crossed graphs.
The nth term of that expansion produces = boson
propagators Ap, which link a pair of (» + 2)-point
Green’s functions; each of the latter is symmetrie
in its n boson coordinates, and may be written as
a permutation sum over n! distinct terms. The
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combination of these two Green’s functions then
produces a total of (n!)® terms which rearrange
themselves into the desired n! topologically distinct
graphs, each of which occurs n! times; and the (n!)™*
factor coming from the expansion of the exponential
just restores the proper counting.

All the complexity of the problem has been put
into the Green’s functions Gy i, and we first write
down their differential equation, without approxima-
tion,

[m+ 70, + @Gy | /) = o —y), (2

where g(z) = g[J(z)] = gJ(x) for the interactions
A and B. It may be noted that the interaction
£ = —gJA®y, corresponding to the choice § = ¢J?,
is nonrenormalizable in four dimensions and can
also be studied in a BN model; closed-form solutions
for the configuration-space scattering amplitudes are
here obtained in terms of quadratures over the
logarithm of a Fredholm-type determinant.

The BN approximation® replaces the Dirac v
matrices by constant 4-vectors ,, with »* = —1;
this effectively neglects “radiative recoil” variations
of the lepton’s momentum. In this model, the Green’s
functions satisfy

[m + -8, + g@)1Gxy | J) = 8 — v),

which can be solved immediately'’:

&)

Gy | J) = i_/;m dge™

£
x{aw [~ [ s+ oo —v -2, @
where m is understood to have a small, negative,

imaginary part. The momentum-space Green’s fune-
tions, defined by

G(qp | J) — (271')—4 f dz dy ei[qz+zzle(xy I J),

are then given by
Glgp | J) = i@m)™* f dr e'le*!® fm dt
X exp —if[m — v-p]
¢
X exp [—z‘ [ awse+ s'v)]- 5)

The amplitude M (z; y) of (1) is related to the
configuration-space scattering amplitude T(z; y) by

Mz;y) = Si‘(xl - yl)S;I(x:» — ¥2)

G. W. ERICKSON AND H. M. FRIED

+ f Sh(z: — u)S¥(zs — u)T(; v)

X Si‘(vl - yl)S;‘I(vz = ¥2), (6)

where the Sy are free (because of our neglect of
self-energy structure) lepton propagators; the Fourier
transform of T'(z; y), evaluated on the mass shell of all
4-momenta, represents the conventional momen-
tum-space seattering amplitude. Hence it is conven-
ient to discuss the amputated form of (5), which we
do in the following way. Amputating first on p, we
denote by G(gp | J) the product (m — v-p)G(gp | J);
and a single integration-by-parts on the variable §
then yields

Ggp | J) = s(g+p) + H(gp | ),

~ _ - * —itlm—up iq+pza
H(qp[J)=(27r)4‘/; dfe ! ]fdxe[ 15_2_

X exp [—i f: ' gz + E’v)]- )

The 8(¢g + p) term of (7) corresponds to the dis-
connected term of (1), which may be removed by
considering the functional H(zy | J) = G(zy | J) —
Se(z — y).

Amputation on ¢ is most easily performed by
defining a new variable ' = z 4 v, such that &
becomes

Hgp | J) = @m~* f di'et o1

X Lm dE e—t‘flm-l-u-alg(z {xr), (8)

with

¢
5 | o) = (%exp [—i [ s+ s'@]

zmz'—Fy
&
- —igw) o i [ @sw — 0] ©

Again employing an integration by parts, and denot-
ing by H(gp | J) the combination (m + v-q)H (gp | J),
we obtain

H(qﬁ | J) — _i<2W)_4fdx ei[q+p]z

x {50 19 + [Taeero Ssein), o

where the prime on the z coordinate of (9) has been
dropped.

A marked simplification, corresponding to “‘going
to the mass shell,” can be achieved here; but it is
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first worthwhile to consider the type of lepton
progagators we are producing. For an exact treat-
ment of interaction A or B we would use, in the
construction of any Feynman graph linking leptons
I and II, lepton progagators given by the denom-
inator function

D(g+ 2 k) =m+iv(g+ Xk,

where k; denote internal, virtual boson momenta.
In the BN model, in contrast, we are producing
functions of form

Den(g + Zk.) =m+v(g+ Ek.)

To see the comparison, rationalize the correct de-
nominators and take the infrared limit D, k: < ¢,

D™ - Diig, 2 k)

= (m—iy-QIm* + ¢ +2¢ T hl*. (1D
For a scalar interaction (the kind we consider here),
there is no difficulty in replacing each factor of
—1(y-q) by m; hence, on the mass shell, ¢° + m® = 0,
(11) may be replaced by

Dz = m(g- 22 k)™ (12)
Exactly the same form is obtained within the BN
model if we make the mass-shell replacement v=g/m;
with this identification of », the model just duplicates
the infrared structure of each Feynman graph. It
should be remarked that the use of the BN model
as an initial step of an approximation scheme is,
apparently, the antithesis of the peratization approx-
imations,*"*'® where external momenta are neglected
compared to internal momenta.

The procedure of ‘“going to the mass shell,” in
(10), can now be trivially performed, since the
combination (m <4 v-¢) appears only in the expo-
nential factor of the £ integrand of A. We may
therefore write

HMs(qﬁ I J) = '—"l:(27|')"4 f dx e"(qﬂz)z

x{ﬁ(OIx)Jrf:ds%ff(élx)}, (13)

provided that the upper limit convergence of each
£-integration, occurring in the perturbation expan-
gion of F(¢ | z), is assured. But this will be the case
if the Fourier transform of g(z -+ &v) is supplied with
a convergence factor,

9@ + 1) — [ dRGRE e L,
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and with this understanding, we obtain the simple
answer

B*(gp | J) = —i@0™ [ de e s(o |2). (14

In the perturbative expansion of (14) combinations
have occurred such that the sum over n! permuta-
tions of the n symmetric boson coordinates, entering
into an (n 4+ 2)-point funetion, has been replaced
on the mass shell by an equivalent sum over n
permutations of related denominator factors; this
is written down explicitly in Appendix I.

Our model scattering amplitude may now be
written in the form

T(g; p) = (2w)* exp [—i(8/8J)Ar8/8J"]
X B3G5, | DAR (GoP | TV sesimo. (15)

In (15) we have two functionals ¥ ., depending
upon the variables z,, and v, , = ¢, ./m. Sub-
stituting (14) and (9) into (15) there results

T(g;p) = 8(q + p1 + ¢ + Do)

X fdx ei(dl+D1)2¢(x l 91.2) , (16)
where

Wz l Gi,2) = exp [—i(8/8J)Ar5/8J")9(x1) g’ ()

X exp [—ifo d& gz, — Elvl):l

X exp [—i_/; dfzg,(xz - 52”2)]

with § = g[J'] and z = z, — z,. This is as far as
we can go without specifying g[J].

17)

1
0

III. SPECIFIC MODEL APPROXIMATIONS

The functional dependence of the scattering am-
plitude given by (16) and (17) can be evaluated
immediately for the interactions A and B; one finds

Y| g = {—ingF(x) - fj; dtAr(x — )

x [ "t sl + ezvz)} gl (18)

where

flx ] Qi2) = 7:92 f/; dé, d&;Ar(x — £y + E9),

a-nd vllz = ql'z/m.
A remark concerning the structure of this result
may be pertinent here. The lowest-order term of
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¥, —1ig Ay, gives just the one-boson-exchange graph,
while the two-rung ladder graph is given by the
Fourier transform of —ig’Ag(x)f(x | ¢..). Thus
“exponentiation”” has occurred, in (18); but in con-
figuration space, rather than in momentum space.

The existence of a well-defined transform for (16)
depends upon the behavior of the various parts of
(18) near the lc and near the apex of the lc. We next
describe the relevant properties of these functions
for the cases A and B, treating the renormalizable
interaction first; all arithmetical details have been
put into Appendix II.

(A) Near the lc (Jz*| M* « 1) the one-boson-
exchange contribution behaves according as

2
. 1
~ig"Ax(z) (2&) 2

z (19)

while the second term in the curly bracket of (18)
(which, by itself, corresponds to the simplest crossed
graph) is less singular,

g‘f d&AFf dt Ay
0 o

~ (gr%) (x'91)—1(x'€22)—l In® Ja*]. (20)

It should be remarked that the factors z-¢,,, of (20)
can never vanish, on the le, if m # 0, r 5 0.

The function f(z | ¢,.,) is finite on the le. However,
near the apex of the Ie a logarithmic singularity
appears which plays a central role in the subsequent
discussion of bound states,

fx | ql,?)'x’=0,r~0 ~ —a&s) In P M)?, (21

where

oy _ [mg\ ™ _ds

&) = (21r> /;,,,, s —s
The properties of &(s) have already been deseribed
in the Introduction. We have retained the boson
mass dependence of (21) to emphasize that it is
this mass which provides the scale; this is not
surprising in an infrared model.

We now consider the effect on these estimates of
prior approximations. For this, we write f(z | ¢1.2) =
f(z*, -q1,2, 8), where s = —(g, + ¢.)°. The compo-
nents of ¢,,, may, of course, be simply related to s,
but it is convenient to treat them separately in order
to parody similar peratization approximations when
m > 0. We denote by L(g) = 0 the approximation
of neglecting the external momenta ¢, . appearing
in the combinations z.¢,,, in all terms of (18);
for massless fermions, the approximations L(g) = 0
and s = 0 are identical. The estimate of (20), when

s’ — 4m®)]t. (22
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L(g) = 0, is now changed to read

‘ © © g2 2 1
o' [ dsar [ dets~ (é';) %
contributing a singularity of the same type as that

of (19), while that of (21) is now logarithmically
divergent over the entire le,

1%, 0, 8)|s2m0 ~ —a&(s) In (|2°] M?). (24)

Hence the l¢ singularity of (18) remains of poly-
nomial form,

¥~ /2 1/ "D, (25)

but the strength of the singularity depends upon s,
and in particular on whether s is above or below
threshold.

(B) The boson propagators in (18) are here de-
fined in six dimensions (five spatial, one time).
Depending upon the approximations, exponential
divergences can now appear on the lc or at the apex
of the lc. Independent of any approximation, we have

10" Ap(@) |same ~ —(g°/47°)(1/2%)". (26)

Consider first the simplest situation which results
from the approximation L{g) = 0. The second term
in the curly bracket of (18) is then even more singular
than (26),

[ [ wsean Q). @

but the dominant behavior arises from

f(xzr Oy s)lz’-wu ~ &(8)/7r:vZ,

(23)

(28)

since (28) is to be exponentiated. Thus, to avoid
an exponential singularity when approaching the
exterior of the le, 2° — 0+, s must be in the physical
region for scattering; and conversely, when ap-
proaching the interior of the l¢, 2* — 0—, s should
be considered below threshold.

When the approximation L(g) = 0 is not made,
the singularity at all points of the l¢ following from
(28) is removed, but care must be taken to avoid
one at the apex of the I¢, as r — 0. For r & 0,
one finds

f(x2) x'q1.2ys)lz’~0~a1n 1x2lx a > 0! (29)
which, together with the behavior
4 -] (-]
g j; dElAF ﬁ dszF -
~ (mg*/8x°Y(1/2")(x- q) (- ¢l) ", (30)

characterizes the lc singularity, as z* — 0%,
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¥~ (1/2%)" |&°°, @1

which is completely different and far gentler than
that of (26), (27), and (28).

Approaching the apex of the lc at a fixed angle
such that z* = 0, it is shown in Appendix II that,
as r — 0, the condition Re f £ 0 may be guaranteed
when continuations to s values below threshold are
performed in at least one special way. These state-
ments do not guarantee the existence of the Fourier
transform (16) but they do provide well-defined
rules of continuation to prevent the appearance of
exponential infinities which could otherwise occur.
As such they stand as an example of the danger
involved in neglecting the dependence on external
momenta, when calculating amplitudes in a non-
renormalizable theory.

IV. APPEARANCE OF BOUND STATES

The previous discussion concerning the continua-
tion of s below threshold suggests that one may be
able to see explicitly any bound states present in
such models, and for the renormalizable interaction
at least, this is the case. Specifically, we can isolate
a part of the Fourier transform, (16), which arises
from the lc behavior of (18), near the apex of the le,
r ~ 0. We first indicate how this comes about
starting from the result of (21), which when expo-
nentiated, leads to a factor (rM) 22, An equivalent
calculation will also be made based on the prior
approximation L(g) =

The lc dependence of —ig®Ar(z) contributes a
factor (g°/4r)8(z") to (18), and hence a contribution
8(g: + p1 + ¢z + p)T'°(s, t) to (16), where

2
1o _g T(Q1+pa)z 8/, 2\, f(0,2°q1,2.8)
TG, t) = o fdxe 8(x%)e ,

a>0,

(32)

with ¢ = —(q, + p.)*. The contribution to (16)
due to the behavior of the remaining off-the-le
dependence of —ig’Ar is much more difficult to
ascertain, and is not considered here. If we now
perform the z, integration, in (32),

Tlc(s, t) = % f d—:rg"o".% Zef(oﬂ"vt.ﬂ

where, in the em., (¢s + 2100 = 0, q; + p, = Q,

= (r+q;../r) F ¢\%; and if we then consider
the contribution to (33) coming from the behavior
of f(0, ry., s) in the region rM < 1, we find a term

/M
3T""(s, ¢ Z f Tdrza fdﬂ o
" (rM)

= 3oy [ s [%i !

(33)

34)
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The point of this discussion is now evident: for
a(s) > 1, the integral of (34) diverges at its lower
limit. This situation can occur for s < 4m?; and we
therefore expect the bound state poles of T'(s, t)
to show up as singularities in the continuation of
(34) from values of s above threshold. These sing-
ularities can be immediately identified by extending
the upper limit of integration, in (34), to + =;
this merely adds to §7"° a finite part such that (34)
is replaced by

= (¢°/M**)T[1 ~ 2a(s)]
X [—£%" cos [rals)].

Equation (35) displays poles, with the appropriate
momentum transfer dependence, every time & passes
through a positive integer, &(s) = n, a situation
which occurs only for s < 4m®. In a nonrelativistic
approximation, with s = @m — E)’, E/m < 1,
such poles appear whenever

= (¢°/8r)'(1/2n°)(m/2),

corresponding to the infinite number of bound states
characteristic of an attractive, scalar Coulomb poten-
tial between a pair of equal-mass fermions; these
bound states exist here because we are calculating
with an infrared model. The central question of
particle physics then presents itself in new guise:
can the model be improved (e.g., by taking recoil
at least partially into account) such that (21) and
(34) are retained and a modified &(s) found which
no longer diverges at threshold? A successful caleula-
tion of this sort would then provide a field-theoretic
approximation method which yields a finite number
of bound states and possibly also resonances; that is,
one which includes the effect of short-range forces
between fermions.

The approximation used in arriving at (34) should
really be justified. The passage to (34) is incomplete
because corrections to the small r behavior of
70, rv., s) should be taken into account. However,
the effect of doing this would be only to change
the residues of the poles which occur when & = n;
and while it is not impossible to manufacture an
r dependence such that certain residues vanish, these
possibilities appear to be rather artificial. It is
interesting to note that additional (but not neces-
sarily expected) r dependence of the form r° In°r,
in f(0, rv., s), would lead to subsequent poles of
degree ¢ + 1 whenever @ = (p + 1)/2, for odd p.

An alternate method of obtaining results equiv-
alent to (35) is to initially adopt the approxima-
tion L(g) = 0; then, the use of (25) in the region

8T (s, t) =
(35)

E=E,
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M’ |z’| <« 1 provides a contribution to (16) ex-
pressible as an integral over a single invariant

variable X = 27,

+1/ M2 d)\

ATlc(S, t) ~ M—2& f T l)\l—zd

—1/M2

X fd4x 5(.732 _ )\)ei(cﬁ-m):‘ (36)
We have assumed, in writing (36), that s > 4m?
Re a(s) < 0; and the continuation to values of s
below threshold will be made from the result of
the integral of (36). It is again convenient to add
to (36) a nonsingular part obtained by extending
the range of integration to ==« This yields

ir® T(1 — &) I::_t]a“
weraTalz] o O
which is equivalent to (35) as far as the bound
states are concerned.

In summary, this model possesses bound states
whose energy eigenvalues may be determined by
“sliding down the le,” testing the r dependence of
that function which multiplies the configuration
space one-boson-exchange term, as in (21). Under
the approximation L(g) = 0, the le behavior of the
amplitude is seen to produce similar results. One
might hope that these procedures could be used
to test for bound states in more realistic models.

AT (s, £) ~
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APPENDIX I

Here and in Appendix II, we collect some supple-
mentary, and for the most part arithmetical, remarks
relevant to and in roughly the same sequence as the
topics covered in the preceding discussion.

Explicit evaluation of (8) and (9) for the fully
amputated (n 4+ 2)-point Green’s function yields

ﬁ(q_ﬁ l El) Tty En)
= (~ig"3(g, + o b+ o+ RIA [ dge

0

n ¢ ¢
X E f d£16~:'€un R f dgn_le-ifn—xan—x, (A.].)
P=1 J0 [}

where A = m + v-q, a; = kw, and D _»., denotes
a cyclic permutation of n terms over the indices
ki, +-- , k.. Performing n successive integrations

G. W. ERICKSON AND H. M. FRIED

by parts, and going to the mass shell, A = 0, one
obtains

B o= =gy 30 5 @)™ 5+ a)™ s

P=1 P=

n—1
X P22 (@ + - + an—Z)_l'(al + -+ an—l)_l'
(A2)
The basic simplicity of the BN model is now evident,
since the sum of the n! permutations of (A2) is
reducible to a sum over n related factors. If one

goes directly to the mass shell in (Al), the only
portion of each of the factors

® .
f df- e—vE-'af’
o

which can contribute comes from the lower limit,
—%(a;)”"; and in place of (A2) one obtains the
equivalent form

i= (—g)"-a-g @ - g (A3)

Since the factors —i(a;)”' may also be obtained
from the integrals

/. dfe_iea‘_EElg—.o+,
)

an alternate way of writing the amputated, mass-
shell Green’s functions is simply given by (14).

APPENDIX II

The analysis of Sees. IT and III follows from the
properties of A; in (A) four or (B) six dimensions,

Arda; M) = @m)" f &% (2 + M — i)™ (Ad)

— (161'_2)—1]; dt t—ze—itM’+t'z’/4: (A.5)

iM 0 2 M (-2
= Z?W KI[M(x )*] - 87 (_xz);

X HOM(—a)] + = 6 (46)
for four dimensions, and

Apele; M?) = 1) f & ™06 + M — i)™ (A7)

— —’i(41r)-3f dt oM i/ (A8)
[

Il

—(1/m)(3/92°) Ari(x; M) (A9)
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I 89) kMG

M2
T 16x°

— (M?/167)8(z*) — (1/4x) 8 (z°)

A=) g~y

for six dimensions. It should be noted that the
propagators Ay have previously been called A.; but
we here follow the usage of Ref. 2. Subsequent
reductions are based upon these formulas.

® [ s - w

= —2im(2n)™ [ d'% @ + M)k (AL0)

By combining denominators,

O + M Qk-g) = f Q[ + M* + 2uk-g],
0

and shifting to a new variable ¥’ = k + ug, (A10)
may be written in the form

—2im(2m)* f du f dh/e =+ =0
1]
X [k,2 + M2 + uzmz]—z

9
oM*

= 2z'mf du e ™® Aps(z; M? + v*m®)
[1]

= % [ due 20O + wmih

— wi0(—a)HP (-2 (M* + w*m)P).

Hence, as z° — 0%, for ¢-2 5 0, we obtain

(A11)

f dtAps(x — &) ~ §ﬂ2 (x'Q)_1 In llex
o T

due to the logarithmic singularity of K, and H,.
A similar result for [ dt Ag(z + &) leads to (20).

If, however, we make the prior approximation
L(g) = 0, which here corresponds to setting ¢ = 0
in (All), the parametric integration of the latter
can be performed, yielding

° 1 6 2 —M(z3)}
[} debrin = g

— 2 . 2
— i e } (a12)
The square of (A12) then gives, near the lc, the
dependence of (23).

(b) In six dimensions, representations analogous
to those of (A10) and (All) may be used to obtain
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fo dtAselz — )

= —Z—@f du e " Apy(x; M* + u'm?), (Al3)
21|' 0
from which the dominant behavior near the le may
be inferred,
_t (_m_) 1
8r° \q-z/ 2*"’
where, again, ¢-z % 0 for m s 0, r # 0. Thus,

the le behavior of the second term in the curly
bracket of (18) becomes

(Al4)

94'[ dEIAFS'f dExArs
o 0 zI~0

~ (mg’/8x") (z- q:) " (z- 42) (@),
which is no worse than that of (26).

If the prior approximation L(g) = 0 is made, we
obtain, by setting ¢ = 0 in (A13), the lc dependence

© 1 -
| dedaa = @)oo ~ 75 @7,

which leads to the result of (27).
(¢) The four-dimensional estimate of f(z | ¢,,s) is
obtained by performing the £, ,, integrations of (18),

(A15)

(Al6)

1@, 2+ 1., 8) = ig’m*(2m) ™"
X [ dh e + M E ) eg) ™ (ALY
When the £ denominators are combined according to
(0 = —4 [ axtoh-0)”,

with§ = 2¢; — (1 — 2)g;, and @ = —m® + z(1 — 2)s,
(A17) becomes

= —4ig°m*(2r) fo dz
X [ db et @ + M)k (A18)

Combining denominators again, we can identify the
dependence on z” and -q,,.:

1 ® _
= —8ig*m*@2nr)™* f dz f u du e
0 0]
X fdk/eik’z[klil +M2 _u2q2]—3
.2 g 1 © .= a 2
—4ig"m fo d:zf0 udue (aMz)

X Aps (x; M — 427
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« 2 2 1 @

g m —iugex
=Y 3 f dzf udue ™

4 o 0

o«
X f dt e;z!/u-—ulu’—wan)
[

(A19)

Since —§° > 0 for s < 4m®, we consider s below
threshold when performing the parametric integra-
tions of (A19). Calling ¥, = (r-q/r)F §o, on the
lIe (A19) becomes

10,774, 8) = (%)2 fol—[—_‘%]

¥ wd
X f w aw e_‘fM‘7£W[_;,]‘
o 14w ’

and for very small values of M, the last integral
of (A20) produces a logarithmic dependence,

(A20)

10,7 Mon ~ = (22) o a0) [ . (a21)

[— &1
The function a(s) is here defined by the comparison
of (A21) with (21), or directly by (22); the integral
of (22) is well known, and we include it here for
completeness,

&) = L (4m? - s)‘*{fﬁl‘%‘i’?;i) sin™! ( s )*

2" s 4m®
+ 6(—s)(—s) Fsinh™ (—s/4mMt}  (A22)
and
als) = m’g® 0(s — 4m?)

2r® [s(s — 4m®)]?

X {zg — sinh™ ( 4;2 - 1)*} (A23)

when the continuation s — 2z — s 4 ¢ has been

performed.
When the initial approximation L(g) = 0 is
made, which corresponds to setting g-z = 0 in

(A19), the parametric integrals there can be cal-
culated immediately,

e, 0,8) = ae) [ ¢7te e
0

= a(s) {20 KM (")}

— iwb(—HHP [M(—2H)). (A24)

For small values of M* |z°[, (A24) provides the
logarithmic dependence quoted in (24).

(d) The six-dimensional version of (A19) follows
easily from (A9) and (A19),
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2 1 ©
2 .. - (™ lf f
f@*, q1.2’3)_'<47r> ] dz | udue

™

¢ ‘/‘ga %e;za/u—um{:—uﬂ?l’ (A25)
0

and corresponding representations may be written,
as in (Al11), in terms of K, and H,. For the approx-
imation L(g) = 0, it is easy to see that (28) is valid
near the le. The situation is more complicated when
L(g) # 0, but it is not difficult to see that as the
le is approached from either direction,

1@, 2 @12, 8)|eso ~ —a In (1/]2%]),

_1 m_g>”f‘ i
a—7r<47r odz(xq) > 0.

Hence the exponential of (A26) vanishes in this
limit, and the bad singularity of (28) is removed.

When z° 5 0 similar results may be demonstrated,
provided that we continue the s dependence of the
factor [—§°] of (A25) below threshold; the s depend-
ence of the -z factor should not be continued.
Under these conditions G-z is real and [—¢°] is
positive. There may well exist other prescriptions
for avoiding exponential infinities at the apex of
the lc; the ones stated here have only the virtue
of simplicity.

For z° < 0, we set z, = ¢r, £ > 1, and rewrite
(A25) in the form

f= ”i<4m7rg>2 "E T f =y [ vae

X HP([(PE — DM + o1,

(A26)

(A27)

where b = F[(—¢)¢ — DI, 7 = (1/n)@-2) =
n(s/4 — m")} — £z — 1)(s/4)}, and 7 = 1-q,/7 q,]
in the ¢.m. The important r dependence is exhibited
as a multiplicative factor in front of the integrals
of (A27), and the limit r — 0 may be taken inside
the latter,

~ i) E T ol =y

X fo vdve "UHP@).  (A28)

The v integration of (A28) may be carried out
explicitly to show that the corresponding f is, in
this limit, real and negative for all real values of b;
but perhaps the simplest way of seeing this is to
rewrite (A28) in the form of (A25), v
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3 1 ®
()2,
f (4« ﬂg-/;dzfo udue
Al _iiipronusi-3h1/a
- arlsat A29
X‘/; K (A29)

which, for real v and positive —¢*, permits (i) a
counterclockwise rotation of the ¢ integration contour
through an angle of 90°, and (ii) a counterclockwise
(clockwise) rotation of the u integration contour
through an angle of 90° for positive (negative)
values of 4. [The situation for ¥ = 0 is identical
with that of the L(g) = 0 approximations previously
discussed.] The result may then be written in the
form

N__]_-_ M)gfl fm —wlg!
! m"(‘hr | dz 5 wdwe

X \/‘«° & e—r—-(E’—l)w’l-E’l/‘!r’ (A30)
0 T
and it is clear that this quantity is real and negative.
Hence, in this limit, exp (f) does not diverge.
For 2* > 0, a slightly more stringent condition
on 4 is required, namely, that its s dependence
shall be considered well above threshold; the s

423

dependence of [—§’] is again to be considered below
4m®. For ¢ < 1, (A25) may be written in the form

2 1 (mg\® * dz
f = r2(1 —_ Ez) ; (4:7!') 0 [__qz]
x [(vd e KAPMA — £) + 01, (431)

and the r — 0 limit may be taken inside the integral
of (A31). One finds a complex function whose real
part is given by

G [ e
Pl —r\Mr/) J, [-F11+¢

X [1 = c\s/ulih——_li_;;] ., (A32)

where ¢ = 7/[(1 — £)(—¢)]}, and we may consider
¢, or ¥, as positive, since (A32) is a function of ¢’
only. For fixed values of £, 5, 2, —§°, a sufficiently
large value of ¢ (¢ > 2.24) can always be found by
choosing s sufficiently large such that the bracket
of (A32) will be negative; and this is all that is
needed to avoid an exponential infinity near the
apex of the le.

Re f
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from Cylinders of Arbitrary Cross Section*
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From a previously developed expression for the intensity of the small-angle x-ray scattering from
randomly oriented right cylinders of arbitrary cross section and with uniform electron density, an
agymptotic expansion is developed which can be used to approximate the scattered intensity at rela-
tively large angles of the small-angle region. The asymptotic expansion is useful for numerical calcu-
lations at these large angles, where calculations by the usual techniques of numerical integration and
series expansion are most difficult. The terms in the asymptotic expansion are found to be determined
by the behavior of the characteristic function 8(r) of the cross section at certain values of r. The gen-
eral asymptotic expansion is used to calculate asymptotic expressions for the scattering from right

circular cylinders and rectangular parallelepipeds.

INTRODUCTION

IN order to study the size and shape of colloidal
particles by small-angle x-ray scattering, it is
necessary to know how the particle size and shape
are related to the angular distribution of the scat-
tered intensity. Even when one assumes that the
sample being studied consists of independent ran-
domly oriented identical particles with uniform elec-
tron density, the problem is too complicated to allow
a general solution. Although the approximate meth-
ods which have been developed are ordinarily ad-
equate for analysis of experimental data, further
studies can provide a better understanding of the
effect of particle structure on the scattered intensity,
thus permitting more information to be gained from
a given experiment and also allowing scattering
techniques to be applied to a broader range of
problems.

In recent years interest has arisen in the nature
of the scattering curve at relatively large angles
of the small-angle region—that is, at angles such
that AL > 1, where L is a dimension characteristic
of the particle being studied, A is the x-ray wave-
length, 0 is the scattering angle, and h = 4a\™
sin 0. Since the scattered intensity can be rep-
resented as a Fourier integral, techniques for asymp-
totic expansion of Fourier integrals prove to be
useful for studying the behavior of the scattering
for this range of angles. Previous publications from
this laboratory have been concerned with some
general techniques for calculating the scattered in-
tensity at relatively large seattering angles' and with
the scattering from generalized cylinders—that is,
from right cylinders of arbitrary cross section.”

* Work supported by the National Science Foundation.

1P, W. Schmidt and R. Hight, Jr., J. Appl. Phys. 30, 866
1959).

( 2 A) Miller and P. W. Schmidt, J. Math. Phys. 3, 92 (1962).

In the present paper, a general expression is
derived for the asymptotic expansion of the scat-
tered intensity for generalized cylinders of arbitrary
cross section. Since asymptotic expansions of this
type can be used most easily in the range of angles
in which numerical integration and series expansion
are most difficult, the general asymptotic expansion
should be particularly convenient for numerical
calculation at relatively large angles of the small-
angle region.

In addition, the general expansion answers a
question raised in previous work® on generalized
cylinders. In the earlier calculations, the scattered
intensity for right circular cylinders, unlike the
scattering from bodies of all other known shapes,
appeared not to be proportional to 2™* at large h.
Since the A~ dependence of the scattered intensity
at large h was believed to be a very general result,’
the indications that the relation might not be satis-
fied for right circular cylinders were rather sur-
prising. Thus it is gratifying that the asymptotic
expansion for right circular cylinders shows, in con-
tradiction to the previous suggestions, that the
scattering at large h is proportional to h7%, as
expected from general principles.

THE GENERAL ASYMPTOTIC EXPANSION

For a randomly oriented particle with uniform
electron density, the scattered intensity I(h) can
be expressed®

Dy
I® =1 " ar ) sin b,

where D;, which will be called the maximum diameter
of the particle, is the length of the longest line that
can be contained in the particle, and H(r) is a func-

3 Reference 1, p. 867.
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tion which is determined by the size and shape of
the particle. The intensity is assumed to be norma-
lized so that 7(0) = 1. As only the scattering from
8 single particle is considered, the calculations can
be applied only to assemblies of independent par-
ticles, for which the scattering is not affected by
interparticle interactions.

Erdélyi,* in his discussion of the asymptotic expan-
sion of Fourier integrals, has shown that the asymp-
totic expansion of I(h) will be determined by the
values of H(r) and its derivatives at »r = 0 and
r = D;, and by the behavior of H(r) at any finite
or infinite discontinuities it or any of its derivatives
may have in the interior of the interval of integra-
tion. The problem of calculating the asymptotic
expansion of I'(h) thus reduces to the determination
of the behavior of H(r) in the neighborhood of r = 0,
of r = D,, and of any interior points at which H(r)
or its derivatives are discontinuous.

In Ref. 2, H(r) was expressed in terms of an
integral over a function 8(r), called the two-dimen-
sional characteristic function and having the prop-
erty that the scattered intensity J (k) for a randomly
oriented plane lamina of negligible thickness and
uniform electron density and with the shape of the
cylinder cross section is given by

70 =% [ 2080

sin hr

where D, the maximum diameter of the cross section,
is the length of the longest line that can be con-
tained in the two-dimensional cross section, and A is
the cross-section area. The intensity J (&) is normal-
ized so that J(0) = 1. For small r,°

Btr) =1 — PA)'r + -+,

where P is the perimeter of the cross section. Also,’
one expects that quite generally, 8(D) = 8'(D) = 0,
and that B8(r) and B'(r) are continuous. Higher
derivatives, however, can ordinarily be expected to
have discontinuities. Rearrangement of Eq. (3) of
Ref. 2 shows that for a generalized cylinder, H(r)
can be expressed by the relation

HG) = M) + NG,
where
0Lr<D,
ue) =% [ dap@are ~ 2,

+ A. Erdélyi, Asymptotw Expanszons {Dover Publications,
Inec., New York, 1956),

s Reference 1 Eq (8?

¢ Reference 2, p. 9
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D <r< D1 +vz)}’
D
u6) =% [ d as@ale’ — 2,
0 <r <D, ' ®
N@) = 0,
»D <r < DI + )},
(r2—93D2)}
No) = =5 | dz B@QL° — ),
Q@) = 1/z - 1/oD,

and where V is the particle volume, and v, the
axial ratio, represents the ratio of ecylinder height
to the maximum diameter D of the cross section.
Thus D;/D = (1 + v*)!. A consequence of (1) is
that calculation of the discontinuities in H(r) re-
quires knowledge of the discontinuities in the de-
rivatives of 8(r). Since at present it is not possible
to state generally the types of discontinuities to be
expected, the caleulations are carried out for types
of discontinuities which, although they do not rep-
resent an exhaustive list of all possible types, never-
theless include most types of discontinuity that have
been encountered when exact calculation of 8(r) has
been possible,

According to Erdélyi’s general calculation of the
asymptotic expansions of Fourier integrals, if at an
interior point & of the interval of integration, H(r)
can be written H(r) = F(r) + G(r), where F(r) and
all its derivatives are continuous at r = a, then
only G(r) will contribute to the asymptotic expan-
sion, and F(r) need not be considered in the calcula-
tion of the asymptotic expansion. This result will
be used many times to simplify the calculations.

The discontinuities in the derivatives of 8(r) will
be assumed to fall into two classes and will be con-
sidered to occur at points called Type-I and Type-II
points. For a Type-I point, r = a4, 8(r) will be
agsumed to be expressible in the form

r 2 Gait1y B(r) = L) + Kz.'u("):
r < Go441, B(r) = Lyi.i(r),
where

Kz-'+1(7')

ntasits
1

and where all derivatives of the function L,,.,(r)
are continuous at r = a,;,;. Type-II points are
designated by r = a,;. At these points, the form
of 8(r) are assumed to be

B(r) =
Blr) =

5| ol -

n=0

r S Az in(r) + Kﬂ(r))

r Z Qs , Lg.(f),
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where

Rt agi
Ku(r) = ] )
and where L,,(r) is a function with all derivatives
continuous at r = a,;. With this scheme of notation,
odd subscripts refer to quantities calculated for
Type-I points, while even subscripts denote quan-
tities related to Type-II points.

The subseript ¢ is allowed to have integral values
ranging from ¢ = 1 to ¢ = 2n + 1, where the value
of the integer n is determined by the number of
Type-I and Type-II points for a given cross section
shape. The subscript 0 refers to quantities de-
termined by the behavior of g(r) in the neighbor-
hood of r = 0, where the Taylor expansion

(n)
o) = 3 0

n=0

Z”ﬁ‘(Q

n=0

@)
is assumed to converge, with
B8™0) = dB(r)/dr"|,-o.

PAUL W.

SCHMIDT

The exponents «; occurring in the above series
expansions are determined by the form of the cross
section. For 8(r) and §’(r) to be continuous, all the
a; must be greater than 1.

From the Taylor expansion (2), M(r) is seen to
be expressible by the series

M(r) = M),
where
0(,") 'g 0n+1
0 41!' 1
B. =% (n+ !
TATEn + DBV 0) 7 L
x | Tt IR0 8 g |

In the neighborhood of r =
to show that

vD, (2) ean be used

N(r) = Nor),

where

No(r) = g[ 2( iDE T I)M + Dﬂ(}%@ - 1)“ :|
° = Z (—1)"T'(m + HT(n — m + 1)3(20—%) ©)wD)™* "
" VP(n FHP TG)TCn — 2m + 1)
Dg = Z ( 1)"'I‘(m + %)P(‘n —m + %)6(2"‘2"‘+1)(0)(0D)2n+2 2m

When there is a Type-II point at r = a,,, then,
in the neighborhood of r = [(a,;)*+v*D*]}, N(r) can
be written

N@) = Fyi(r) + Nou(r),
where

F..(r) = —éVI [j;rr'~-’ ? dz 2Ly (2)Q[(r* — =)

+ fom dz zK,.(@)Q[(r* — 132)%]]

r> D + (@)},  Nu() =0,

r< [02D2 + (az-')z]%,

Noi(r) = dz zK:(2)Q[(* — ).

V (r9—psD3)t
As F,,(r) and all its derivatives are continuous
at ¢ = [°D? + (@2:)°]}, Faulr) can be neglected in
computing the asymptotlc expansion.
In the expression for N (r) forr < [v°D* + (a2:)*)},

3T + 2)T2n + 2 — 2m)

let

o [ist]

Then, after making series expansions of K,; and
Q, one finds that

r < [(UD)2 + (a“)z]g’

Nal) = 3 03"(1

n=0

T? )n+2+ 2%
v’D? + (a2.')2 ’
where

o - 2m[FD 4 (@)
TV T+ 3+ o)

Ay aT(m + T — m + 1 + )
X "‘ZSO I‘(‘%‘)(UD)Z’M'S(G )2n—2m+2au

If there is a Type-1 point at r = a,,.,, N(r) can

be expressed

N(T) = qu.l(r) + N2|‘+l(r))
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where

4 (r3—-p2p3)t

Fz.‘-n(r) = v .

r < [°D* + (8a:0r)’T,
r 2 [szz + (aziu)z]*y

(r2~p3D")}
Nuinle) == [~ dz oKy @QLE® — M.

dx :z;L““(:II)Q[(Tz - xz)i]

Ny = 0,

Using a method similar to the technique used to
evaluate N,;(r), one finds that

r> [szz + (a‘m»l)?']%i

- 2 n+2+ aait+s
_ geet\ T
Noiuir) = E Ca [szz + (az,'+1)2 ljl ’

n=0

where

CZHI - 2r [1)2D2 4+ ((12,«+1)2]"+2+°‘"+1
" r&)V. TI'(n+ 3 + asey)

X i (— l)mAzn'::I‘(m + 3HI'n — m + 14 a2i+1).

(vD)2m+3(a2‘+1)2»—2m+2a,(+.

Q2541 M(")

m=0

When there is a Type-I point at r =
can be written

M) = Eyin(r) + Myi(r),

where

Emm%=%ﬁﬁm@mmmw-fm

T < Ggis1, Mz.'n(") =0,
T2 Gais,
© 2.“[ 7‘2 ntd+azisa
M2i+l(r) = ,;B" (az.-+1)2 - 1]
© 1‘2 ntl+ asitz
D’2‘|‘+l[ _ 1]
+ ,g (a2i+l)2
B = 27razi+1r(%)r(n + 1+ a2i+1) AZ

VI(n + § + aziir)
D = —[2r/V[(a2:41)* /oD + 1 + aniy)] A2

For a Type-II point at r = a,,, by rearrangement
involving partial integration, in the neighborhood
of r = a,;, M(r) can be expressed

M) = E.(r) + M..0),

where ¢ is a number such that ¢ > |r — a,,}, and
= dr [ PR T -
) = 1) + % [ dozla@@l6* — 2 + 5

X fﬂlidx 2l + 2° — ()1 Kni{[(@0)* — 2"},
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i (=1)'T@G)r(n + o + DAY
S T+ ag + 3) cos (o)

1'2 ]ﬂ+a.i+}
1 ,
X[@y

X [ do aoil@)" - #11QUE — @0 + 2T

My(r) = "‘2”;;2‘

Jaslr) = —M,:(r) + 4{;

for r > a,;.. When r < a,;, the same expression
holds for E,,(r), and

= 2""((12;)2 - A:i[l -~ rz/(a“)z]ﬂauﬂ
Mze(”') = VoD ’g (n + 1 7 a“)

27!'(12.' Siﬂ (az"'lr)
V  cos (az:w)

mlﬁﬁm+l+wmy[- f]wﬂﬁ
8 "‘?5 T+ § + ) ! (az:)?

Jaulr) = —M,.(r)
+41r ¢

V [(agi)2—rai
X QI = (a) + 2"}

It can be shown that E,;(r) and all its derivatives

are continuous at a,;. Thus, for a Type-II point at

r = @, only M,;(r) contributes to the asymptotic

expansion.

These expressions of M,;(r) do not hold when
ay; = n + 3}, where n is a positive integer. For these
values of a,;, the derivatives of M ;; have logarithmic
discontinuities. But when the effect of these log-
arithmic terms on the asymptotic expansion of the
intensity is calculated by the method of Jones and
Kline,” one obtains the same results as are found
by computing the asymptotic expansion for the
scattered intensity for arbitrary «,; and then letting
n + %. Thus this value of a,; does not need
special treatment when one is concerned only with
computation of the asymptotic expansion.

For a function f(x) which in the neighborhood
of point @ can be written (for z > a),

A WA

n=0

4+

dz szi{[(azi)2 - w2]i}

Oyy =

Erdélyi’s theorem for the asymptotic expansion of
Fourier integrals shows that the contribution of the
point » = a to the asymptotic expansion of the
integral

b
-}1; f dx F(z) sin hx

" D. 8. Jones and M. Kline, J. Math, and Phys. 37, 27
(1958).
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is given by

2 3 ( n+a )
a ..2-:.: (qu n+2+a a D) 7},
where
d = i 22m+a—n1"(m + 14 a)I‘(n + 14 a)
i n—-m'Cm+a+1-—mn) Con

m=0

Similarly, if in the neighborhood of point a the
function g(x) can be written for x < e,

© x2 nt o

g(x) = Z C,.(l - '_2'> ’
n=0 a

the contribution of point a to the asymptotic expan-

tion of

1 .
Z.’; dz g(z) sin hx

is given by
N~-1

2 dn
fopur:4 (ha)n+2+ o

cos(ha———-—

where

=T+ 1+
X i (_l)n-m22m+a—nr(1 + m + g)cm.
nm—-—mI@Cm+at+l—n)s

me=0

[When g(z) is expressed as a power series
g(x) = ;} b.(1 — 2)'*e,

this series can be rearranged to give, for x > 0,

@) = 3L =2) "

im0 (1 4+ 2)'**
_ «© b;(l — x2)1+a
T Ty L

_ o (1 xz)n+u

N E e +a+1)

~ (4 QbTCn + o — 1)
X g (n — l)!2m;+a-l

The c, thus can be expressed in terms of the b,.

A similar procedure is possible for the ¢, in the above

series for f(z).]
Application of these results to the M ;(r) and N;(r)
shows that the agymptotic expansion of the intensity

I(k) has the form
I(h) = Io(h) + Il(h) + Iz(h) + Ia(h);

)

SCHMIDT

where
(—1)c: ds cos (hoD + 3kr)
Io(h) Z [(h)2k+4 + (}wD)iﬂ-L
+ bi cos (hwD + 3(k + %)ﬂ')]
(th k+9/2
% = by sin (ha; — 3r 4 v, + %kw)
IL(h) =
( ) ;1 ;} (ha )5/2+k+a¢
> & disin (ha; + v; + 3kn)
Iz h =
( ) § % (ha.)3+k+a¢ 4
1k o~ ¢1 ¢08 {h{(a;)’ +v° D]} + v, + Skr}
( ) Zl kz; [h'\/M]“d”k ’
where
= (=1 (3oym)
1 (2k+1)
=t [2101)—5 1 gan gy _ LAIE + 45 «n}

b; — 2”"(11;')3]:‘(%)1‘(’9 "L‘ i+ a-:)("l)‘.

& 221+a¢+§—k(_1)(“l”r(l + a; + I)A;
X 2 k—DPG 4o +20—k)

2rwD)’T(k + )
V2k 5/2P( )

I‘(m + g)(vD)zmHﬁ(znﬁl)(O)
X ,,,E @m 1!

(Z1'2""*"T( + §)
~DIr@l+ 5+ 2m — k)’

b= —

k—m

X o

41r*(vD)81‘(k + 3) < (@D)*"8“”™(0)
V2 Z T(m+d)

(=D'@l+ 1!
DINEL+ 2m + 2 — k)l

diz=

X LG —me
4r(@)'Tk + 2 + o))
VvD2*
( 1)(-+1)(l+1)221+a P(l + l+ a)A;
X g - DIr@+ o, + 21— k) ’

_ 8x(@)'T(k + 3 + a)(=1)°
vt

(=D r(m + o + DA,
P )

xk-zv:» (-1 22'+2mr(l+g)|:1_’_(2]_;:]“1»”".

. 2143
Ukt m— DITEMm 2+ 3+ o, — k)(”D)

d =

..
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RIGHT CIRCULAR CYLINDERS
For a circular cross section® of diameter D,

Bx) =1~ _%_ _/:/D ds 1 — sHL

Thus B(r) has a Type-II point at r = D, in the
neighborhood of which

I'n + %) =z
50) = 1ep > o+ ﬂ)n'( D’) '
Also,
2n+1 2 (m)ir(n — 3)
BHN0) = F T AT
Forn > 0,
B(zn)(o) = 0

Thus, there are no Type-I points, and there is one
Type-II point, at r = D, and with a = 3. The
only 7 value that need be considered in (3) is ¢ = 2,
and therefore, substituting in (3) gives

_ 16(1 — cos kvD) (=1)*"%
Io(h) = (hD)z(th)z + I‘Z-O (hD)2k+4
| b cos (wD + 4(k + )
(th)k+9/2
oy - o 6D 1 om)
L() = ; dy sin (th_;}Jz + %Imr)
1) = i ¢ cos (hD[1 + v} + s}k‘:r)

[hD{[l + v ] }k+11/2

£=§Jw+1ﬂPw+a]
! v 25 —1 i 1’

o _ _84°VOTG + 3) 5~ [D(m + PIv*
by = 2 2 Gm = D
k=m ( 1) 22m+2lr(l + _Q)
X E(k— m—DIr@l+2m —k+ %)’

2 WMMME(DWw+am+a
- T2 k — DML -k + 2)! °
2 _ 827G + PTGk — § \/2 .
£ BP0 B )
. 128T(k + DV2
€ = — Y

% é (=D)"T(m -i—n’%)l‘(m +3

¢ A. Guinier, et al., Small Angle Scaitering of X-Rays,
(John Wiley & Sons, Inc New York, 1955), Eq. (26), p. 17.

429

X k—Em ( 1) 221+2mr(l + %)(1 + vZ)l+m+9/2
&5k — m — DIT@EFa + 2m + 21 — k)

Note that at large k, I(h) is proportional to h™*,
in agreement with the general prediction for the
asymptotic behavior of the scattering intensity for
solid particles.

This property of the asymptotic expansion of the
scattered intensity for right circular cylinders is a
consequence of the result mentioned in the previous
section which stated that the case an; = n + %
produced no effects in the asymptotic expansion
which were qualitatively different from the expres-
sions for general oy;.

RECTANGULAR PARALLELEPIPEDS

The function B(r) for a rectangle with sides 21 and
2m can be found by a two-dimensional analog of
the procedure used to obtain H(r) for a cylinder
of arbitrary cross section. From this calculation the
a;, oy, and A} are found to be

= (=1/=G+ 9,

a3=2,

a =2, a =3,
a; = 21,

= (=1)™G + §/emI GG + 2)!,
A = (=1)'/rG+ 3,

a7=2,

a; = 2m, as = 3,

a; = 2m,
A} = (=1)™'mIG + P/HIrGG + 2)!,
as = 2( + mM)},

= [4n(G + N + m*)/Im]’a,(l, m),

ZI‘(k + BTG — k+ HE* + ¢
& I‘(Q)I‘(3)x2'° 27 —2k

Also, 8(0) = 1, 87 (0) = — (xlm)™'(m + 1), 8% (0) =
(2xlm)~", and all higher derivatives of 8(r) are zero
atr = 0.

Substitution in Eq. (3) gives the asymptotic
expansion

I(®) = 1) + LK) + I.(h)
+ Id(h) + Ie(h) + If(h) + Iu(h))
where 2n = »D, and

L(h)

a8=3,

a;(x, y) =

= 4r(mnl)"'(2R)*[I"'(1 — cos 2hl)

+ m™(1 — eos 2hm) + n~'(1 — cos 2kn)],
I(k) = 8(Imn)™*(2h)"°[I sin 2kl
+ msin 2hm + n sin 2kn],
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I.(h) = 24(Imn)~>(2h)°[cos 2kl
+ cos 2hm + cos 2kn — 1],

8 xt

10 = Gy V2

PAUL W,

| m + n cos [2hl 4 3k + Him)
X 2 8’“[ p @hI)*

1 4 n cos [2hm + 3k + 3]
In (2hm)t+}

1+ m cos [2hn + 4(k + %)T]]

Im (2hn)+? ’
(=1)2"T( + 3)

k— )Tz + 2§ — k)’

k=0

+

+
'k + %) <
=R A

8 at

(Imn)2h)® \/2
sin [2R(F° + m*)} + 3G +

L) =

X i [b,,(l, m)

k=0

[2R(F 4 m®)}*H}
sin [2h(m® + n*)t + Lk + Y]
+ b,,(m, n) [2h(m2 + nz)é]kq 3
sin [2h(® + %) + 3(k + %)vr]]
[2h(l2 _’_nz);]k-(-} ’

Ik + 8)@* + y?)°
2 y32k

+ bl m)

bk(xy y) =

’“Z (=1)2%a,(z, y)

X LG PrGE+2— B

8

10 = ~ Gy ey

cos [2R(* + m®)! + k)

x 3 [0

k=0

2R + m?)7*
cos [2h(m® + n*)! + k)
[2h(m® + n°)*

cos [2h(E + n*)! + ymr]]
+ Cl,(l, n) [2h(l2 + n2))]k ’

k + D + o)
2kx2y2

+ c(m, n)

C),(-'E, y) =
(=1)'2%a(z, y)
X LT =D +a= By

8T 4+ m + )’
(Imn)*

" gin [2h(1* + m* + n*)} + k)
X g fk(l) m, n) [2h(l2 + m2 + nZ)}]k+7 ]
(k& + 5)! i( )2 + m’ + n’)’

2 & k—9)2s+ 5 — k)

L) =

fk(l; m, n) =

SCHMIDT

~ S+ PTG+ DI —2— 74+ 3)
X Z E (TR men %

The expression for I'(h) is unchanged by permuta-
tions of I, m, and n. This property is the result
of the fact that for a parallelepiped, any face can
be taken as the cross section.

The first terms of this expansion reproduce Eq.
(13) of Ref. 2 and also give the additional terms
shown in the thesis from which the results of Ref. 2
were taken.

i=0 j=0

DISCUSSION

In (3), I,(h) is determined by the behavior of
B(r) at r = 0, while I,(h), I.(h), and I;(k) depend
on the nature of the discontinuities in the derivatives
of B(r) at the Type-I and Type-II points. The
number of terms used in the asymptotic expansion
is determined by the value of N. Ordinarily, in an
asymptotic expansion, the last term retained (in this
case, the term for which £ = N) can be taken as
at least a rough estimate of the error involved in
using the asymptotic expansion to approximate the
intensity.

At sufficiently large 4, the terms of k¥ = 0 will
dominate. If only these terms are considered, (3)
becomes

4r 1 — cos wD 2xP
) =75 w0 T van
L 2P (__) c08 (D + r)
V 4 \2D R ;
9 £
1,0y = &2
(—1)'2T(1 Fa)(a) A ( o )
X ; (ha)a{+5/2 m ha' 4+7‘ ’

4r
VvD
(=D2*'T(A + a)(@.) 4,
z: (ha )a¢+3

L) = - @

sin (ha,' + ’Y;),

i=1

n (__1);2air(1 +a‘)[(a._)2 +02D2]1+a‘/2A:"
x E (a;)h‘(vD)sh““

X cos {h[(a:;)’ + »’D'] + ~.}.

Note that I,(h) will always contain terms propor-
tional to ™%, while the exponents of I,(h), I.(h)
and I;(h) in (4) will depend on the values of the a;.

The terms in (4) which do not oscillate can be

i=1
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written

224 + PoD _ _2x8

vV~ doDh* T (V)R

where S is the total surface area of the generalized
cylinder. When the normalization of I(k) is taken
into account, this result agrees with the general
expression given by Guinier, et al.®

If all terms in I(h) are to decrease at large &,
at least as rapidly as h™*, then all the «; must be
greater than or equal to 4. For the cross-section
shapes (circle, rectangle) for which 8(r) has been
calculated, the «; are found to satisfy this relation.
It would be interesting to study B(r) to see how
general this result is.

The dependence of I(h) on the behavior of 8(z)
in the neighborhood of the Type-I and Type-II
points suggests that it would be of interest to make
more detailed investigations of the effect of the
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cross-section shape on the existence and nature of
these points. It would be especially useful to study

‘the properties of 8(r) in the neighborhood of r = D,

where, according to the form of g(r) for all cross-
section shapes which have been studied up to the
present time, there is a very strong suggestion that
a Type-II point will always occur.

It should be emphasized that the asymptotic
expansions which have been developed will approx-
imate the scattered intensity only at angles for
which ka; >> 1 for all of the a;. For highly elongated
or highly flattened generalized cylinders, which can
be referred to as rods or platelets, respectively, there
will be angles for which the condition ka; > 1 is
satisfied for some but not all of the a;. For these
shapes, special techniques are necessary to calculate
the intensity. A method applicable to rods is given
in Ref. 2. Further study is necessary to develop an
analogous technique for dealing with platelets.
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Interacting Fermions in One Dimension. I. Repulsive Potential*
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The exact energies and wavefunctions for the ground state and low-lying excited states of a system
of N — 1 one-dimensional fermions all of the same spin and one fermion of the opposite spin are
caleulated in the large-volume, finite-density limit when the particles interact via a repulsive delta
function potential. A number of properties of the system such as pair correlation functions and the
effective mass of a certain class of excitations are also discussed.

I. INTRODUCTION
‘ N [E consider the Hamiltonian

2 N dZ

N
oM &7 +9 2 2 8@ — =),

>

H:

which arises when N particles of mass M interact
in one dimension with equal strength delta function
potentials. The exact solubility and the scattering
solutions of this Hamiltonian have been discussed
in Ref. 1. In order to proceed systematically, how-
ever, it is advisable to discuss the nature of the
solution briefly here.

This Hamiltonian is viewed as diseribing the
interaction of a single particle with a fixed potential
in an N-dimensional space where the coordinates
of the N-dimensional space are the positions of each
of the particles. The fixed potential in this mathe-
matically equivalent space is a series of intersecting
N — 1 dimensional delta function sheets. These
delta function sheets are arranged in this N-dimen-
sional space so that they are the boundaries of N!
different regions where each region corresponds to
one of the N! possible permutations of the particles
along a line. We therefore call each of the permuta-
tions of the particles along the line a “region,” for
example the region z, < z, < x; --- < zy. If we
assume that we have N wavenumbers &, --- ky,
we may form in each region of space N! plane waves
such as

ei(k121+k115+kaza" *+kNzZN)

or

ei(k,x.+k.z=+k-,z:" )

This particular problem is soluble because it is
possible to satisfy the differential equation by assum-
ing that the entire wavefunction is made up of a

* Work supported in part by the National Science Founda-
tion.

t Present address: Department of Chemical and Physical
Sciences, Florida Atlantic University, Boca Raton, Florida.

1J. B. McGuire, J. Math. Phys. 5, 622 (1964).

linear combination of N! possible plane waves in
each region of space.

As we have indicated above the delta function
potential provides a barrier between regions of the
multidimensional space. This barrier may be taken
into account by replacing the delta function potential
by a “two-sided”” boundary condition. By integrating
the Schriodinger equation over an infinitesimal region
which spans the delta-function potential between
particle 1 and 2 we find the well-known condition

1 9 0 J d
—V—ﬁ [((_9:';1‘ - 3-/'17—2)21--‘19*0"' - (gx_l - &;)z,—x.-o_]w
= \/ﬁg; V(@ = T2),

where we have chosen units so that » = M = 1.
In the next section we show explicitly that this
equation, plus continuity of the wavefunction is
sufficient to determine the coefficients of the N!
plane waves in any region given the values of the
coefficients in some particular region. Although it
is not obvious from this point of view, this process
is internally consistent, that is, no matter how one
calculates the coefficients in any given region the
answer is always the same. This consistency is shown
in a somewhat different form in Ref. 1.

In the sense given above the wavefunction is
determined provided that we know the coeflicients
of the N! plane waves in any particular region.
We must now find the generalization of a scattering
solution to a solution where the density of the
interacting particles is fixed. This generalization has
been carried out by Lieb® when the fundamental par-
ticles are bosons. The finite-density limit for Fermi
particles is more difficult. It is, in fact, the central
difficulty which keeps us from working a more
general class of problems than that which is pre-
sented here. The only known systematic method
of procedure to obtain the finite-density limit is a

2 B. Lieb and W. Liniger, Phys. Rev. 130, 1605 (1963).
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FERMIONS IN ONE DIMENSION. I

twofold process: (1) apply periodic boundary condi-
tions to a scattering solution for a fixed number
of particles; (2) allow the size of the periodic box
and the number of particles to become infinite in
such a way that the density remains a constant.

II. APPLICATION OF PERIODIC BOUNDARY
CONDITIONS TO A PARTICULAR PROBLEM

Let us now consider a special case of the previous
general problem of N particles, namely that in which
N — 1 of the particles are spin-up fermions and
one particle is a spin-down fermion. Let us choose
Z, to be the coordinate of the spin-down fermion. We
call region 1 the region where z, < 2, < 23 -+ - < Zw,
that is the region which has the particles all in order
with the different particle on the left. All of the
particles 2 ... N are indistinguishable so we must
antisymmetrize the wavefunction in this region to
take this into account.

Consider the particular plane wave

exp [i(kz, + oy + kazs + -+« + knza)l;

let its amplitude be denoted by (1 2 3 - -+ N). [From
now on we write, e.g., (123 --- N) as (123 --- N)
for compactness. As no mulitple-digit numerals are
used in these expressions, there should be no con-
fusion.] Similarly the amplitude of the plane wave

exp [Z(kgxl + ks + kuxs + - )]

would be denoted by (974 ---).

The order of the numbers inside the parenthesis
dictate which particle has which k. The &k in the
first slot goes with the first particle, the & in the
second slot goes with the second particle, ete.

Antisymmetry of the wavefunction dictates that

(123---N) = —(1324---N) = (1342---N) = ete.

That is, all of the coefficients which have “1”’ in the
first slot differ from the first amplitude only by a
plus or minus sign, according to whether they are
an even or odd permutation of the numbers 2 --- N.
Similar relations hold among the amplitudes which
have any number in the first slot.

Now let us calculate the amplitudes in the next
adjacent region. Let us consider the interaction of
particles 1 and 2 and calculate the wavefunction in
the region z, < z; < 23 < 24 - -+ < Zy, which we call
region 2. The amplitudes must go together in pairs of
the type (1 2 some permutation) a.nd (2 1 same Dermuution)
because this pair have exactly the same dependence
on z; --- zy when z, = x,. Any other plane wave
will have a different dependence.

Now using Eq. (2)
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[i(k, — k2)/ V2)[(12- - -N)y — @1+ - -N), — (12 -N),
+@1--N),] = V2g[(12---N)y + 2L+ -N)i).

And continuity of the wavefunction gives
12 W) + @1 M), = (12 -N); + @1+ N),.
Solving these two equations for the amplitudes in
region 2 gives
{(12- -N)] _ [1 + 1/ss  1/80 J[az- .N) ]

(21--N})J, "‘1/312 1~ 1/s, {21 -N)zJy
where s, = t(k, — k.)/g.

We could have gone through a similar calculation
for any pair of adjacent particles, but for the
indistinguishable particles the result is trivial. If
the particles which pass through one another are
of the same spin the amplitudes on the right-hand
side of the expression above will be equal and
opposite by antisymmetry. It is then easily seen
that the amplitudes in the next adjacent region are
exactly the same as in the first region. This means
that we can move the spin up particles through
one another at will, a manifestation of the fact that
these particles do not interact because the exclusion
principle makes the wavefunction zero when any
two particles of the same spin come together.

III. APPLICATION OF PERIODIC BOUNDARY
CONDITIONS

‘We now wish to apply the condition y(0) =y (L) for
every one of the N particles. In this particular prob-
lem where V— 1 particles are spin up and one particle
is spin down there is a short-cut way of doing this.
If we start in region 1 (z, < 2; < a3 -+ < zy) We
can carry z, through all of the other spin-up particles
with no change in the amplitudes of the plane waves.
Let us call the region z; < 23 < 2, ++- < 2y < T,
region ¢. The only way the periodic boundary con-
ditions may be satisfied is to satisfy periodicity for
each plane-wave component independently, again
because any other plane-wave component would have
a different dependence on the coordinates of the
other particles. Thus two typical relations which
must be satisfied are

(123---N), = ¢***(123---N),,
(213---N), = ¢***(213- - -N),.

The exponential phase factors arise from setting
z; = L in region ¢q. But we have already argued
that every plane-wave amplitude in region ¢ is the
same as every plane-wave amplitude in region 1.
Thus we may rewrite these relations as
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[e""-”(123- . -N)l} _ [(123- : -N)zJ
¢(213.--N),)  ((213-+-N),
_ {jl + 1/s1 1/s12 }[(123' : ZV)IJ
—1/8,s 1 — 1/8,,1{(213-+-N);

We now have a pair of homogeneous equations
in the amplitudes (123 --- N), and (213 --- N),.
These equations are inconsistent unless the deter-
minant vanishes, thus

1 + 1/812 - e”‘.L
‘_1/812

Notice that this determinant vanishes auto-
matically if k,L and k,L are integral multiples of
27. These solutions are the usual all spin-up solutions,
Expansion of this determinant yields

Si2 = (eik‘L — eik.L)/(l — eik.L)(l _
= 'L(kl - k2)/g;
which can be put in a more convenient form

tky/g — 3¢ ctn 3k, L = dik,/g — ¥4 ctn 3k,L,
if

1/s12

1 — 1/s; — e***

= 0.

eik,L)

2 = %k‘L

az, — ctnz, = az, — ctn z,.

= 4/gL

Clearly any pair of velocities may be chosen as the
pair with which particles 1 and 2 interact. All of the
relations among velocities could then be summarized
as

az, — ctnz, = az, — ctnz, = az; + ctnz;

= azy — ctn zy.

One additional piece of information is necessary
to determine the spectrum. This information may
be obtained by applying periodic boundary condi-
tions to z, as the different particle moves from 0 to L.
As we move z, from region to region through the
various spin-up particles we focus our attention on
the amplitude of a given plane wave and notice
that this plane-wave amplitude is multiplied by a
phase factor for each region change. That phase
factor is determined by the velocity of the particle
through which we earried z,. For example

(1234 . -N), = ¢***(123-.-N),,
(123---N);=e*"2(123- - - N), =¢' ****25(123. . . N),,

where region 3is 2, < 23 < 2; < T4 -+ < Ty. A8
we carry z, from 0 to L we get one phase factor
for every k value except the one associated with z,.
Thus in region N (x; < 23 < 24 + -+ < a2y < o4)

J. B. McGUIRE

N
(123-+-N)y = (123---N), exp iL 2 k.

i
Periodicity of the wavefunction requires that
e**(123 - -N)y = (123--N),.
Thus
> k;L = 2nr -+ n = any integer,
or

N
expi 2 kL =1,
i=1
which is, in terms of the 2’s, 3, z; = nr.

In addition to this law for the allowable values
of k, we may also find the ratio of the amplitudes
which is dictated by the homogeneous equations.
This ratio is

(128-+-N),/(@13 - W)y = —(1 — e™)/(L — &™),

Similar ratios would, of course, be found no matter
what pair of velocities we assumed for particles ,
and z,.

All of these properties of the periodic solution
may be summarized in the following set of rules:

(1) The spectrum is given by selecting N roots
of az — ctn z = const. subject to the additional
constraint that Y z; = nr.

(2) The wavefunction is given by calculating the
amplitudes of N'! plane waves in each region of space.

We select as the basic amplitude

(123--+N), = 1 — &% = —2ie"***% gin ik, L

= —2ie

1 sinz,,
where as always region lis ¢, < 2, < 23 -+ < Zy.
The amplitude of any other plane wave in this region
is determined by two things: (a) the & associated
with particle 1 determines which % is to be used in
the amplitude (b) the amplitude is modified by a
plus or minus sign according to whether it is an
even or odd permutation of the state above.
For example,

(g23-++1---N), =

(3) The amplitude of a given plane wave in some
other region is calculated by first finding the ampli-
tude of that plane wave in region 1 and multiplying
this amplitude by a factor of ¢°*** for each particle
that x, has passed.

For example in the region

—(@1 — ™) = +2ie* " sin 2,

x3<x3<x4<x1<x5°-° <ZN
(q234. R _1_ R .N) = _(1 — eik.L)e2|'(z.+l|+n.).
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IV. GROUND STATE OF THE SYSTEM AT
FIXED DENSITY

Now that we have developed this set of rules we
may proceed to the calculation of the ground-state
energy of our many-fermion system. We want to
choose the lowest N roots of the equation

az — const = ctn z,

subject to the additional constraint that the sum
of these roots is nw. If N is even, we achieve the
lowest energy if the value of the constant is zero.
This is easily seen in Fig. 1 which is a sketch of the
graphical solution to this transcendental equation,
and will be demonstrated numerically in the next
section where we calculate the excitation spectrum.
The sum condition on the roots is satisfied identically
under these conditions because the sum of the roots
is zero.

We need only consider the solutions of the above
transcendental equation where @ is very small, be-
cause a is the dimensionless product of the scattering
length of the delta function potential divided by
the length of the box, which is to be a small number
in the infinite length limit.

We can see from Fig. 1 that for small a the roots
are separated by an interval which is almost .
If the separation were exactly = we would recover
the Fermi energy for N particles. For small values
of z, the roots occur very near z = (n + 1)x, n =
any integer. If the number of particles is large
enough that Nar is much greater than unity, we
see that the high values of z occur at integral
multiples of =.

It may be easily seen graphically or verified by
a repeated substitution process that the sth positive
root of our transcendental equation is

z; = st + ctn™' (sar) §=0,1,+.+ ,3N - 1)
and the sth negative root is
Z, = —str—ctn (sar) s=0,1,--- ,3N — 1)

to order a’, which is sufficient for our purposes.
In our units, A = M = 1, the energy is

E=32Fk=0/IL) X4

where the sums run over the occupied states. In the
ground state this leads to

2 iN-1 N1
=1 [2 2 8 +4 3 sretn™? (sar)
=0 =0

+ 2 }NZ—: [ctn™* (sar)]”:l.

The first term in this sum is the energy of a Fermi
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Fie. 1. Sketch of the graphical solution to the equation
az — ctnz = Q.

gas containing N — 1 particles, the second term
is an energy shift caused by the interaction of the
spin down particle with the N — 1 spin-up particles,
and the third term is negligible to order 1/L. The
total energy is, therefore,

E=EN-1)+4 AE

iv-1

Y swctn”! sar.

B Zﬁ 8=0

We convert this sum to an integral by the usual
techniques and obtain

8

2
a’Lx

where kg is the Fermi momentum for the N — 1
particles

2k¥/g
AE = f z ctn™? z dz,
0

ke = (N — $)=/L.
Finally, we obtain

- (1) - tan _9_)]
(2kF> 5 W0 o) |

The first three terms of the energy shift for weak
interactions (or high density) are:

AE = kFg/’Ir _— %gz + g3/121rkp.

These three terms are identical with those ob-
tained by Bethe-Goldstone perturbation theory.?
Notice that all even powers but the second vanish.
The same formula also holds for the attractive case
g < 0, as is shown in a subsequent paper.

For strong interactions (or low density) the energy
shift is E = k7, or the energy required to add one
particle at the Fermi surface. This result would be
anticipated from the work of Girardeau,* who showed
that particles interacting with infinite strength delta

3B. Day (private communication) (to be published).
* M. D. Girardeau, J. Math. Phys. 1, 516 (19%3). )
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function potentials in one dimension have a Fermi-
like ground state independent of statistics.

V. EXCITATION SPECTRUM OF THE SYSTEM

There are two distinct ways to excite this system.
The first is the familiar way in which a noninter-
acting Fermi sea is excited viz., leave one of the
states of az = ctn 2z unoccupied and occupy a higher
state. If we characterize the excited states by the
total momentum %, where

k= (2/L) Xz,
the excitation energy of such a state is
Eex = ka.

A more interesting class of states is the class
which exhibits collective excitations, or those excita-
tions which depend upon the interactions. These
states arise when we consider solutions to az —
ctn 2 = const., where the roots occur on the same
branches of the cotangent curve, but subject of
course to the restriction that Z zZ; =nwork =
(2/L) 3_ 2; = 2nw/L. We can calculate the spectrum
for these states by first calculating the energy as
a function of the constant ¢ which appears in the
spectral law and then eliminating ¢ as a function
of k. We now imagine graphically solving the equa-
tion @z — ¢ = ctn 2, using the same branches of
the cotangent curves which were used in solving
for the ground state. In the same manner as before,
and to the same order of approximation we have
(withs=10,1,--- ,N/2 — 1)

2, = sx + ctn”! (sar — ¢)
for all roots z, > 0;
2, = —sr — ctn” (sar + ¢)

for all roots z, < 0.
Let us first calculate & as a funetion of ¢.

k= ©2/L) Xz

N/2-1

= (2/L) Y ctn™ (sar — ¢) — ctn”* (sar + ¢)

8=0
converting the sum to an integral we have

-2
~ Lax

2kF/a
k f [etn™ (z — ¢) — etn™" (z + ¢)] dz,

which may be written

2kF/9+e
k=L f tan™" u du.

2kFr/9—c
This integral may be done in closed form, and would
provide a transcendental relationship between ¢ and
k. Let us, however, focus our attention on the states
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of small ¢ (and hence small k) which will be the low-
lying states of this system. If we approximate the
integral for small ¢ we find

k = —(ge/x) tan™" (2kz/g).

This small ¢ approximation is internally consistent
because the first state of this type occurs when

22 = 3Lk = 7 = —(gLe,/2n) tan™" (2ks/g),
or when
.

gL tan™" (2ke/g)’
which means that the first solution of this type

occurs when ¢ is small even when g — «,
Notice that in the high-density limit we obtain

€

¢ = —arw.

The intercept of the line

@ =az— ¢
occurs when
z=¢/a = —n,

which means that in this limit the first excited state
2’s occur at the intersections given by the dotted
line in Fig. 1. We shall use this fact later to help
describe the wavefunction of these states.

Now we must calculate the energy as a function
of ¢.

E=@/L) X4
and, substituting for the z’s we find

N/2-1

> srletn™ (sar + ¢)

8=0

4 N/2—-1

=i—22

&=0

st 4+ %
+ ctn”! (sar — ¢)] + OL™).

Again the first term is the energy for a Fermi gas
of N — 1 particles. We must now calculate the
energy shift as a function of c.

N/2-1

AE(c) = —2—2 > srletn™ (sar +¢) + etn™* (sar — ¢)].

s=0

As before we change the sum to an integral

2kF/0
AE(c) = L_%z;f [z ctn™ (z 4 ¢)
+ zetn™' (z — ¢)] dz.

This integral also can be done in closed form, but
the closed form result is difficult to interpret. We
use a power series expansion in ¢ to obtain the
excitation spectrum in a simpler form which applies
where ¢ (and % also) is small. To zeroth order in ¢
we of course obtain the expression to the energy
shift which was calculated in the previous section.
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It is also easy to see that the first order term in ¢
vanishes. The second order term in ¢ is

862 2kr/9 $2 dx
AE,(c) = Lzaz‘”_j; a+ xz)z

= Lzagﬂ_ tan g g 1 + g2 .
Now we eliminate ¢ in favor of the total momentum
of the state.

2 2
AR, = B a2 — ?%/(1 + %iﬁ)

X [tan™ (2kz/g)]”?

Thus the energy of these excitations is quadratic in
the total momentum, which means that we can
identify an effective mass for these excitations from
the relation AE = 1/2m*Ek*. Thus the effective mass
of these excitations is

2 2 -1
=2 [tan-l &] [tan-l Zkx_ 2kn / (1 &)] _
‘n' g g g g

For weak interactions (high density) m* = 1,
the effective mass is thus just the mass of one of
the elementary fermions. For strong interactions
(low density) the mass becomes infinite and the
energy is independent of the total momentum of
the state, as would be anticipated because of the
Fermi-like nature of the wavefunction in the strong
interaction limit.

VI. DISCUSSION OF THE WAVEFUNCTION OF
THE SYSTEM
In order to describe the nature of the wavefune-
tion we must return to the rules for the calculation
of the wavefunction. The amplitude for the basic
plane wave in region 1 is

(12---N), =

The amplitude for this plane wave in any other
region is some phase shift times this amplitude.
If we ask for the relative probability that we can
associate the wavenumber k£, with particle 1 in
region 1 the answer is

|12+ -N),|* = 4sin’ 2.

Since the amplitudes in region 1 differ from the
coefficients in all other regions by only a phase shift,
the probability that we can associate wavenumber
k, with particle 1 is independent of the region.
Thus the relative probability that we can associate
k, with particle 1 1s

|- -)|* = 4sin’ 2, = P(z,).

t24

—2¢¢'* sin 2;.
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Notice that this number is of order unity when z, is
near nx/2 and small when z, is near nur.
In the ground state all of the z, satisfy the relation

az, = ctn z,,
thus
sin’ 2. = 12 _ 122= 122
* " 14+ ctn®z, 14 a% 1+ 4ki/g
hence

PR = ¢*/Gg" + k).

Thus, without attempting the formidable task of a
Fourier transformation, we have the rough inter-
pretation that the different particle has relative
probability P(k) to occupy any momentum state
within the Fermi sea.

The excited states may be shown, by the same
line of reasoning, to represent translations of this
probability by an amount K. That is the excited
state occupation probability is

Pk, K) = ¢°/[39" + (& — K)’].

Thus the different particle tries to drop to the
center of the Fermi sea, but the interaction makes
it advantageous for the particle to distribute itself
about zero momentum in momentum space. The
normalized distribution would tend to a delta func-
tion of k as ¢ tends to zero and becomes uniform
when g > 2kg. From the calculation of the allowable
values of the constant we see that the excited states
correspond to giving the different particle some
average velocity, and the excitation energy is pro-
portional to the square of that velocity. The effective
mass of the particle is, however, increased by the
interaction.

VII. PAIR CORRELATIONS IN THE
GROUND STATE

As a final example of the calculations which may
be made on this exactly soluble problem we con-
sider ground-state pair correlations. The most in-
teresting question is to ask the relative probability
to find any one of the spin-up particles in the vicinity
of the spin-down particle. We will try to calculate

p(xl’xz)_-:f...fdxa...dxlv

X Y*@, - zw) Y, -+ zN).

We choose z, arbitrarily, since all of the spin-up
particles are indistinguishable.
Let |345 - - - N| denote the Slater determinant
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tkazs 1 TEN tkaxs

e [ [
ec’lnz. eik‘z.
eo’kuzn e-’k;z.

We may now write the wavefunction as

¥ = [(12- - -N), ¢ &40 L (9].. L), gfhamsthien)]
X 345« -N| + [(312- - - N), gf Fozsthazo
+ (12---N), e"(k;zr*kaz.)] 1245' . ~N| T

in the region z, < x5, 23; 24 ++- 2y < 2, + L. If
we now form ¥*¥ and integrate over all of the
z’s but z, and z, each of the Slater determinants
are orthogonal in the large volume limit, because
they represent Fermi wavefunctions of different
energy. Furthermore each of these Slater deter-
minants have the same normalization.

We can simplify our calculation of the pair cor-
relations if we make no attempt to keep track of the
normalization of the wavefunctions and choose some
convenient normalization after we have the form
of the correlation function. If we agree to calculate
the correlation function in an unnormalized form
we see from the argument above that the entire
dependence on z, and z; may be calculated con-
sidering only the sum of the contributions for each
pair of &’s assigned to particles 1 and 2. A particular
elementary contribution would be

fuay, @) = [(12---N),|* + |@1---N),?
+ (12---N),(21---N)} ot (kamka) (z=z2)
+@1---N),(12-- _N);ke—t'(h-k.)(n—z-)’

which is only a function of z, — z,, as expected.
Let us now calculate the unnormalized correlation
function by putting in the explicit values of the
amplitudes obtained from the wavefunction rules.
If welet x = x, — . we obtain

@) = L X o = z:z [4 8in 2, + 4 sin® 2,

— 4¢e* ¢ ' ging, sinz, € *TY*

— 47" ¢**t ging, sin z, ' F 77,

where the sums are understood to be over occupied

states of z. This sum may be rearranged so as to read
2

N N
flz) = 4N D sin’z, — 4 |2 e** sine, 7| .
a=1 a=1
Again we use our large-volume formulas for the 2's
in the ground state

2 = sx + ctn”' sar, s=0,1,--- ,N/2 — 1,
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—sr — ctn”? sar, s=0,1,---N/2 — 1.

Making this substitution into the first term of f
leads to

zZ, =

N . 2 N/2~1 1
f,=4N§Slnz.=8N.Zom
8N ¥ _ 8N, 2ks
T oar Jo yz+1dy"a1rtan g

Now we calculate the second term, making use
of the relation

k, = 22,/L
N/2-1 - x
f2x) = 4| 2 e sinzl exp 215sz
a=0
N/2~1 L _ P 2
+ D €™ sing, exp 2z f\ ,
+=0
substituting for the z,
N/2-1 z L
=4 D —  exXp 2 I (s 4+ ctn™' sar)
N/2-1 T 1 2
P DRl Zzz(sr+ ctn™ sam)| .

The term in the exponential which involves the
inverse cotangent is negligible to order 1/L. We may
thus write a single sum

N/2-1 2
.z
. exp 2tsw I

s=—N/2+1 AT — 1

fz(x) =4

H

which may be converted to the integral

1) = 2

aw

2

2k¥/ g 1
f -t dy| |

—skwsg Y — L

finally we may write the normalized correlation
function

p(x) 1 — fi(x)/fx

1 — [(8kr/g) tan™" (2k=/9)] "' Q*(@)Q(),

i

where

2k¥/9

W@ = [ Sdeay,

—2kwg Y T O

This entire calculation of the ground-state pair
correlation function has assumed that we are in
region 1 where z, < z, or x < 0. If we were to
calculate the same function in region 2 where z > 0,
we would find that we would have the reflection of
this function about the point # = 0. This is not
difficult to show from the rules for calculating the
wavefunction in region 2. We must recognize, how-
ever, that this explicit form of the correlation func-
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tion requires that < 0. This requirement on z
implies that any contour integration must be closed
80 that Im y < 0 which excludes the pole at y = .

The function Q may be written in terms of
tabulated functions, but these functions are not
particularly familiar, so let us discuss first the low-
and high-density limits.

For low density (¢§ — =), y may be neglected in
comparison to % over the entire range of integration
and one obtains

2

]

2kp/g .

1: f e}mzv dy
—2kp/v

=1 — (16ks2/¢")”" |44 sin krz/gz|’.

= 1 — |(sin ke2)/ksz|?

This result again would be anticipated from the
work of Girardeau, since this is just the one dimen-~
sional analog of the “Fermi hole.” In the opposite
extreme {g — 0) we may approximate

1 — ([8kx/g 'Zkr/g]—l)

Q= -2 f sin (gz)/y dy = 2i-si(ks2)
2k¥/2
which leads to

p =1 — (g/ksm)[si(kxz)]’

The complete form of @ in terms of the most
generally available tabulated function® is

Q(z) = i [E\([g/2 — ikslr) ~ Ei([g/2 + ik=]a)],

where

&
E@ = ‘/; by du.

Figure 2 shows a plot of this correlation function in
the two extreme cases.

As one would expect, the stronger the potential
the more the ground-state pair correlation deviates
from background. As a measure of the depth of the
deviation from background we can calculate the
value of the pair correlation function where z = 0.

w = [

~2kwse Y T

= 2{tan”’ 2kx/g;

2kr/0 1

dy

thus,

p(0) = 1 — (g/2ks) tan™" (2ks/g).

The width deviation from background may be
estimated by calculating the first zero of @(z). This

8 Tables of the Exponential Integral for Complex Arguments
{National Bureau of Standards A%.ulied Mathematics Series),
(U. 8. Government Printing Office, Washington, D. C,,
1958), Vol. 51,
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Fra. 2. Normalized ground-state pair correlation functions.

first zero is found to lie between krz = 1.9277
(small-strength limit) and ksz = = (large-strength
limit). Thus as the strength of the interaction
decreases the deviation from the background be-
comes shallower and narrower.

VIII. DISCUSSION OF RESULTS

The introduction of a single spin-down fermion
into a Fermi sea of N — 1 spin-up fermions has
been shown to cause an energy shift which depends
upon the interaction strength. It is always true,
however, that the total ground-state energy of the
N particles lies between the ground-state energies
of N and N — 1 fermions of the same spin in the
same size box. Therefore it is an energetic advantage
to have one of the spins reversed. It has been shown
to be more of an advantage to reverse the spin of
two particles,’ and in fact the ground state of the
system with N particles should have N/2 spin-up
and N/2 spin-down. It is hoped that the results
of this paper will provide some sort of a first step
towards solving this important problem.

In a subsequent paper we will extend our results
to the case of an attractive potential which is
considerably more complicated, and also more in-
teresting because of the presence of a bound state.

¢ E. Lieb and D, Mattis, Phys. Rev, 125, 164 (1962).
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Statistical ensembles of complex, quaternion, and real matrices with Gaussian probability distri-
bution, are studied. We determine the over-all eigenvalue distribution in these three cases (in the
real case, under the restriction that all eigenvalues are real). We also determine, in the complex case,
all the correlation functions of the eigenvalues, as well as their limits when the order N of the matrices
becomes infinite. In particular, the limit of the eigenvalue density as N — « is constant over the

whole complex plane.

INTRODUCTION

N order to obtain a theoretical description of
highly excited regions of heavy-nuclei spectra,
several authors'~® have developed a theory of statis-
tical matrix ensembles. The energy levels are the
eigenvalues of the Hamiltonian H, which is regarded
as an Hermitian matrix of very large order N. In
the absence of any precise knowledge of H, one
assumes a reasonable probability distribution for its
matrix elements, from which one deduces statistical
properties of its spectrum. An important simplifica-
tion followed the introduction of unitary instead of
Hermitian matrix ensembles.* However, the physical
origin of the problem—more precisely, the need to
interpret part of the spectrum of a matrix as part
of the energy spectrum of a physical system-—has
restricted the attention to matrix ensembles whose
spectrum is contained in a one-dimensional line of
the complex plane (the real axis for Hermitian, the
unit circle for unitary matrices). In the present paper
we study the eigenvalue distributions of matrix
ensembles for which any point of the complex
plane may belong to the spectrum. Apart from the
intrinsic interest of the problem,® one may hope
that the methods and results will provide further
insight in the cases of physical interest or suggest
as yet lacking applications.
The definition of matrix ensembles consists of
two parts:

(1) The definition of an algebraic set of matrices
Z. We shall consider: C, complex N X N matrices;

* Permanent address: Laboratoire de Physique Théorique
et Hautes Energies, Orsay, Seine et Oise, France.

1 E. P. Wigner, Ann. Math 53, 36 (1951); 62, 548 (1955);
65, 203 (1957); 67, 325 (1958). .

2 C, K. Porter and N. Rosenzweig, Ann. Acad. Sci. Fen-
nicae. Ser. AVI. No. 44 (1960).

3 M. L. Mehta, Nucl. Phys. 18, 395 (1960); M. L. Mehta
and M. Gaudin, 1bid., p. 420.

4 F. J. Dyson, J. Math. Phys. 3, 140, 157, 166 (1962).

s ¥, J. Dyson, J. Math. Phys. 3, 1199 (1962).

¢ F. J. Dyson and M. L. Mehta, J. Math. Phys. 4, 701,
713 (1963).

Q, quaternion N X N matrices; R, real N X N
matrices. The order is that of increasing difficulty.
These are the Z’s of Dyson’s classification (Ref. 5,
especially Theorem 7) and they can be characterized
as the only irreducible matrix algebras over the real
field [Refs. 5, 7 (especially Chap. 3)].

(2) The choice of a measure or probability dis-
tribution on Z. Z is a finite-dimensional vector space
over the real field. The linear measure du; which
suggests itself naturally, is not suited for a prob-
abilistic interpretation, for the measure of the whole
space is infinite. We choose instead

du(S) = dur(S) exp [—(1/4¢®) Tr 8'S]  (0.1)

(S generic element of Z, a = real positive constant)
which satisfies the two properties:

(i) It is invariant under the adjoint representation
of Zy, where Zy is the group of unitary matrices
in Z. More precisely, for any U & Zy,

du(S) = du(U'SU).

(ii) The matrix elements of S are statistically
independent.

These two properties are likely to determine du(S)
uniquely.®> We study the three matrix ensembles
thus obtained Z¢, Zq, and Zy in Sees. 1, 2, and 3,
respectively, with decreasing success. We obtain for
Zs the over-all eigenvalue distribution and all the
correlation functions of » eigenvalues (1 < n < N);
for Zq the over-all eigenvalue distribution only;
for Zy the over-all eigenvalue distribution in the
restrictive case where all eigenvalues are real.

1. COMPLEX MATRICES

Z is the algebra of complex N X N matrices
S = (8;;). The linear measure is defined by

dur(8) = II dS.; dSs, (1.1)

7 H. Weyl, Classical Groups (Princeton University Press,
Princeton, New Jersey, 1946).
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wheredzdz*means 2dzdyifz = x + iy, 2* = z — y.
du(S) is defined by (0 — 1).
From now on, we take 4¢® = 1. We define the

eigenvalue distribution Py(z,, - - , 2y) by
N
£ duS) = Poter, -+, 2) Tl decdet,  (12)
i=1
where z; (Z = 1, ---, N) are the eigenvalues of the

generic element S & Z.

f means: for fixed (z;), integration over all other
variables. We now compute Py. Any 8 & Z with
distinct eigenvalues (we forget matrices with two
equal eigenvalues, which form a set of measure 0)
can be diagonalized

S =XAX™, 1.3)

where A is diagonal with 4;; = z;, and X is regular
and is defined modulo multiplication on the right
by any eclement of the commutator @ of 4. @’
consists of all complex diagonal matrices. The cor-
respondence S — (4, X mod @) is 1 — N! because
there are N! ways to order the eigenvalues.

Infinitesimal variations d4, dX of A, X produce
a variation dS of S

dS = X(dA + [dR, A])X, 14
where dEB = X 'dX. From (1.4) and the invariance
property: dur(S) = dur(XSX™') for any regular
X € Z, we get
dun(S) = 1 e, d% T1 [dR, A1, l4R, A1%,

#i

II lz: — 2|* II dR:; dRX.(1.6)

i<ji TF

(1.5)
dML(S) = H dz; de%
We substitute (1.6) into (1.2) and get

1
Py, -+ e = g L e —2l* 7, @)

i<y

where

J = f TI dB.; dR% exp [—-Tr S8'S].  (1.8)

1]
duo(X) = []:.; dR:; dR} is the invariant measure
on the group GI(N, C) which we note simply G
and []..; dR:; dR} is the quotient measure on
G/@ (which is not a group). We need the following

Lemma: Any X € G can be written in one and
only one way as

X =UYV, (1.9)

where U is unitary (U & Zy), Y is triangular
(Y;; =0fori>j,and Y;;, =1@E=1,--.,N).
The set of the matrices with these two properties
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is a unimodular subgroup Y of G. V is diagonal
with real positive elements. The set of these matrices
is also a subgroup U of G.

(In other words, we have decomposed G as the
product of three subgroups Zy, %, and ©. None of
them is invariant and this decomposition has no
simple algebraic property. However, it will provide
a useful decomposition of du,(X).

Proof: Any set X* (e = 1, --- , N) of N linearly
independent vectors can be brought by a unitary
change of basis into a form where the components
X satisfy X9 = 0 for j > a. We apply this to the
column vectors of X and obtain X = U,Y, with
U, unitary and Y, triangular. ¥, can then be written
as Y, = U, YV with Y and V as above and U,
diagonal and unitary. Therefore X = UYV with
U=UU; If now X = UYV = U'Y'V’, then
B = U7'U = YV'V'Y™ is unitary (left-hand
side) and triangular with real positive diagonal
elements (right-hand side); therefore B = 1, and
the decomposition is unique.

We now change the variables in du.(X) from dR
to dU, dY, dV. We start from

dR = X'dX = V'dV + V'Y 'dY V
4+ V'YT'UT AU YV, (1.10)

The first term contributes to the real part of the
diagonal elements; The second term, to the dR.;
with ¢ < j. In the third term, dL = —:U 'dU is
Hermitian. From ¥ € 4, Y™' € 4 it follows that,
for ¢ > j,

(Yh—l dL Y),-,- = dL.',' + (Iinear combination of del

with £ — 1> ¢ — ). (1.11)
It follows from these remarks that
duo(X) = dpo(U) duo(Y) duo(V),  (1.12)

where

duo(U) = I dLi; dL¥ T dL.. =

£>7

I14L,;, .13)

duo(Y) = [I (Y71 dV)i(Y a7, (1.14)

i<7

du(V) = I1 @V av.), (1.15)

are the invariant measures on Zy, Y, and ‘U respec-

tively. We need the quotient measure on G/@’,
TI dR.; dR% = du.(Q)/du.(a").

i

(1.16)
@’ is the direct product of U and the group U, of
unitary diagonal matrices, with

dﬂo(a' = dl-‘o(‘uo) dpo(’O). (1-17)
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We now come back to (1.8). From (1.3)
Tr 8'S = Tr A'HAH™, (1.18)

where H should be X*X. But V commutes with 4
and therefore disappears, as expected, which enables
us to take H = Y1Y. We then get from (1.8), (1.12),
(1.16)

J f d#o(‘u»o)

= [ exp [~Tr 8'8] din(¥) duo(Y)  (1.19)
or

- (2‘1’:’” [ e [-Tr 8'S du®), 120

where (27)" is the volume of U, and @y = [ duo(U)
is the volume of Zy. We next perform a last change
of variables from ¥ to H. Any n X n upper left
block Y, of any ¥ € % has determinant 1. This
implies that the jacobian of the transformation from
(@Y);; to (¥Y7'dY),; is 1. Therefore

duo(Y) = [[ dY.; dY 2.

1<i

(1.21)

H is defined by H = Y'Y or more explicitly

H; =Y+ Z Y&Y,; for 1 < j
ket (1.22)
H,; =YX+ E YrY,; for ¢> 4.

k<i

Each n X n upper left block H, of H can be defined
by H, = Y.Y,. Therefore det ¥, = 1 determines the
diagonal elements of H, by the condition det H, = 1.
Each diagonal element of H is then defined (by
induction) as a polynomial with integer coefficients
in the nondiagonal elements.

It follows immediately from (1.22) that the cor-
respondence Y — H is one to one and that

du(Y) = J] dH:; dHX = T] dH.;.

i<q i

(1.23)

We now perform the integration over H in N steps;
each one consists of integrating over the variables
of the last row and column of H, and brings back
to the original problem for matrices of order smaller
by one unit, obtained from the original ones by
removing the last row and column. The proof rests
on a recursion formula which we now derive:

Let H’, A’, etc. be the relevant matrices of order
n; H, A the matrices of order n — 1, more precisely
the (n — 1) X (n — 1) upper left blocks of H’, 4°.
Greek (Latin) indices run from 1 to n (n — 1). From

JEAN GINIBRE

det H" = 1, it follows that Hj;' = A’ where
Al is the minor (o, B) of H'. Similarly H;} = Ay,
where A,; is the minor (¢7) of H. Now let

¢, =Tr 8"'S" = Tr A"H'A’H'™?

= Zﬁ: Higzt254%5. (1.24)

We separate the last row and column; let e = (g;),
t=1,---,n — 1, where ¢; = H/,. Then
2
b = [2]* Hin — 2. 2 2%ty — 2% D e¥zielyy
.k 1.k

+ > H.p*e,(HLA;; — etedt),

$.0.k,1

(1.25)

where A%} is the minor of H obtained by removing
the rows ¢, £ and the columns j, I. From det H' =
det H = 1, we get

H,’m = 1 + Z e"{ekA“. (1.26)
k,1

Substituting in (1.26) and using the elementary
identity
A% = AyAn — AgA,, (1.27)
we get, after straightforward algebra,
$n = l2al’ + us
+ (e*| HT'(A" — HH(A — 2)H ™ |o), (1.28)
where

(e*l B le) = I; eﬁB“;e],. (1.29)

We now substitute (1.28) for n = N into (1.20)

and get
Q
= (27:)IN f exp [— |szl2 — ¢n-1]
N—-1
x I dH.; dHX f 11 de de
I<jEN~-1 i=1

X exp [—{¢*| H'(A"—2%)H(A —2zx)H™" |e)]. (1.30)

The last integration is straightforward and gives
N-1
(QW)N—I[H le: — ZN|2:|
1

The same procedure can be repeated N times and
gives

J = 2@ ] fa - 2T

i<J

X exp l:— “é |z;]2}. 1.3D

Qy is easily computed.* With the normalization

-1
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(1.13), we get

Q= eV VU212 . (N — DL (1.32)
(1.31), (1.32), and (1.7) then give
2 N(N-1)
PN(zl, e ;ZN) = 1(|21;’) II lzt - i
X exp [— 20 [, (1.33)
Py is normalized according to
[ Pater, -+ 2 T1 e e
= [au® = @™, 39

which follows from (0.1) and (1.2) by direct computa-
tion. This suggests to define

PuCer, -+ yzy) = (120 - 12T T los — 2
X exp [— 2 2] (1.35)

with the normalization
fPN(zl, oo o) [T desdet = 1. (1.36)

We next determine the n-eigenvalue correlation
functions which are defined (Ref. 4) by

PN(ZI, ] zn)
_ N 1 .
= (N — m)! fplv(zl, cee, 2y) ‘.Hl dz; dz%, (1.37)
and normalized according to
- -
Cdt o

f pN(zl) 1 zn) ‘I-Il dzl dz1 (N _ n)! (1.38)
Now
Il G — 2) = det i)
i<y

= 2D (AT T (139)
where IT is the permutation (1,- -+, N) — (py,- - -, Pw).

Each term of the expansion of the right-hand side
is multiplied, in Py, by a similar term in z* and
integrated over N — n variables z; = r;*’* in
on{z1, *+++ , 2,). The angular integration gives zero
except if every 2; over which one integrates occurs
with the same power p} as the complex conjugate
z*. The subsequent integration on r; then gives

[ a0y e (=) = pit.

From this remark and from (1.35), (1.37), px(z,,
-, zy) is obtained as follows:
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Choose a set of N — n exponents (pf), i.e, N — n
integers between 0 and N — 1, which are to be
distributed among the integration variables
Zasry © 0 2

Distribute them among these variables, which
gives a factor (N — n)!and cancels the corresponding
factor in (1.37).

Integrate over the N —n angles 6; (¢ = n + 1,

, N), which gives a factor (2x)¥™".

Integrate over the N — n variables |z;| = r,
which gives one factor p}! for each p} and cancels
the corresponding factor in Py.

Distribute the remaining set of exponents (p,)
[i.e., the n integers between 0 and N — 1 not taken
as (p?)] among z,, --- , 2z, and 2%, - - - , 2% separately.

Sum over all possible such distributions, after
multiplying by the two sign factors which come
from the expansion of the original determinants.

Sum over all possible partitions of (0, --- , N — 1)
into the two families (p.) and (p%).

Note that N!in the definition of py cancels 1/N!
in the definition of Py. We then get

PN(zl) Ty Z,,)

- (211r)" P [* Z} |z,.|2:| det (D.;),  (1.40)

where

E(zz*)p ('L;.7= i, .- ;n)-

=0

(1.41)

When N — o, the correlation functions tend to
well-defined limits

p(zly vt Z,,)

e
X oxp | 32 ll* | det foxp (n).

We now consider in some detail the eigenvalue
density in the complex plane

px(2) = 21—T exp [~ [z]] N}:t J%I:,—

Its limit for N — « is a constant: p(z) = p = 1/2r.
px(2) is normalized according to [ py(2) dz d2* = N.
One verifies directly that each term in the last sum
in (1.43) contributes 1 to this integral. py(z) is
invariant by rotation around the origin, as was
obvious from the symmetry of the problem. Let

= [2]. The last sum in (1.43) is the beginning
of the expansion of exp 7* in powers of 7. Therefore,
for r* K N, py(2) =~ p and for * >> N, pn(2) =~ 0.
More precisely, elementary bounds on the expo-

(1.42)

(1.43)
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nential series give

T2N N + 1
1 —2rov@) S exp (=) piy T =
for »”* < N, (1.44)
o N
2w pnle) < exp (—1 ) 172+ 1 —~N
for * > N. (1.45)

Forr = N* £ 4, 0 < u < 1 < N, the leading
term in the right-hand side of (1.44) and (1.45) is
exp (—2u?)/2u(2x)!. This gives a sharp fall of py(2)
from p to 0 when 7 varies in an interval of order 1
around N*. As a consequence, the number of eigen-
values in the “tail” of the distribution, defined as
N = [ o) dedet (1.46)
lz| >N}
is proportional to N*. More precisely 8N =~ (N. /2m)}
for N > 1.

Electrostatic Analogy

The electrostatic model introduced by Wigner®
and Dyson* can be extended to the present case.
Consider N unit charges in a two-dimensional space,
which is taken as the complex plane of the variable z.
The positions of the charges are 2, - - - , zy. Suppose
that the charges move in an harmonic oscillator
potential L |z centered at the origin. Then the
potential energy of the system is
Ui, -+ ,2v) = _Z log |z; — 2]

1 2

The probability distribution of the positions
2y, *** , 2y when this Coulomb gas is in thermo-
dynamical equilibrium at the temperature I’ is
proportional to exp [—BU(z, -, 2y)] (where
= 1/kT). For g = 2 this is proportional to Py.
Therefore the distribution of eigenvalues of a
random matrix § € Z; is identical with the dis-
tribution of the positions of charges of a two-dimen-
sional Coulomb gas in an harmonic oscillator
potential, at a temperature corresponding to 8 = 2.

(1.47)

2. QUATERNION MATRICES

Z is now the algebra Zg of N X N @ matrices,
i.e., matrices with coefficients in the quaternion
field Q. Q can be represented as a two-dimensional

8 B. P. Wigner, Proc. 4th Can. Math. Cong., Toronto,
1959, p. 174.
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complex vector space.’ This representation associates
toany N X N @ matrix a 2N X 2N complex matrix.
The image of matrices in Zq are characterized by

(T =T, 2.1

where * means complex conjugate and ¢ is a direct
sum of N 2 X 2 blocks of the form (7). (These
matrices are quaternion real in Dyson’s notations.*)
The group Zy of unitary matrices in Z is charac-
terized by (2.1) and T'T = 1, and satisfies therefore
also T7¢T = ¢, where T means transposed. Zy is
the symptectic group Sp(N). Let 8 € Zg. We first
look for eigenvalues of S in @, i.e., for A & Q and
vectors » € Q" such that Sv = v\. (The product
of a vector € Q" by a scalar \ is the product by A
on the right.’) Now,

Lemma: If X € @ is an eigenvalue of S, then
« "\p is also an eigenvalue of S for any p # 0,
u € Q. In fact,

Sv = v\ implies S(w) = vu(e "), 2.2)

Therefore the eigenvalues of S in @ constitute
orbits, each of which is the set of quaternions
obtained from one A & @ by the internal auto-
morphisms A ~— x”Ax (which are simply three-
dimensional rotations of the imaginary part).
Consider now a subspace of @ isomorphic to C.
This subspace intersects every orbit in two points
which are complex conjugate in C (this means
simply that in the three-dimensional space of purely
imaginary quaterernions, we consider the intersec-
tion of a sphere with one of its diameters), and these
two points determine the orbit completely. Therefore
all possible information on the eigenvalues of a
@ matrix in @ can be obtained from the eigenvalues
in a subspace C of Q.

From now on we use only the 2N X 2N complex
representation of the matrices of Zg, and study their
(complex) eigenvalues in the ordinary sense. One
verifies directly the above mentioned result, namely
that due to (2.1), the eigenvalues of any S & Zg4
are 2 X 2 complex conjugate. Forif Sv = z», 2 & C,
v & C* then Sy = ¢a, or S({v*) = 2*(fv¥).
Moreover, the eigenvector associated with z* can
be taken to be {v*. We shall need the following

Lemma: If 8 € Zg, and if all eigenvalues of S
are distinct, then S = XAX ™', where X, 4 € Z,,
and 4 is diagonal.

In fact, S can be diagonalized as a complex
matrix. One can take A as a direct sum of 2 X 2

9 C. Chevalley, Lie Groups (Princeton University Press,
Princeton, New Jersey, 1946).
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blocks

[z‘ 0], G=1,-,N).

0 2%

Therefore A & Zq. The column vectors of X are
the eigenvectors X* of S. One can take X =
¢XH™ = 1, --- , N), which is equivalent
to X & ZQ.

We now define measures on Zg. The linear
meagure is

dur(S) = H dsS;;. 2.3)
[Note that because of (2.1), the factors in (2.3)
are 2 X 2 complex conjugate.]

du(S) = dur(S) exp [-3 Tr 8'S].  (2.4)

The coefficient 3 is intended to achieve greater
similarity with the previous case and to compensate
for the artificial doubling of the dimension of the
matrices.

P, is defined by (1.2). The first step in its calcula-
tion is the same as previously and leads to

N
dur(S) = H 2 — zﬂz H e — zil4 e; — z"il‘
i=1 <3

N
X [1 dz: de* 1I dR:;

i=1 i#f

with dR = X~'dX, and therefore to

2.5)

1 N
PN(ZI; frr, zN) = (leN) ,I;Il (Z,' bt Z",‘;'Z
X Il — 2l s — 37,  (2.6)
1<y
where now

7 = [ T dR, exp (~3Tx S'S1.

2.7)
(£ 51 ‘
The factor 2" in (2.6) comes from the exchanges
2; <> z% du(X) = ]];; dR.; is the invariant
meagure on the group G of regular elements in Zg
and [[..; dR.; is the quotient measure on G/@’
where @ is the commutator of A in Zq. Any X & G
can be decomposed as previously as a product
X = UYV where U is unitary, ¥ is ftriangular
(Y;; = 0for 7 > j) and satisfies Y,; = 1, and V is
diagonal with real positive elements. Moreover, it
follows from (X = X*¢ that

B = Y*ViV'Y T = UxiU 2.8

is unitary and antisymmetric (right-hand side), and
has nonzero elements only in 2 X 2 blocks along
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the diagonal (comparison of both sides). From this
and the condition V;; > 0, it follows easily that
B = ¢. Therefore U € Zy(CZg). It then follows
that Y and V belong to Zq. In particular,

V2i—1.2i—l = V2i,2i
and

Yz.'.zi—x = Y2i—1.2|’ =0 ('i = 1: ,N)-

The same argument as previously then leads to

(2?5,, f exp [—% Tr s*s} du(Y),  (2.9)

where Q; is the volume of the symplectic group and
is defined by

%= [ 4@ = [ [T, @10
and )
du(¥) = J1 (¥ )iy = Il ¥y,  (2.1D)

where the product extends over the elements
1<4, 060 # @2 —1,2kfork=1,.--,N. We
next change the integration variables from Y to
H = Y'Y. Then

du(Y) = H dH ;, 2.12)

where ][] has the same meaning as in (2.11). We
integrate over H in N steps as previously. We first
derive a recursion formula analogous to (1.28).
H’, 4’, etc. now denote matrices of order 2n, A’ are
the minors of H'. H, A are the 2(n — 1) X 2(n — 1)
upper left blocks of H’, A’. A are the minors of H.
From H' & Zg and H' = Y''Y’, it follows that
the 2 X 2 diagonal blocks of H” have the form

0 &
In particular,
Hén—lﬂn—l = Hén.zn = hn-
Let

e = (e),

where ¢; = H/ ,,., and ¢/

e =(@) [i=1,--2n— 1)]
= H’ , . Then

i,2n°
e = e*. 2.13)

The diagonal elements of H’ are defined by the
condition that all upper left blocks of H’ have
determinant one. In particular,

h, =1+ Ze";e,-A,-,—, (2.14)

ha = 14+ D etel(habi — D e*eA¥).  (2.15)
k,1 .7
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(2.14) defines k, and (2.14), (2.15) give an identity
between e, ¢/, and A.

; (eher — et'ed)Au
= Z e?"e;ie,’;'e,’(A“Akl

LRI 294
Now from (2.13) and H™' & Zg, it follows easily that
(| H™ |e) = (*[ H |e), (2.17)
€| H ' le) = —(e*| H ' le)*.  (2.18)

The notation is that of (1.29). From (2.17), (2.18),
and H7} = A,;, it follows that both sides of (2.16)
are zero, and (2.16) reduces to

| H |e) = (*|H |¢') = 0.

— A¥). (2.16)

(2.19)
Let now
é. =Tr A"H' A’TH'™.

We separate the last two rows and columns of the
various matrices by applying (1.28) twice.

¢n = ¢n—l + 2 lzﬂl2

+Ae*| Ule) + (™| Vi),  (2.20)

where

U=H?"A"—HHA — z)H  (2.21)

and
Vi = 2 []® — 22 — 2%20*)[h.Au — efe.Al))
= X LAY — Al
- (Ayh, — A:z/‘e}kee)AH]
+ 2%z, + 2%2)ete (AN — AyAw)

(summation over all indices ¢, f, 7, 7).

(2.22)

In (2.22) some terms have cancelled out because
of (2.16), (2.19),and the 2! [ = 1, -+, 2(n — 1)]
are the (z,, 2%, 25, 2%, -+ -, Z,-1, 2%,) in that order.
We next substitute (2.14) into (2.22). After some
straightforward algebra involving repeated use of
(2.13), (2.17), (2.19), (1.27) and its analogue for
ef

A%y
the terms of fourth order in e, ¢’ cancel out and
we get

b = bn1 + 2 |2+ 2e*[ U le).  (223)

The integration over ¢ runs exactly as in the complex
case and gives after N successive steps

J = 22"V IT e — 2 oo — 2717
11

$<is

X exp [— é lz.-lz]. 2.29)
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Q, is easily computed.* With the normalization
(2.10), we get

Qg = o)V YV /1131 ... (2N — D
(2.6), (2.24), and (2.25) give
Py, -+, 2v) = [@0)"V V2N - N —1)Y]

X INI lz: — 2%]* H lo: — 2" |2 — 2%]°.  (2.26)

i=1 I<{SN

(2.25)

Py is normalized according to

[ Pt -

which follows from (2.4) and (1.2) by direct computa-
tion. By analogy with (1.35), we define

Py, -+ ,2y) = [@0)"NILIBY --- @N — DY
x op |~ Lo

X =2 Il =l e — 3P, @28)

i=1 I<i<N

y2n) [ de: de% = @)™, (2.27)

which is normalized according to (1.36).

The determination of the correlation functions
appears to be considerably more difficult than in
the complex case, and the electrostatic interpretation
of Py breaks down.

3. REAL MATRICES
Z is now the algebra of real N X N matrices
8 = (8;;). The linear measure is

dﬂL(S) = H dS-'i- (3-1)
The eigenvalues of S now consist of » complex-
conjugate pairs (0 < 2» < N)and ¢ = N — 2»

= Z¥  fori=1, ...

real numbers: z,; , v and
z; real for ¢ > 2.
We define Py (z,, +-+ , 2y) by
N
Fau®) = Piter, -+ ,z) Tl 32)

i=1

where f has the same meaning as in (1.2).

Any S with distinct eigenvalues can be diag-
onalized: S = XAX™". A is diagonal with 4, = z,.
X is regular. Its first 2» column vectors X° are
2 X 2 complex conjugate and the last ¢ are real:

X¥ = (X% for 1<j<w
and
X' = X'*

for 7> 2v. 3.3)
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X is defined modulo multiplication on the right by
any element of the group W of diagonal matrices
W which satisfy:
Wzi.zi = W;‘i—x.zi-x for 1< i<y
and
IIrij = ]47;$ fOr j :> 2V.

The correspondence § — (4, X mod W) is 1 —
pI(N — 2)12". From (1.4) we get

dus(S) = ] dz: II (4R, Ass,
where dE = X 'dX or
. dM.L(S) = H dz.- H ]z.' _ Z,'Iz H dR.','.

i7#]

(3.4)

3.5)

Therefore

Pz, -+, zn) = N — 2)12777 I lee — 2",
- (3.6)

where '
J= [ Ry e [T 8’8 (B7)

7]

We define a measure on the set X of the X which
satisfy (3.3) by

duo(X) = H dR,;; (3.8)

X is not a group. However the relation: X, >~ X,
iff X7'X, € W is an equivalence relation in <.
We pick one element X, in each class. Then any
X € X can be written as X = X ,W in one and only
one way. Then

dR = X'dX = W'dW + WX,  dX, W (3.9)
implies

d#o(X) = d#o(VV) LI dR-‘i; (3-10)

where
N
dﬂo(W) = I]; (W—l dW)ii

is the invariant measure on W. W is the direct
product of the subgroup U, C W of matrices U,
which satisfy

(Uosicr.2i-1 = (Udlio; = €' for 1 <j<»
and
(Uy)ii = £1 for j> 2
and the subgroup U of real positive matrices V &€ W:
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Vzi.zi = V2£—1,2i-1 for 1 S ] S v,
V,','>0 for IS]'SN.
Furthermore,
dﬂo(m = dl-‘o(V) dﬂo(Uo), (3.1)
where
du(Uy) = H1 dé;, (3.12)
» N :
d#o(V) = H2V2—i1.2i AV H V?} av; (3-13)
i=1 jm2y+1

are the invariant measures on U, and 0.

Note also that the sum over the 41 of the N — 2»
last diagonal elements of A, will result in a factor
2Y=*" in the volume of this group.

We next introduce a representation where only
real matrices appear. Let £ be the unitary matrix

=625 Do

where @ means direct sum. Then X’ = X¢ is real.
Furthermore

duo(X') = H X' dX")ii = dpo(X).

(3.14)

(3.15)

X’ can be written in one and only one way as
X’ = 0YV’ where O, Y, V' are real, O is orthogonal
(proper or not), Y is triangular (ie., Y,; = 0 for
1> j) with ¥;; = 1, and V' isreal > 0 and diagonal.
Then it follows from

X'7dX = VAV 4+ VY T Y v

+ VY0 dO)Y V! (3.16)
and from (38.15) that
dpo(X) = duo(0) duo(Y) du(V")  (3.17)
where
due(0) = I<I (07" dO)y;, (3.18)
duo(V) = IL (¥ av), = [T a¥a,  (3.19)
du (V') = H Vit dVi. (3.20)

V¥’ can be decomposed in one and only one way as
V' = VT where V € U and

r=9 O)@n. e
with

duo(V') = duo(V) duo(T), (3.22)
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where duy(V) is defined in (3.13) and

duo(T) = IIl dt;/t;.

We now come back to (3.7). Now Tr 8'S = Tr
AtHAH™, where H should be X'X = tX'1X't.
However, due to X’ = OY VT and the fact that V
commutes with both ¢ and A, one can take H =
£H'EY, where

H =TY'YT (3.23)

depends only on Yand 7. We now introduce in
(3.7) an extra integration over U, and make use
of (3.10), (3.11), (3.17), and (3.22). We obtain

Q
J=—"
(2‘”_)12N—2v
X [ exp [~Tr 8'8) duo(¥) dilT),  (3.29)
where Q, is the volume of the full orthogonal group
and (27)’2"¥"" is the volume of U, Now it follows
from (3.23) that
duo(Y) = I] dv; = T] d(¥'Y),; = ] dHY;, (3.25)
i<i [£4] i<qi
the Jacobian of the last transformation being
(det T)*™' = 1. Finally,

Q
J = —
(27r)v2N—2r

X f exp [—Tr 8'S] 1 dH%; I de/t;.  (3.26)
i<y i=1

It follows from (3.23) that the 2j — 1 X 2§ — 1
(or 2§ X 2j) upper left blocks of H’ have de-
terminant 2 (or 1) for j = 1, -+ , » and that the
j X j upper left blocks have determinant 1 for
§ > 2v. Independent variables are therefore the H/;
withi < jyort =j =2k —1fork=1,---,n
The other diagonal elements of H’ are determined
in term of them by the previous condition.

We now come back to the original complex rep-
resentation and express the differential element in
(3.26) in terms of H alone. One can replace [ | dH/;
by the corresponding J] dH.; except perhaps for
the first 2 X 2 blocks along the diagonal.

If @ 13) is the jth such block in H’, the correspond-
ing block in H is (. }), where u = 3(a + ¢), { =
1(a — ¢) + ib. From (3.23) it follows that a = t}a’
and ¢ = %, where a’, ¢’ depend only on Y, as
well as b. In particular, for fixed ¥:

dt, da

2?=~;=_c

gi_c=d(a—c)‘

a+tc

JEAN GINIBRE

The contribution of this 2 X 2 block to the dif-
ferential element in (3.26) is then easily seen to be
db dt;/t; = d¢ d¢*/4u. Therefore

Q
J=—1h
2¥(2r)

f exp [—Tr 8'S] du(H),  (3.27)

where

1<q

d#(H) = H dH;; H (HZi.2i)nl dH; 21 (3-28)
i=1

We can now integrate over the last N — 2v rows
and columns of H by the same induction procedure
as in See. 1. We use (1.28) for n = N (z, real).
The integration over the last row and column is
then straightforward and gives a factor

exp [—IZN|2]7F(N_W2[H ey — 217"
i<N
After N — 2» similar steps, we obtain
Qoﬂ'(N_2V)(N+2’_1)/4
2Y(2r)”
X[ II =zl I oo —2™"

2¥<i<j<N I<2v<i

X exp [= 3 k[,

(3.29)

’ ZZr):

where F,(z,, + -+ , 2,,) is the value of the integral
J exp [—Tr 8'S] du(H) when S is a 2v X 2v matrix
without real eigenvalues for v > 0, and F, = 1.
Substituting (3.29) into (3.6), we obtain

Qo"r(N—2v) (N+2r—-1)/4

P 4 3 . s 8 5 = — i
w(ex W) = N oo Il — i
X €xp [_>22 lzilz] '<112 !2.- - zil Fr(zly e 122')'

(3.30)

In particular, for » = 0, all the eigenvalues are
real:z;, =r, ¢ =1, ..., N),

T

2N

X exp [— fjr?]-

=1

—1)/4
Q N(N-1)/

PJS(TI; s Ty) = |7'-' - 1‘,~|

(3.31)

For » # 0, F, cannot be calculated by the previous
method. One can obtain a recursion formula anal-
ogous to (1.28), though somewhat less simple. How-
ever, the integration over the last two rows and
columns of H does not lead to elementary functions
as previously and the induction procedure breaks
down completely.

Therefore we are able to determine Py explicitly
only in the particular case where all eigenvalues
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are real. In the general case, we have extracted
the dependence of Py on the real eigenvalues, and
the complex eigenvalues still appear in a factor F,
for which we have only an intractable integral
representation.

CONCLUSION

The results of our investigation are essentially
contained in Egs. (1.35), (1.40), and (1.42) for the
complex case; (2.27) for the quaternion case; (3.30)
for the real case. They are remarkably simple in
the complex case, where, in particular, the eigenvalue
density tends to a constant py(2) — p = 1/2r as
N — . The quaternion case involves essentially
technical problems. In the real case, however, one
meets major difficulties which seem to come from
the fact that the real field is not algebraically closed.
We have considered here only a restricted class of
ensembles. One could generalize by keeping the
same algebraic set of matrices and defining other
measures du’ instead of du defined in (0.1). For
instance, if du/(S) = @(S)du(S), where ® is a
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polynomial in Tr (§") r = 1, --- , N) (if ' > N,
Tr 8™ is a polynomial in Tr §”, r £ N), then nothing
is changed in the calculation of Py, because ®(S)
depends only on 4. However the induction procedure
by which we performed the integration on X (or H)
seems to be a very specific property of exp [—Tr S*S].

One could also consider other algebraic sets of
matrices, for instance Dyson’s V ensembles (5) with
measures analogous to (0.1). Nothing new appears
in the complex case where V is identical with Z.
In the real case, V is the set of complex symmetric
matrices; the calculation of Py seems to be extremely
complicated, and the simplest case of 2 X 2 matrices
is not encouraging. In the quaternion case, we have
not reached any conclusion.
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Baym'’s definition of a self-consistent approximation is rephrased in a more diagrammatic way and
compared with formulations of the exact many-body problem of Balian, Bloch, and DeDominicis.
It is shown that many of the results of these authors are valid for any self-consistent approximation

as defined by Baym.

I. INTRODUCTION

SIGNIFICANT contribution to the theory of

approximations was made by Baym' who suc-
ceeded in defining, within the language of thermal
Green’s functions,” what he termed a self-consistent
approximation (henceforth SCA). Essentially, a SCA
is one wherein the (approximate) Gibbs potential
is stationary with respect to variation of the (approx-
imate) Green’s function. Baym showed® that a SCA,
i.e., one which satisfies his eriterion, possess some
interesting properties in the equilibrium case: (i)
Various ecommon ways to evaluate the partition
function from the one particle Green’s function all
lead to a self-consistent, i.e., the same, result. (ii) In
the zero temperature limit a SCA maintains the
Hugenholtz—Van Hove theorem. In this note Baym’'s
definition for a SCA is rephrased in a more diagram-
matic way (Sec. II). In this way it is shown that
the basic expressions that were established, a la tour
de force, by the group in Saclay® are valid for a SCA.
Some of these consequences are listed in See. III.

II. DIAGRAMMATIC MEANING OF BAYM’S
CRITERION

The Gibbs potential, A4, is defined through the
grand partition function, Zg, by

Zs = exp (—BA).

The exact A can be expanded into infinite number

* This research was supported in part by the U. 8. Army
Research Office (Durham) under Grant No. DA-ARO(D)-
31-124-G340.

t Present address: Department of Physics, Technion—
Israel Institute of Technology, Haifa, Israel.

1 G. Baym, Phys. Rev. 127, 4, 1391 (1962).

L, P. Kadanoff and G. Baym, Quantum Statistical
Mechanics (W. A. Benjamin, Inc., New York, 1962).

3 There are a number of publications by Balian, Bloch,
and De Dominicis on this subject. In particular we used
explicitly the following: R. Balian, C. Bloch, and C. De
Dominicis, Nucl. Phys. 25, 529, (1961), and their articles in:
Lectures on the Many Body Problem, edited by E. R. Caianiello
(Academic Press Inc., New York and London, 1962). These
authors are referred to in the text by BBDD.

of terms representable by connected diagrams:

1 [--3
A — = — ) e duy
A, i E:( ) -/;>u.>---up>0 du du

X <V(u1) ot V(”p))o, (1)

A, is the Gibbs potential with no interaction. The
rules for evaluating the diagrams are given, for
example in Ref. 4. As an example of these rules
the contribution of the diagram in Fig. 1 to A — 4, is:

f G;(pn Us — ul)G%(Pz, Uz — Usy)
P1paps YA uUsD>ua>u1>0

X G;(Qm Uy — ua)Gé(Qu Uy — Ug)
X G>o(pa, Uz — u1)G§(931 U — Us)
X (pips| v |@:0:)(0201| v |¢:01X020] v |psp2).

Note that a directed line from w to u’ going up
(down) represents G(p, v — w)Gi(p, v — )]
where G5 are the free-particle propagators®:

Golp,u — ) = f, exp le(u — )],
Gop,u — w) = —f, exp [e,(u — w)],

with f; = 1 — f; = {exp [8(e, — w)] + 1}7". All
the notation and symbols are standard (cf. Ref. 2).

It is well known®'*® that the exact A — 4, can
be expressed as a functional of the exact Green’s
function G only (apart from a trivial dependence

on B)
G = Go + GoE[G]G,

2 being the exact (proper) self-energy. A diagram-
matic derivation of this is given by Bloch.’ Baym’s

4 A. A. Abrikosov, L. P. Gor’kov, and I, E. Dzyaloshinski,
Methods ?{ Quantum Field Theory in Statistical Physics,
(translated by R. A. Silverman) (Prentice-Hall, Inc., Engle-
wood Cliffs, New Jersey, 1963).

( & J3 M. Luttinger and J. C. Ward, Phys. Rev. 118, 5, 1417
1960).
¢ C. Bloch, Physica 26, 62 (1960).
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definition of a SCA is: A SCA is one in which the
approximate Gibbs potential (4 — A4,). can be
expressed as a functional of an approximate Green’s
function, G4

Gy = Gy + GoZ[G4]Gs,

the functional being the same as for the correspond-
ing exact case. To see the diagrammatic meaning
of this we first construet a functional of G, through
the following self-evident lemma, where G, is given by

Gl u’)—-{ B, w) for u > u';
O\t y -

S, w) for u <.

Lemma: A necessary and sufficient condition for
a set of skeleton diagrams (i.e., diagrams represent-
ing A — A, with no self-energy insertions) to be
a functional of @, only, rather than of G7 and G5,
is: Each diagram in the set must appear with all
others (when distinct) obtainable from it by placing
the interaction in all relative positions.

A set of diagrams with this property will be
referred to as { equivalent. For example the totality
of t-equivalent family associated with the diagram
of Fig. 1 is given in Fig. 2.

Remark: If the replacement of G3° by G, and
integrating over the whole range 0 to 8 implies the
repetition of a given skeleton diagram n times, then
each member of its t-equivalent family will be re-
peated n times upon making the corresponding
replacement.

The point of all the above is that if we, in an
approximation for A — A,, wish to keep a certain
skeleton diagram, we must retain all its ¢ equivalents
as well. The reason being that only the whole set
can be expressed in terms of G, only. This is done
by multiplying each diagram of the mth order in
the interaction by 1/m!, [The name ‘¢ equivalent”
stands for “topologically equivalent” diagrams. In
Ref. 4, (p. 131), a more restricted meaning is asso-
ciated with a f-equivalent family. Here, however,
we need not concern ourselves with the possibility
of repeated diagrams since each diagram is con-
sidered separately and hence we have the factor
1/m! for a diagram of the mth order in the potential.

—————— Uy
P, q
2 2 us
F‘, q; p3 q5
—————— BN

Fig. 1. Diagram referred to in the
text,
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Ma &Y Y
S

{b}) {c)
P, T
p3
pZ
{d} {e)

Fia. 2. Diagrams which form a complete t-equivalent
family with Fig. 1.

{a)

It is convenient to consider together the f-equivalent
diagrams in the sense of Ref. 4. In this case, for
example, the totals t-equivalent family of Fig. 1 is
representable by Fig. 2(a), (b), and (c). The cor-
recting factor now becomes (m — 1)lYm! = 1/m.
Further simplification is possible by considering
together terms in Z, (1, 1') which differ only by
the sense of the arrows of the lines attached to the
points 1 and 1’. (Remarks pertaining to Hartree—
Fock-like terms are omitted here.) For example,
Fig. 3 should be considered together with a similar
diagram where the line on the top left-hand corner
goes up instead of down. With such simplifications
the correcting factor becomes 1/2m; these are im-
plicit in Baym’s formalism], replacing all < by G,
and integrating over the whole range. The approx-
imate self-energy, Z,, is dictated by the skeleton
diagrams retained in the approximation. For example
the diagram of Fig. (1) leads to the terms in =,
which are given in Fig. 3. The preseription for
evaluating the diagrams for £ are given, for example,
in Ref. 4 and will not be repeated here.

We can now consider composite diagrams, i.e.,
diagrams with self-energy insertions. Here the pre-
scription is: retain all those and only those diagrams
which are built up of our set Z,. This defines the
approximate Gibbs potential, (4 — Ag)a.

To see that the prescription outlined above is
equivalent to Baym’s definition of SCA we proceed
as follows. Consider the set of skeleton diagrams
in SCA for A — 4,. Replace everywhere G5° by
G~ the resultant functional is Baym’s ®[G.], i.e.,
it is a “closed” functional with §®[G,]/6G, = Z..
(Note that, by construction, it is a functional of
@G, and not of G and G5 separately.)

®[G,] contains all’ the diagrams of (log Zg)s =
—1/B(A — A,)s; however each diagram is repeated
np times where np is the number of the proper
self-energy terms in the diagram. It can be shown®
that Luttinger and Ward’s® expression for the
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logarithm of the partition function {their Eq. (47)
which is, in Baym’s notation, his Eq. (47)] is ob-
tained upon correcting for overcounting of diagrams.
It then easily®* follows that the approximate Gibbs
potential is stationary with respect to variation of
the approximate Green’s function.

We would like to conclude this section with the
remark that when the nonequilibrium problem is
considered Baym’s demand that Go(U) be a func-
tional of U rather than Go(U = 0) is a natural
extension of the discussion of this section. In either
case one requires the funetionals £ and @ to depend
on the full G, of the problem for then, formally,
Z and @ are expressible in a sense as a power series
in G, (This, of course, holds true only for momentum-
conserving interactions. In general the expression

depends on the potential.) and will follow the latter
transformation properties [ef. Baym’s Eq. (17)].

Fi1c. 3. One of the self-energy diagrams
arising from the diagram of Fig. 1.

III. BBDD FORMULATION

The various remarkable expressions for the Gibbs
potential that were obtained by BBDD are valid
also in a SCA. To see this one merely notes that
BBDD obtained their expression by using the no-
tions of rotated and translated diagrams. A rotated
diagram is one obtained from a given diagram by
letting the earliest interaction time become the last.
For example the diagrams given in Figs. 2(c) and
2(d) are all the rotated diagrams corresponding to
Fig. 1. The notion of translated diagrams applies
only to composite diagrams; it refers to diagrams
obtained from a given diagram by placing the
irreducible self-energy parts of a diagram in various
relative positions. Clearly for skeleton diagrams the
family of rotated diagrams is included in the family
of t-equivalent diagrams. In fact it is easy to see
that in general a SCA contains automatically the
whole family of rotated and translated diagrams if
1t contains one member thereof.

Since a SCA contains all the rotated and trans-
lated diagrams, the techniques developed by BBDD
can be applied to it. It then follows, for example,
that the time integration can be carried out and
the various expansions for the Gibbs potential
obtained by BBDD for the exact problem are valid
for a SCA. Some of the results of BBDD which
are valid for any SCA are listed below. (It is,
perhaps, of interest that items 1 through 3 can be

MICHAEL REVZEN

formulated under less restrictive conditions then
SCA requires.)

(1) The four distinct expansions for the Gibbs
potential given, e.g., by Balian® are valid for any
SCA.

(2) The Gibbs potential factorizes into terms
which involve Goldstone-like diagrams, i.e., wherein
the Green’s function lines of a given momenta go
either up or down. In other words for a SCA the so
called anomalous diagrams® can be eliminated.

(3) Hugenholz—Van Hove theorem is valid for a
SCA (e.g., the DeDominicis article in Ref. 3.)

(4) Physical quantities such as average energy,
particle number, and entropy can be expressed in
terms of the ‘“true’’ occupation number N,. N, being
given by N, = Gy (k; ¢, t7).

(5) The Lee—Yang theorem viz:

8A/6N, = 0, 8°A/8N 6N, > 0

is valid for SCA.

(6) The Landau theory of Fermi liquid is de-
rivable in a SCA. [BBDD do not consider transport
coefficients in their formulation of Landau’s theory.
What is meant here by Landau’s theory is the
possibility of expressing the Gibbs potential and
the physical quantities (viz., entropy, energy, number
of particles, and momenta) in terms of a distribution
function F,. The latter has the property of becoming
a step funetion in the limit of zero temperature.
The relation between these expressions and Landau’s
theory is discussed in Ref. 2. Note that BBDD
derivation is complicated by the nonuniqueness of

F, however their argument as such can be carried
over for a SCA.]

IV. REMARKS AND SUMMARY

The notion of rotated diagrams is associated with
the trace character of the Gibbs potential.? Retention
of families of rotated diagrams in an approximation
preserves this property. Retention of translated
diagrams in effect enables one to consider G(k; u, u’)
as a functional of G (k; u, u’).

Baym’s condition for a SCA is more demanding
than an approximation that could be inferred from
the above. A SCA implies transformation properties
for the self-energy and the Green’s function from
those obtained for the free-particle Green’s function.’
From the point of view of this note this is traceable
to the possibility of replacing in an approximation,
the integrals of Eq. 1 by integrals over the whole
time range (with a factor 1/p!, of course). This, in
turn, comes from the fact that all V() in the equa-
tion are the same function. The retention in a SCA of
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this property is equivalent to satisfying a necessary
condition for the existence of a model Hamiltonian’
that will reproduce the approximation; however we
were unable, so far, to formulate a sufficient condi-
tion for this.

To summarize: It was argued in this note that

? Model Hamiltonians which reproduce the well-known
approximations were considered by R. H. Kraichnan, J.
Math. Phys. 3, 3, 475 (1962).
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the requirement for a SCA implies that BBDD
formalism can be applied; the connection between
their approach and Baym’s was used to show that
a SCA possesses a number of remarkable properties.
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A summary of some recent developments in the theory of invariant imbedding is presented. Appli-
cations to some simple problems in wave propagation, diffusion theory, and transport theory demon~
strate some of the advantages of the new and almost “mechanistic’” approach. In addition, a slightly
different attack is applied to nonlinear difference equations and to the classical phase-shift problem.

I INTRODUCTION

PREVIOUS review' of the method of “invar-

iant imbedding” described the subject as it
existed in 1959. Since then, considerable progress
has been made in understanding the method and
in extending its areas of applicability. Some of the
development (up to 1961) is briefly sketched in the
last chapter of Wing,® some has appeared in the
various journals, and some is as yet unpublished.
The purpose of this new review of the subject is
to make some of these developments more readily
accessible.

During these past few years the method of in-
variant imbedding (or the method of invariance)
has progressed from a semi-intuitive particle count-
ing technique to a rather straightforward, almost me-
chanical, analytical device. Indeed it may be thought
of as simply a perturbation technique wherein it
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is the “‘size” of the system that is being perturbed.
In place of the original problem, we consider a
family of problems generated by a single parameter,
the parameter being the ‘‘size” of our original
problem. The family provides a means of advancing
gradually from the solution for one member, usually
degenerate, to the solution of the given problem.
Most generally this “bridge” between the known
and the desired solution takes the form of a dif-
ferential or integrodifferential equation.

To illustrate the more recent invariant imbedding
techniques we begin in Sec. II with a simple problem
described by a pair of linear differential equations.
These may, if one chooses, be thought of as the
mathematical deseription of a one-dimensional trans-
port process. From such a point of view the earlier
“particle counting’” technique can be employed, but
since that method has been thoroughly described
elsewhere,’"* we discuss instead several other devices
which have nothing to do with the “physics” of the
problem. They enable one to derive the invariant
imbedding equations directly from the mathematical
description of the problem by purely mathematical
analysis. One obvious advantage of such a procedure
is that the derivation can quite easily be made
rigorous.
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In See. IT we also consider variants of the bound-
ary conditions and briefly extend some of the ideas
to higher-order systems.

The techniques of Sec. II are applied in Sec. ITI
to several examples from the theory of wave propaga-
tion, diffusion theory, and transport theory. The
examples show the considerable unification provided
by the new approaches.

The final chapter, involving consideration of the
phase shift problem and of difference equations,
might have been included as a part of See. III.
However, the approach is slightly different from
that used earlier. Further, the application to the
phase shift problem shows clearly how far-reaching
the imbedding concept really is.

Since our purpose is to stress the new concepts,
ideas, and applications, no effort is made towards
presenting a rigorous development of the material.
Although occasionally a reference is cited where such
a development can be found, we give here only
formal mathematical arguments.

Finally, we assume that the reader is fairly familiar
with the contents of Ref. 1. For that reason there
is no great effort made to describe in detail why one
seeks certain functions or what the potential ad-
vantages of the invariant imbedding method may be.

II. MATHEMATICAL DEVELOPMENT

A. A Simple System of Linear Differential
Equations

We start by considering the system of differential
equations

du(®)/dz = a@)u(z) + b@w(),
~dv(z)/dz = c(2)u(z) + d(ew(), 0<z<=,
u(0) = 0, v(x) = 1.

If, as sometimes happens, we are not really in-
terested in the functions u(z), v(z) in the interior
0 < z < z but only in their values at the ends,
namely u(z), v(0), we can employ the ideas of in-
variant imbedding. We begin by considering the
family of problems generated by the parameter z,
the “size’’ of our problem. Denoting the solutions
to this family of problems by u(z, z), (2, z) to make
clear the z dependence, our goal is to find the
quantities u(z, ) and v(0, z).

If one regards the system (2.1) as the mathe-
matical formulation of a transport problem in one
dimension, then u(z, ) is the flux of particles to
the right at z and v(z, 2) is the flux to the left at z
due to a steady unit input at z. The condition

2.1)

2.2)
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u(0, ) = O implies that no particles enter the
system at the left end. With this interpretation one
can use the ‘“particle counting” technique to obtain
a differential equation for the function R(z) =u(z, ),
the flux of particles leaving the system at the right
end (“reflected” flux), and another differential equa-
tion for the function T'(z) = v(0, ), the flux leaving
the system at the left end (‘“‘transmitted” flux).
This method, described in great detail in numerous
places,'? obtains the ‘“invariant imbedding” equa-
tions for B(z) and T'(z) by an analysis of the physical
transport problem itself rather than from the math-
ematical formulation (2.1).

However there is a considerable advantage in
beginning with (2.1) since such questions as existence
and uniqueness can then be dealt with in routine
mathematical fashion. Bearing in mind the physical
model that (2.1) represents—namely a rod extending
from z = 0 to 2 = z experiencing unit flux input
at the right end—we consider the material from
2 = 0toz =2z — A as a subrod which experiences
g flux input at its right end of strength v(z — A, x).
We proceed to relate R(z) and R(z — A).

Rewrite (2.1) in finite difference form as

uz, z) = ulz — A, )
+ Ala(z)ule, ) + blp@, 2)] + o(d),
vz — A z) =, )
4 Ale(@ulz, ) + d@Ew(, 2)] + o(4a).

Putting z = z, and remembering the boundary
conditions, we get

R@) =ulz — A, 2)
+ Ala(@)R(z) + b(x)] + o(4),
vz — A, z) = 14 Ale@RB(x) + d(z)] + o(A).

Now since the system (2.1) is linear, it follows that
the flux u(zx — A, z) from the subrod due to an
input at its right end of strength v(x — A, z) is equal
to v(x — A, z) times the flux of such a rod due to
a unit input. Thus,

ulx — A, z) =0(z — A, zju(z — A,z — A)
=(x — A, x)R(x — A).

2.3)

2.4)

(2.5)

Putting (2.5) in (2.4) and eliminating v(z — A, z)
between the two equations gives

R(r) = R(x — 8){1 + Ale(x)R(x) + d(2)] + o(A)}
+ Ala@)R(z) + b@)] + o(8),  (2.6)
which leads to
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dR(x)/dz = b(x)
+ [a@) + d@)]R(E) + c@)R'@)  @2.7)

upon taking the limit as A — 0. Evidently the
boundary condition (0, ) = 0 implies that

R(0) = 0. 2.8)

Equation (2.7) gives directly the value of the
reflected flux from the right end due to a unit input
without the necessity of finding the fluxes u and v
in the interior of the rod. Only the integration
of an initial value problem is required. For further
discussion, see Refs. 1 and 2.

A moment’s reflection concerning the above der-
ivation of (2.7) shows that the physical model
served as only a relatively superfluous ‘“‘crutch.”
This suggests a completely analytical treatment
based on a perturbation of the parameter z, first
described in Bellman.? We do not give the details
of that method here since it in turn soon led to
another purely analytical device which is simple,
easy to apply, and relatively easy to justify mathe-
matically in a wide variety of circumstances. The
method is illustrated by rederiving (2.7). We proceed
formally, of course, referring the reader to Bailey*
for an account of how such matters as existence and
uniqueness can be dealt with.

Using subscripts in the customary way to denote
differentiation we rewrite (2.1) as

u(z, x) = a@ulz, ) + bW, ),
—ui(z, ) = c(ulz, z) + d@w(z, 2),
w0, z) = 0, (2.10)

Since R(zx) = u(z, z), it follows by differentiating
that

2.9

vz, z) = 1.

R'(z) = w(z, ) + u:(z, ). 2.11)

Now our goal is to express the right side of this
equation in terms of known functions and, possibly,
R itself. Evidently this can be done for the first
term w,(z, ) by using the first of (2.9) evaluated
at z = 2, remembering the boundary condition
v(z, ) = 1. We have, namely,

u(z, x) = a@)R(x) + b(x). (2.12)

Ag for the second term on the right side of (2.11),
we obtain it by noticing that u,, v, satisfy the same
differential equations as do u, v but with a slightly
different boundary condition at z. For if we dif-

# R. Bellman and R. Kalaba, Proc. Nat. Acad. Sci. 47,
336 (1961).
4 P. Bailey, J. Math. & Anal. Appl. 8, 144 (1964).
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ferentiate (2.9) and (2.10) with respect to x we get
Un(2, ) = a(@us(z, ) + bEs(z, 2),
~0u(z, ) = oDtz 3) + Az, 2),
u:(0, ) = 0, (2.14)

Our problem (2.9) being linear, it follows that ., v,
are just multiples of «, v. Thus,

(2.13)

sz, ) = —ui(z, ).

Uz, ©) = ~0,(z, Dz, ), (2.15)
vz(z, z) = “2’1(93, (2, ).
In particular,
u(z, 1) = —vi(x, 7)RE) (2.16)

[c@)EB(z) + d(@)]R(),

by (2.9). Using (2.12) and (2.16) in (2.11) gives (2.7)
as before.

The differential equation for T'(z) = »(0, z) can
be obtained in similar straightforward fashion. Just
differentiate,

T'(x) = v3(0, ), 2.17)

and use (2.15) with z = 0, followed by (2.9) with
z = z. Thus

T'(z) = —vi(z, ©)T()

(2.18)
= [c@R() + d@)]T().
The initial condition for T is
TO) = 1. 2.19)

B. “Input” Prescribed at Both Ends

Of eourse there is no compelling reason to restrict
our attention to the particular boundary conditions
(2.2). Obviously we could handle in exactly the same
way the boundary conditions u = 1 at the left end
and » = 0 at the right. In that case we would use
z to represent the left end of the interval instead
of the right, and correspondingly we would obtain
differential equations for a left-end reflection func-
tion and transmission function. And since the dif-
ferential equations (2.1) are linear, the “output”
corresponding to an arbitrary ‘“input” u = a at
the left end and v = b at the right is simply some
linear combination of the two reflection and two
transmission functions. We omit the details.

C. More General Boundary Conditions

A rather different kind of boundary condition for
the system (2.1),

u(0) = 0, u(z) = 1, (2.20)
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is of considerable interest. The reason for this is
obvious when (2.1) is rewritten in the form

du(2)/d2® + A(z) du(z)/dz + B@u(z) = 0. (2.21)

Thus we are dealing with a class of problems which
arises often in practice. And assuming that only
the values of » at the two ends are of interest, we
can proceed much as before,

Denote by u(z, ) and v(z, x) the solutions to (2.1)
with boundary conditions (2.20). Then manipula-
tions completely analogous to those of Sec. ITA
shows that

Sx) = v(z, ) (2.22)
satisfies the differential equation
—8'(x) = ¢(@) + [alz) + d@)]S()
+ b(x)S*(x). (2.23)

Determining the correct initial condition for S
presents only a slight difficulty which is soon re-
solved. In view of the boundary conditions (2.20)
for all z it is clear that the derivative du/dz tends
to infinity as x — 0. It follows from (2.1), then,
that b(z)v(z) must do the same. Consequently the
initial condition for S is

S0) = +o 2.24)

according as b(x) is positive or negative near zero.

In the same way one can deal with the function
W(z) = »(0, z). In addition one can treat more
general boundary conditions, using the linearity
of the problem. We leave the details to the interested
reader.

D. Larger Systems of Linear Differential
Equations

For simplicity we have been considering the case
of only two linear differential equations in two
dependent variables. We next sketch the case of
larger systems in order to illustrate the one essential
difference which arises and how it can be dealt with.
To emphasize the similarities let us write the system
in the form

dUR)/dz = A@UR) + B@E)V(),
—dV(g)/dz = C(2)U() + D@E)V(2),

where A, B, C, D are n X n matrices and U, V are
column matrices (vectors) of order n. We take the
boundary conditions to be

U©) = 0, Viz) = V.

It is this last boundary condition which promises

(2.25)

(2.26)
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trouble. Previously our boundary condition at z
involved a single number (it was taken to be the
number 1, but obviously any other number different
from zero would have been just as satisfactory)
whereas now a whole set of numbers is needed.
More precisely our present boundary condition in-
volves not just one number but a column matrix,
namely V,.

What we must do is to express the solutions of
this problem as linear combinations of the solutions
to n elementary problems, each of which involves
only one nonzero number in its boundary condition.
Thus if U?, V? are the solutions to (2.25) which
satisfy the boundary conditions

Ui0) =0, Vi@ =TI, (2.27)

where I’ is a column matrix whose jth element is 1
and all other elements are zero, then

U = HVo,
V = KV,,

(2.28)
(2.29)

where H, K are n X n matrices with jth column
the column of U?, V7, respectively.

Denoting the solutions now by Uz, z), V(z, z),
H(z, z), K(z, z), if it is the (matrix) function

R(z) = Ulz, x) (2.30)

which is wanted, then in view of (2.28) we need
to find

r(z) = H(z, z).
Differentiating,
r(z) = H.(z, x) + H,(z, x). (2.32)

For H.,(z, ) we use (2.25) (with H, K in place
of U, V), put z = z and remember the boundary
conditions (2.27), obtaining

Hi(z, x) = A(x)r(z) + B(x). (2.33)

For H,(z, x) we notice that Uj, V} satisfy (2.25)
also but with the second boundary condition

Vi, 1) = = Vilz, 2).

(2.31)

(2.34)
Consequently,
Uiz, ) = —H(z, 2)Vi(z, z),
Vi, ) = —K(, 2)Viz, 2).

z and remembering the

(2.35)

In particular, putting 2z =
definition of H,

Hz(xy x) = —H(x: x)Kl(x; CC)
= H(z, 2)[C(@)H(z, z) + D(@)K(z, )],

(2.36)
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or
Hy(z, 2) = r@[C@r@) + D@].  (2.37)

Finally, using (2.33) and (2.37) in (2.32) we get
r'{z) = B(z) + A@r{z)
+ r@)D(x) + r@)Clxrlx),  (2.38)

which, incidentally, agrees formally with (2.7).

Other boundary conditions can be dealt with by
making the obvious modifications so we omit the
details,

E. Discussion

In this section we have developed a “mechanistic”
method for obtaining the so-called “invariant im-
bedding” equations corresponding to a given linear
system of differential equations without recourse to
physical reasoning. Although the discussion has been
a purely formal one, it can all be made perfeetly
rigorous without any difficulty.

In the next section we apply several of these
regults to specific problems of physical interest and
also show how slight extensions of the ideas can be
made so as to handle a wider class of problems.

II. SOME APPLICATIONS TO PHYSICAL
PROBLEMS

A. The Wave Equation

We consider the problem of determining the re-
flection and transmission coefficients ®, ¢ for a plane
wave impinging perpendicularly on a slab of non-
homogeneous material sandwiched between two
semi-infinite homogeneous media. Explicitly, let the
slab occupy the region 0 < z < z and have wave-
number k(z) at the interior point 2, and let &, k.
be the respective wavenumbers of the media to the
left and right of the slab. We assume that a wave
is incident from the right, resulting in a reflected
wave in the region z > z and a transmitted wave
(only) in the region z < 0. Mathematically,

¥ + K@k = 0, 0<z<u,
x!/(z) - e—ika(z—z) + G{(x)eik.(z—z)’ 2 > fE, (31)
¥e) = glz)e ™, z<0.

The usual requirements of continuity of ¢ and ¢

yield '
‘I/(O) = [g@ 1 ]s-or (32)
¥'(0) = [dge” ™" /de]. o,
\p(x) = [e".h('_z) + (Reih(’—ﬂ]z-:y (3.3)

¢,<x) — [d (ewl‘k:(s—z) + (Reik-(z—z))/dt]g‘z.
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When the unknown coefficients ® and g are

eliminated, these boundary conditions take the form
¥ (0) + ik:y(0) = 0, (3.4)
¥(x) — thplx) = —2ik,. (3.5)

Now make the simple transformation from ¢, ¥

to u, v defined by
u = (1/2k)(¥ + ki), (3.6)
v = —(1/2ik)Y" — tk2¥). 3.7

Then by differentiating and using (3.1) we find that
u, v satisfy

uw'(e) = [1/ik(k, + k2)}{—k1[k2(z) -+ kakoJu(z)

~ k') — K@)}, 3.8)
—0'@) = [1/ikalky + ka)]{ —Falk*(e) — KZlulz)
— k[k*@) + k@),
uw0) =0, @) = 1. 3.9)

Obviously this system is precisely of the form (2.1),
so that if we define [writing now u(z, z) instead of
u(z), ete.]

R(z) = ulz, x), (3.10)
and apply (2.7), we obtain
R/(x) = [1/i(ky + k)] {kak7' [~ K" (2) + Ki]
— 2[K*@) + ki) B(2)
+ k' [—F @) + BIR @),  (B.1D
R(0) = 0. (3.12)

In order to relate this result to our reflection and
transmission coefficients, ®{z) and g{z), we note
from (3.6) and (3.7) that

Y, z) = [2/(ky + k)I[kwue, 2) + ke, 2)] (3.13)
Viz, 1) = [2ikk./y + k)ulz, 2) — vz, 2)]. (3.14)
Putting z = x and using (3.3) we find that
®R(@) = [2k:/(k: + k)IB(z)

+ (b — k)/(ez + ki),
go that from (3.11), finally,
®'(z) = (1/2ik){[K (z) — k3]

+ 2[k%(z) + BIR(@) + (@) — KR @)}, (3.16)
and

(3.15)

®O) = (ky — k2)/(kx + kv). 3.17)

An equation for g(z) may be found similarly using
(2.18). We get

'@ = 1/2k){[K*@) + k2]
+ K@) + k&) g@),
90) = 2k2/(k2 + k).

(3.18)
(3.19)
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These results have been derived many times before

and in many ways.®® The point we emphasize here
is the relative ease of using the results of Sec. II
directly.

B. The Diffusion Equation

Let us turn now to a simple problem of diffusion
in a slab.

D 3°0/32 = 96/9t, 0<z<z, (3.20)
60, §) = 0, 0z, t) = 1, 0(z,0) = 0. (3.21)
We ask for the flux across the surface z = z. This

amounts to computing 96/9z |,.,.
Define the Laplace transform of 6 with respect to ¢:

Bz, 5) = f 6z, e~ dL. (3.22)
0
Applying the transformation to (3.20) gives
D &*4/07 = sé, (3.23)
6(0,s) = 0, 6z, s) = 1/s. (3.24)
To put (3.23) in a standard form we set
ii(e, 5) = sblz, 9), (3.25)
oz, s) = s98(z, s)/0z,
and obtain
dii/dz = b, (3.26)
—a1/0z = —(s/D)a,
(0, s) = 0, iz, s) = 1. (3.27)

Equations (3.26) are exactly of the form treated
in Sec. IIC. Writing #(z, s, x) in place of #(z, s) in
order to make clear the z dependence, as usual,
and defining

S(z, s) = ¥z, s, ), (3.28)
8z, s) = /D ~ 8z, s), (3.29)
80,s) = + (3.30)
The solution of (3.29) is well known:
S(z, s) = (s/D)} coth [z(s/ D). (3.31)
From (3.25) and (3.28) we get
80(z, 5)/32],-. = (sD)™} coth [z(s/D)}],  (3.32)

the Laplace inverse of which is’

8 C. MacCallum, “Invariant Imbedding and Wave Propa-~
gation in Inhomogeneous Media,”” Sandia Corporation Res.
Rept 4669 (1961).

R. Bellman and R. Kalaba, J. Math. Mech. 8, 683 (1959).

7 A. Erdélyi, M. Magnus, F. Oberhettmger and F, E,
Tricomi, Tables of Integral Transforms (Bateman Manu-
script Pl'mect)(McGraw—Hlll Book Company, Inc.,, New
York, 1954).
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00(2 ! xz)’
where 6, is a theta function.

Equation (3.33) has been derived earlier in a quite
different manner.® It is obvious, of course, that the
imbedding method is of no genuine advantage here,
since the original problem can be readily handled.
It is also clear, however, that our method is appli-
cable in far more difficult cases.

2, 8)]sms = (3.33)

C. The Time-Independent Transport Equation

It was in his work on the transport equation that
Ambarzumian® employed a technique, subsequently
exploited by Chandrasekhar,' that stimulated recent
interest in the methods of invariant imbedding.

We consider the equation of transport in a slab
of finite thickness z, assuming time independence,
constant cross section, and isotropic scattering. In
standard notation® the equation is

L az (Z, I") + G'I(z; P‘)

=X fl Ie,Nd\, —1<up<l1, (3.34)
-1
and the boundary conditions are taken to be
I0,p =0 for O<p<l, (3.35)
Iz, p) = f(u) for —1 < pu <O, (3.36)

The parameter u here is the cosine of an angle,
so that x > O refers to flux to the right and u < 0
refers to flux to the left. f(u) is the “input” at the
right side.

If we write Uz, p) for I(z, u) when x4 > 0 and
V{z, u) for I(z, u) when p < 0, then this problem
(3.34) resembles, at least vaguely, the system (2.25).
We can make the resemblance clearer, perhaps, by
rewriting the problem as

'a__tzj (27 /“) = [_i U(z) F‘) + %%j; U(Z, )‘) d}‘]

+ X ' Vi, N d\,
2u f (3.37)

Wy
S ew=- -2 vena

+ [i Ve, w) — 32 f Ve, N dh],

8 R. Bellman, R. Kalaba, and G. M. Wing, J. Math. Mech.,
Vol 9, 933 (1960).
SV, A. Ambarzumian, Compt. Rend. (Doklady) de
V’Académie des Sciences de I'URSS, 38, 229 (1943).
10 8, Chandrasekhar, Radiative Transfer (Clarendon Press,
Oxford, England, 1950).
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Uo,p) =0, Viz,w=fw). (3.38)

Whereas in the previous problem (2.25), U was for
each z in (0, z) a matrix of » elements, in our present
problem it represents for each z a function of the
continuous variable u > 0. Where the previous
boundary condition for V involved an arbitrary
matrix of n elements, our present condition involves
an arbitrary function of 4 < 0.

One could, if he wished, use the resemblance
between the system (2.25) and (3.37) together with
the usual analogy between sums and integrals in
order to infer the invariant imbedding equation
for our present problem from Egq. (2.38). But
if one wishes to make his derivation rigorous, it is
probably better to use the previous problem as only
an analogy.

Thus (2.28) and (2.29) must be replaced by an
appropriate representation in terms of integrals.
Duhamel’s principal leads to

. 0

UG, i) = [ Hew o', 26 ' (339)
in place of (2.28), as expected. Trying to write V
in exactly the same fashion in terms of a kernel
K(z, p, u', ) would require K to be not an ordinary
function but a symbolic one; i.e., K would involve
a delta function. This is, of course, only a minor
complication which can be dealt with in many ways,*
but it turns out that (3.39) is all we need here.

Differentiating

R(z, B = Ulz, u, 1), (3.40)
gives
Rl(x’ ﬂ) = Ul(x: My x) + U3(IL', M, x)
__e yo [*
- #R(x, w+ 3 [ Re N a
+g€ ") a4 Use, m, 2), (3.41)

using (3.37) with z = z. We get U; in terms of R,
as usual, by noticing that U,, V, satisfy (3.37) with
the last boundary condition replaced by

(3.42)

Duhamel’s principal (i.e., linearity) again yields

Va(x; My 2?) = —Vl(x7 My 113)

0
Ua(z; l‘)x) = —f-l Hz,p, ', ) Vi, M”’x) du’. (3.43)

Using this (with z = z) in (3.41) gives

Ri@, 5) = —2 R, »
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0
+XZ 2 R( A) dA + f(ﬂ') du’
+ f H(IE, By W ’ 27){ f R(IC, >‘) d\

g_ nN ‘Y_o. 144 144 4
o -2 [ e a6
Finally, in analogy with (2.31), write

r(z, p, u) = 2rH(z, u, ', ). (3.45)

(The 27 is just so that our results will agree exactly
with those of other writers.) Then by (3.39)

R w) = [ Heo, w ', 1) dw -
-1 3.46

= L f_ T(x, by U I)f(l"') du’ ’

and substituting in (3.44) we get, after some
manipulation,

[ 0ot 0 oG = o)

0 1
+ 77 f_ r(e, uw, w’) du’ — % f r(z; N, u') Q

Yo

o T(:E, M ) /. T(.’B, Hy /"H) dl‘") dp’ = 0.
3.47)

Since this equation must hold for arbitrary functions
f, the quantity in parentheses must vanish. For
example,

or N oV (l _ l_) ,
ox (x; I"';I") = ,u,' a'# I", 7‘(2:, l*‘yl‘)
0 1 d)\
-5 lr(x,u,ﬂ") aw + 5 [ re i §
ve 1
+2 a2 [ e mw . 348)
4r J,
Evidently also

(0, u, u’) = 0. (3.49)

Equation (3.48) was first obtained in quite a
different way by Ambarzumian. Whereas we have
used purely mathematical arguments concerning the
mathematically formulated problem (3.34), he pro-
ceeded directly from the physical problem via phys-
ical arguments, i.e., “particle counting.” Equation
(3.48) has been obtained in several different
ways,”®""* and has proved valuable for computa-
tional purposes.'®'"*
mﬂman, R. Kalaba, and M. C. Prestrud, Invariant

Imbedding and Radiative Transfer in Slabs of Finite Thickness
(Elsevier Publishing Company, Inc.,, New York, 1963).
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There are, however, several advantages inherent
in the kind of derivation we have just given. For one
thing, it can be made rigorous.* For another, with
only added notational complexity it can be extended
to cases in which ¢ is dependent upon z and in
which anisotropic scattering is allowed. Finally, this
same kind of derivation applies equally well to
transport problems in other geometries.

This last observation is quite important. For when
the case of transport in a sphere was treated in the
above way the resulting invariant imbedding equa-
tion contained an extra term which had been over-
looked in the previous particle counting derivations.
Retrospective analysis of the particle counting
method as it had been applied to the sphere and
cylinder has revealed the subtle source of error.'?

D. The Time-Dependent Transport Equation
The faet that the time-dependent transport equa-
tion can be handled with only a little additional

effort comes as an unexpected bonus. Consider the
problem

191

ol
;55(2, Ky t) + ug;(z, u, 8) + oIz, u, t)

1
_ Yo ’
Y[ w650

I0, u,t)=0 for u<0,t>0, (3.51)
Iz, u, t) = flu, H for u<0,t>0, (3.52)
Iz, u,0) =0 for —1<u<1,0<2z<2. (3.53)

Denoting the Laplace transform of I(z, u, ) by
I(z, u, s), ete., we get

[ %g (Z’ 12 S) + (‘7 + E)T(z) Ky S)

1
%[ Tew9ar, G5

I00, n,8) = 0 for u>0, (3.55)
Iz, u,8) = flu,s) for pu <O. (3.56)

Comparing with (3.34) and replacing the o on
the left side there by o 4+ s/¢, shows that the

equation satisfied by
f(x; K,y I-",: 8) = 27rﬁ(xy by u 8, .’l?), (357)

where H is the representation kernel for

Ie w52 = [ A w w5206, 8) dw', (3.59)

( 1;41)’ Bailey and G. M. Wing, J. Math. Anal. Appl. 8, 170
1964).
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s
dx = ”1 a + c/\u — #, a
0 1
ay o yo [ dx
- 2—,/_[_17(76,#, u’,8) d#”+~2—fo o, N 1, 8) 5

1 o
+ %f F(x’ )\,M’,S)@f F(x:”! /‘H:S) du’’. (359)
T Jo N J

Dividing by s and taking inverse Laplace transforms
gives

3 l(l_L)s’_p
631:+c;1 u'/ ot

1
19 O
+X f oa, N w', ) 2

_(t_L ﬂf‘[‘ A dx
0’(” N,)P+47" . op(x7)‘)ﬁ‘1t T))\

X [ G,y 1) (3.60)
L ar y By o ) .

where

t
p(.’l?, 3] l‘ly t) = ./; r(x, u,y I-"lx T) dr. (361)
This equation has been the basis of some recent
extensive calculations.'®

IV. FURTHER APPLICATIONS

A. Introduction

In this chapter we apply the ideas of this paper
to the study of nonlinear difference equations and
to the phase-shift problem of wave mechanics. While
the techniques employed still come under the general
heading of invariant imbedding, the reader will
note a slightly modified point of view. It is for this
reason that these examples are put in a new section
rather than being included in the previous one.

B. Difference Equations
Consider the system of difference equations

u(z + 1) — ule) = fluz), v(z), 2]

—v(z 4 1) +v(@) = glu@), v(z),z], for 0 <z <z, (4.1)
u(0) = 0, u(r) = y. 4.2)

Prestrs, Trourtint. Tnbedding. and Time-Dependint Trama:

port Processes (Elsevier Publishing Company, Inc., New
York, 1964).
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If our interest is in the value of v at the end z = =z,
then we can denote by u(z, z, ), v(z, z, y) the
solution to (4.1) and look for a suitable equation
for the function

S(z, y) = vz, z, Y). 4.3)

(The additional parameter y is necessary because
our problem this time is nonlinear.)

Now u(z, ¢ + 1, §), v(z, z + 1, §) are the solution
functions to the same system (4.1) but with the
last boundary condition

e+ 1, z+ 1,9 =4. “.4)

Hence if we extend the definitions of u(z, z, v),
v(z, z, y) slightly by

uz + 1, z,y) = uz, z, y)

+ fluz, z, v), vlz, 2, ¥), 2], (4.5)
vz + 1,2,y =, z,9)
- g[u(x, x, ?/), v(x, z, y)) 23], (46)

and assume that the system (4.1) has a unique
solution u, v for each z, y, then by choosing

4.7

we shall have succeeded in arranging matters so
that actually

g=ulz+1,z,9)

uz, z,y) = uz, z + 1, %), (4.8)
forall z, yand all 2 £ z + 1. (4.9)

Putting 2 = 2z + 1 in (4.9) and using (4.6) and
(4.3), gives
S+ 1, 9)
= 8(z, y) — glulz, =, 9), S, y),z].  (4.10)
Hence from (4.7), (4.5), (4.2), finally,
S + 1,y + fly, S, y), =)
= 8z, y) — gly, S, ), ).  (4.11)

To determine the initial condition for S takez = 1.
Then from (4.1) it is easy to see that

y = 110, 80, v), 0].

We assume that (4.12) is solvable for S(0, y).
As an example, suppose that the system (4.1) is
really linear:

f[u(z), (@), z] = a(z)u(z) + b(2w(2),
glu(@), v(2), 2] = c2u(z) + d(p(e).

(4.12)

4.13)
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Then it must be the case that
S(z, y) = ys(x) (4.14)
for some s. Hence (4.11) and (4.12) reduce to
_ el + s@)[1 + d@)]
s@+ 1) = 1+ a(x) + b(z)s(z) ’ (4.15)
s(0) = 1/b(0). (4.16)

We note in conclusion that the method of this
section suggests a way'* of handling nonlinear dif-
ferential systems by invariant imbedding.

C. The Phase-Shift Problem

In the last section a slightly different approach
was introduced. Results there were obtained by
enlarging the domain of the solution of a system
of difference equations, obtaining the solution to a
new system on an extended interval. The two prob-
lems then have identical solutions over their common
domains.

We now apply this reasoning to the classical phase-
shift problem. Consider the system

¥ + y@® = Oy, (417
y(o) = € Cos 00} (4.18)
4’ (0) = ¢ sin 6.
We require
[ iorae < =, 4.19)
It is known that
y(@) = A cos (t — a) + o(1) (4.20)

for large t. The amplitude, 4, and the phase shift,
o, are clearly dependent upon ¢, and 8,. We intend
to find that relationship.

For any value of £ > 0, say ¢ = x, we may write,
by proper choice of ¢ and 6,

y(@) = €(x) cos 6(z),

(4.21)
y'(z) = (z) sin 6(z).
In particular, of course,
6(0) = €9, 0(0) = 60. (4.22)

Now it is well known that the solution to (4.17)
satisfies the integral equation

y(t) = e(x) cos [t — 2z — 6(z)]

+ f Csin (¢ — Dfy(n) dr.  (4.23)

14 R, Bellman, R. Kalaba, and G. M. Wing, Proc. Nat.
Acad. Sci. U. 8. 46, 1646 (1960).
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Since y(¢) is independent of z, we have by differentia-
tion
0 =¢(@)ecos[t ~z— 6(x)]

+ @)1 + ¢/ @) sin [t — z ~ 6()]

— sin (t — D)f(x)e(z) cos 6(x). 4.24)
But (4.24) holds for all ¢ > 0. Therefore,
€(x) = x)f(zx) sin 6(x) cos 6(x), .25)

¢'(x) = —1 — f(x) cos’ 6(x).

By integrating (4.25) subject to (4.22) one may find
e(z) and 6(z).

As yet there is no obvious connection between
¢ and 4 and the quantities 4 and « in (4.20). To
find this we rewrite (4.23):

y(©) = e(x) cos [t — xz — 6(x)]

+ [ sin ¢ = Dfter(e) dr

_ f Csin (t — Dy dr.  (4.26)

(That the integrals converge is a result of (4.19) and
the fact that y is bounded.'®) From (4.26),

Y() = e(x) cos [t — 2 — 8(z)]

+sint [ " cos rf(Dy(x) dr
+ cost f i sin 7f(r)y(r) dr

- " sin (¢ — Dyl dr,  (&.27)
which we write as
y(8) =1A(z) cos [t — = — ofx)]

- " sin (¢ — i) dr. (4.28)
But

lim f Tsin (t — Of( () dr = 0, (4.29)

t—o

so that (4.28) is exactly in the form (4.20) with

AQQ) = A, o) = a. (4.30)
Differentiating (4.28) with respect to z gives
0 =:4'(z) cos [t — 2 — a(z)]
+ A@)[1 + o’(@)]sin (¢ — =z — afx)], 4.31)

1 G, M. Wing, J. Math. Anal. Appl. (to be published).
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and so
A'@x) =0, o'(x) = —1. (4.32)
Thus, using (4.30), '
Al) = 4, a(z) = —z + a. (4.33)

Finally subtract (4.28) from (4.27) and let z — «.
This yields ‘

lim e(z) = 4,

Z~r0

lim [8(z) + z] = «.

TR

(4.34)

The second equation of (4.33) suggests defining

Y(@) = 8(x) + =. (4.35)
Then the system (4.22) and (4.25) becomes
¢(@) = 3e(z)f(x) sin 2[¢(x) — z], (4.36)
¥'(@) = —f(z) cos’ [Y(x) — z],
6(0) = €o, 3(/(0) = 0. (4-37)

The amplitude A and phase shift « are found by
solving (4.36) and evaluating e(e) and ().

The results we have obtained are equivalent to
those of Franchetti,'® derived by him in a somewhat
simpler way. The advantage of the present scheme
lies in the fact that it is readily generalizable to
systems more complicated than (4.17). For a more
complete and rigorous analysis, together with a dis-
cussion of other differential equations, the reader
is referred to Wing,'® where the imbedding is done
from a somewhat different viewpoint.

V. SUMMARY

It has been our intention in this article to describe
briefly the evolution of the invariant imbedding
method over the last few years and to indicate the
unification produced by these developments. No
attempt has been made at a complete review of the
subject. Examples chosen are only representative
and the authors are aware of numerous other applica-
tions of the method that have recently been made.
In the interest of brevity we have not discussed
these nor provided detailed references. Our aim has
been to give the interested reader enough insight
into the imbedding method to allow him to read
existing and forthcoming material with relative ease
and understanding. We hope, too, that this paper
will lead physicists and applied mathematicians to
consider the possibility of applying the method to
other classes of problems.

18 §, Franchetti, Nuovo Cimento 6, 601 (1957).
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Poles in Feynman Diagrams with Several Loops
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A formula is given that extracts the pole contribution to a Feynman disgram having an internal
line. The result is more complicated than earlier results for diagrams with only a single loop since
the result is not directly expressible as the pole multiplied by a numerator that is the sum of the
reduced diagrams. The apparent discrepancy with Cutkosky’s formula for the residue of the pole is
reconciled. The algebraic techniques employed are in principle applicable to the problem of determin-
ing the Landau surface when the diagram has several loops. A derivation of Stokes’ formula for

Feynman parametric integrals is given.

I. INTRODUCTION

EVERAL examples have been given in the last
few years of formulas that explicitly exhibit the
pole contribution to a Feynman diagram.'~® These
take the form of a rational expression, the de-
nominator is the determinant that vanishes on the
Landau surface,” and the numerator is the sum of
the contributions of all diagrams formed by leaving
out one line at a time, each contribution being
multiplied by a polynomial. All of these formulas
are derived for diagrams with only one loop. In this
paper an example is given of this type of formula
for a diagram with an internal line.

A large amount of algebra has to be done to get
the formula. However, the solution is sufficiently
simple that one might hope that a simpler technique
to find it could be developed. An auxiliary result
of this labor is a systematic method of determining
the Landau surface for a diagram with several loops.
That is, a necessary and sufficient condition is found
for a system of n homogeneous polynomials in n
unknowns to have a nontrivial solution. In Sec. II
the general conditions under which & diagram has
a pole are discussed. The application of Stokes
theorem to give a formula explicitly exhibiting the
pole is considered. For diagrams without poles the
Stokes theorem will not work, but the same algebra
will lead to an expression for the Landau surface.
Section III contains a particular example of a
self-energy diagram in a two-dimensional field theory
worked out in detail.

1 G, Killén and A. S. Wightman, Kgl. Danske Videnskab.
Selskab, Mat. Fys. Medd. 1, No. 6 (1958).

2 L. M. Brown, Nuovo Cimento 22, 178 (1961).

3 F. R. Halpern, Phys. Rev. Letters 10, 516 (1963).

1 8. Klarsfeld, Phys. Letters 5, 204 (1963).

§ C. M. Sommerfield (private communication).

¢ L. D. Landau, Nucl. Phys. 13, 181 (1959).

II. GENERAL CONDITIONS FOR POLES AND THE
APPLICATION OF STOKES THEOREM

Consider a diagram with 7 internal lines 7 loops
in a space-time of @ 4+ 1 dimensions. Its analytic
expression will be called ¥. There are (@ -+ 1)I
integrals to be performed if the integral representing
F is written down in momentum space. Cutkosky’
has given a formula for the discontinuity of the
function F across any of its cuts. The prescription
is to replace propagators by & functions. If there are
more than (a + 1)! internal lines, that is, if

n > (a + DI,
then (a + 1)I of them can be replaced by 6 functions
and all the integrals can in principle be done, but
there will be some propagators left. Thus the dis-
continuity has a pole and thus F itself has a pole
on some sheets.

As an alternative approach to discover the exist-
ence of pole we may ask if a formula of the type
given in Refs. 1-5 exists. In the following discussion,
the usual simplifying assumption that all particles
are scalars is made. The expression for a diagram
with n internal lines, [ loops in (@ 4 1)-dimensional
space—time is:

F=Af...fd”lkl..-d"”k,ﬁfi.-—l,

$=1

)

where 4; = ¢} + m? and the momentum g¢; of the
7th line is to be expressed in terms of the external
momenta and the loop momenta %;. Chisholm’s
formula® permits F to be rewritten as

19’=A'f01---folozoz1 o da,

F 1 - d t An—(a+1)(l+1)/2
X ( a)(An?-(a+2)Z/2 ° (2)

7 R. E. Cutkosky, J. Math. Phys. 1, 429 (1960).
8 R. Chisholm, Proc. Cambridge Phil. Soc. 48, 300 (1952).
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The I-rowed determinant A is defined from the
expression

Z A-‘ai = Auvknkv + 2 Z ku + Er

while A is the (I 4+ 1)-rowed determinant
A 2

z E

-

and @ = ) a;.

In Appendix I a proof is given of a version of
Stokes’ theorem applicable to integrals over the
domain zero to one in n variables «, subject to the
restriction « = 1. The elements of A and A are
homogeneous linear functions of the «. Thus A and
A are homogeneous polynomial of degree I + 1
and ! in the o’s. The denominator is thus a homo-
geneous expression of degree (I + 1)[n — (a 4+ 1)I/2]
and the numerator is one of degree

In — (a + D + 1)/2].

To apply Stokes’ theorem a set of functions
F,(@a=1,2, ---,n)is required with J_ F, = 0 and

aF (det A)n—(a+1)(l+l)/2
-6_(1—1‘ = (A)n—l(a+1)/2 ‘ (3)

The problem may be restricted to be a completely
algebraic one by looking for F, of the form, F, =
N,/(A)"'* D721 ywhere N, is a polynomial in the
o’s. If this is substituted in (3), the equation for
N; becomes

AON/da; — [n — la + 1)/2 — 1IN, 3A/da;
= (det Ay VD2 4
If a set of functions P; such that
P; 3A/da; = (det A" TV TV (5)
and
aP,/da; = 0, (ba)
then a satisfactory set of N is given by
N; = (Pa; — Pa)/In — lla + 1)/2 — 1], (6)
where P = D P, and the degree of P must be
r=1r~1) — {4+ D+ 1)/2]. )

That the N; are a solution of (4) may be verified
by substitution of (6) into (4). Conversely, if a
solution of (4) exists it may be put in the form (6).
The equations (5) and (5a) are to be regarded as
linear equations for the coefficients of the n poly-
nomials P;. A homogeneous polynomial of degree r
in n variables has (**7™") coefficients. Thus there

F. R. HALPERN AND W. WILSON

are n("*7™") unknowns in (5) and, since the right-
hand side has degree r -+ [, there are ("ﬁif-l) linear
equations in (5). There are (",Tifz) further equation
in (5a). For a solution there should be as many

unknowns as equations, that is

n+r— DI
rin — 1)!
m+r+1—1)! mn~+r— 2!
2 e e T r=Dm=nr ®
Roughly speaking, a large ! must be compensated
by a large n.

Since the system of equations (5) and (5a) are
linear, there are some restrictions on the coefficients
for the equations to be soluble. The coefficients are
of course the masses and invariant energies. If the
equations dA/de; = 0 have a simultaneous solution,
that is for values of the invariants on the Landau
surface, then Eqs. (5) and (5a) will not have solutions
unless (det A) vanishes. Thus the condition on the
coefficients that a solution should not exist (vanish-
ing of a determinant) is the equation of the Landau
surface.

To extract a pole contribution it is necessary to
satisfy (7) and (8) simultaneously. From (7) it
follows that r is an increasing function of n and
(8) is easier to satisfy for large r. Thus if a diagram
has a pole, increasing the number of internal lines
without adding loops retains the pole. Actually, the
order increases. This is in accord with the earlier
result that » > I(a + 1). The interesting numbers
are the smallest pair (n, r) for each value of ! that
satisfy (7) and (8). For example, for [ = 1 (7) and (8)
become

r=n—1—(a+ 1), 7
(mAr—DI, 4N tr—2l
=D im0l T e=Dim=n1 &

These are both satisfied for r=0 and n=1+(a+1).
The same as n = 1 + l(a 4 1) with [ = 1. For
I = 2, (7) and (8) become after some simplification

r=2m —1) — 3(a + 1), 7
m—10D>0+r+Dn+r—1)/c+Dr+2). (8

The simplest case that worksisa + 1 = 2, r = 2,
and n = 5, which again satisfiesthen = 1 4 l{a + 1)
requirement, The example, ¢ = 1,r = 2, n = 5, is
worked out in detail in the next section, that is,
the polynomials P; are solved for. Although it is not
obvious that (7) and (8) are equivalent ton = 1 +
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l(e + 1), the two results are identical for the simple
cases checked so far. It seems reasonable then that
whenever a pole exists, Stokes’ theorem is ap-
plicable in principle.

III. AN EXAMPLE

As an illustration of the use of Stokes’ theorem
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2k 31 Fre. 1. A graph

whose analytic expres-

sion contains a pole in

P P a two-dimensional field
theory.

Lk 4,p~1

the graph of Fig. 1 is considered in (1 4+ 1)-dimen-
sional space—time.
The contribution from this graph is

&k d’l

= ff &+ m’l®P — k7 + w’lE +

The masses of all five internal particles have been
chosen all equal to m for simplicity.

The quantities det A and A are found in this
case to be

(cr + a)os + o) + asloy + o + az + )
m*(afes + alas + as + a0 + el

+ aiaf + o + 3 + ajay + adas + 05 + a0l
+ a0 + afos + asal + o + aual)

+ (P? + 2m°) (s + a0y + aiasas + ayesa
+ a0y + aaas) + (PP 4 3mP) (anasas + asasas)

det A

A

+ 3mi(aasas + ayonas).

The degree of the P/s is r 2. So that in this
case the P/’s are of the form: P; = a;;o;05. For
each %, a;;; forms a symmetric 5§ X 5 matrix in j
and k to give 15 independent elements. Then for
all 7 there are 75 elements.

Since the mass have been chosen equal, there
exists some symmetry in (det A)® and dA/da; that
may be exploited to simplify the calculation some-
what. (See Appendix II for 6A/d«;.) Any permuta-~
tion of the «,’s which leaves (det A)® and 94/da;
invariant must also leave the P,’s invariant. When
all such possible symmetries are taken into account,
the P/’s are of the form given in Appendix III.

When the coeflicients of a;a;ona; are set equal in
Eq. (5), 70 equations for the 21 unknowns which
appear in the P,’s are found.

However, only 17 of these 70 equations turn out
to be independent. These are listed in Appendix II1.
Also, there is one more condition, that of Eq. (5a).
This produces the requirement that

QA+F+G+H-+ U)(iai)

i=1

+ (41 4+ 2Q)e; = 0,

WP — O F P — k= F + T ®)

which yields the equations
2+F+G+H+U=0

and 2T + @ = 0.

The 19 equations thus found are self-consistent.
Since there are 21 unknowns, two arbitrary con-
stants remain in the solutions which do not affect
the value of the integral. The solutions are listed
in Appendix IV.

The formula of Appendix I can now be applied
and the integral (9) becomes the sum of five integrals,

5
I=47 > I,

i=1

10

where

[

Upon permuting the integration variables in I,, I,
I;, and I, it can be shown that these four integrals
are equal.

It was found to be impossible to interpret the
five integrals as the expressions of the five four-line
graphs shown in Fig. 2. In the case of the single
loop, the correspondence is possible since the num-
erator is very simple, det A = «. But in this case,
the numerators of the integrands cannot be made
equal to those of the four-line graphs although there
are two free parameters in the solution. The de-
nominators are, however, equal.

Since the integral 7 is independent of the choice

o

1 4

[Tde o1 - Sa)(5) . av

4 i#i

Fig. 2. The five
possible contrac-
tions of Fig. 1.
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of B and C, the choice of B = ¢ = 0 immediately
reveals a singularity at P = —3m®, Since on the
physical sheet the propagator has only a pole at
P’ = —m® and a cut starting at P* = —4m?, the
singularity at P*> = —3m® must be on an unphysical
sheet.

The existence and position of this singularity can
also be easily seen from Cutkosky’s recipe for
finding the residues of poles. If in integral (9) the
change of variables:

$=(P—k)2, y=k21 z=lzr 'w:(P—l)z,
or
_Ply—z+P)  Plly—z+P) — 4Py}
kl s 2P2 + 2P2 ,
Piy—z+P) |, Pilly — = + P> — 4Py}
kO 2P2 + 2P2 ¥
Pz—w+P) Pz —w+ P — 4P%)}
l1 = oP? + op? )
Pz —w+ P> | Pllz —w+ P?) — 4P%}
lO 2P2 + 2P2 1

is made; then the pole occurs at (P —k—1)’+m*=0.
Upon making the transformation and putting z=y =
z = w = —m’, the pole at P* = —3m® appears.
The numerator of Eq. (11) should reduce to the
above expression at p° = —3m’, so that although
the residue of the pole is not expressed as the sum
of other diagrams in an obvious manner, the num-
erator of (11) does have this correct value at the pole.

APPENDIX I: PROOF OF A STOKES THEOREM

The following notation is introduced to simplify
the ensuing discussion:
1
. f dz.,
o

fF=j;ldxlfoldx2-

X 6(1 — Xy — Ty — ' — I”)F(xl,z2, "',.’l:,,),
1 1 1
[ 7= dz, [ dry - [ da,
ifre'k 0 1] [}
X o1 —a — 3 — -+ — )
X F(zy, oy -+ -, 1) 8(2) () <+ 6(2)-
Lemma I:
aF aF
=[Gl [r @
Proof: The proof is carried out for ¢ = 1 and

j = 2 to avoid notational difficulties. First, the
integral with respect to z, is carried out using the

AND W. WILSON

factor 8(1 — 2, — 2, — -
atives are then given by

- — 2,). The total deriv~

(—iz = -a_ac: — 57; , a#n,
so that
OF _OF _ dF _dF
0z, dx, dx, dxz'

Now the two total derivatives may be integrated
easily, the first over x; and the second over z,.
The integrals over the variables x5, x4, <+ , %y
are identical, the only difference being in the in-
tegrals over z, and z,. To symbolize this the nota-
tion [, will be used to represent the integrals over
X3, Xs, " , Lo With appropriate limits, and the
number { = 3 + 2, + -+ 4 Zp-.

e [
- j: £dac,‘/;l - h(—igdxz}

After integration and substitution of the limits of
integration

1-§
I=f{f dxz[F(l_E—xz,x2’x3’...’xn_l,O)
£ 0

—F(Oaxmx:h et 1xn—l)1 _S'—xz)]
1-¢

_‘[ dxl [F(zh]-—s—xl)x:h.“ 1xn—lv0)
]

- F(xly 07 Tgy *** 4y Tn—1y 1 - E - xl)]}'

The first term in the integral over z, and z, cancel
each other out identically which can be seen by
making the substitution 5 = z, in the z, integral
and » = 1 — ¢ — z, in the second. Thus I is given by

1~-§
I=f{f dxlF(xl,O,xa,... ’x"‘lil'—s_xl)
4 o |

1-§
- f dz, FO, 2, T3, +++ ) Tu-1y 1 —E—'xz)},
]

but this is just the required answer if the § functions
on the right-hand side of (Al) are used to do two
integrals. The specialization to 1, 2, and # is not
necessary but saves some notation. If there are only
two variables z, and z, the proof is trivial.

Lemma II: If F,y = —F,, and F, = Y., F,,
(a,b=1,2, --+,m), then

> F, =0.

a=1

(A2)
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Proof:

> X F,
> (Fu + Fu)

a>b

=20=0.

Lemma III: Given a set of functions F, such
that > F, = 0, there is at least one set of functions
F,, with F,, = —F,, such that

F,= > F,.
b

> F -

]

Proof: Write the functions F,, as an m by m
matrix a suitable choice is

0 0 .- 0 F,

0 0 F,

0 0 0 Foy
—F, —F, —F., 0

Theorem: If Z F, = 0 then

oF, _
I= f IR f F..
Since Y, F, = 0, Lemma III may be applied to
determine a set of functions F,,. The integrand of

the left-hand side of (A3) is modified by the following
sequence of steps:

; dF,/oz, E 2 OFa/oz,
= Z .,E OF 1./ 0z,
= - E ,,E OF .,/ 0,
3 Z‘, bZ (0F 14/ 3%0 — OF /01s).

(A3)

I

Thus we have
I=3%> ; f (8F /9%, — OF.,/02s),

Lemma I may be applied to integrate this, and
finally some substitutions and the properties of the
functions F,, to complete the proof:

r1p g (- [r)
-z x{[r-[n}
£z
=_;£m

I
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APPENDIX II
A/da; = M (i + o} + o) + 2miaes + 2miaa,
+ 2mlaas + (P + 2mA)ases + (PP + 2mPasas
+ (P + 2mP)ayo; + (P* 4+ 2mP)aza,
+ (P* + 3mAasas + 3miouas,
9A/da; = m*(ei + of + i) + (P* + 2mD)ayas
+ P? + 2mYone, + (P* + 2m%)ases
+ 2may0; + 2mi0n0 + 2mlasas + (P74 2m°) oo
+ 8miasas + (P® + 3mauas,
848/da; = m* (e + o + a3) + (P* + 2m ey
+ 2mPea; + (P° + 2mP)eas
+ (P° + 3mAaas + 2miaas + (P° + 2masa,
+ 3mians + 2mlazas + (PP + 2m)a.as,
048/d0y = m* (e + & + ai) + (P* + 2mDaya,
+ (P* + 2mM)ae; + 2mioies + 3manas
+ P + 2mPaas + 2mPase, + (P* + 3monas
+ (P + 2mAasas + 2miaas,
0A/day = m* (&} + o5 + ai + o)) + (P? + 2mP)aas
+ (P* 4+ 3mMauas + 3mlonas + 2miaas
+ 3maa; + (P? 4+ 3mP)ane, + 2miazas

+ (‘F)2 + 2m2)a3a4 + 21’)7,20:3015 + 2m2a4a5.
APPENDIX III
P, = Ao} + Boal + Cal + Dol + Ead + Foye,

+ Gaas + Haoy + Iavas + Jopos + Ko,
+ Lazos + Moy, + Nases + Oogas,

P, = Ba} 4+ Ad} + Dai + Cof + Eo} + Foya,
+ Kayos + Jasas + Loyos + Hoyay + Gogay
+ Iosas + Mose, + Oozes + Neagas,

P, = Co; + Dab + Adi + Bdi + Eoi + Moy,
+ Gaj; + Jajos + Nawoy + Hapas + Kayey
+ Oazas + Fazos + Iosas + Logas,

P, = Do} 4+ Cai + Bai + Adl + Eol + Maya,
+ Koya; + Hoyey + Ocjas + Jaso; + Gasay
+ Nasas + Fosa, + Nasas + Iagos,

Ps =P2(af+a§+a§+af) +Qa§+Ra1az
+ Sajoz + Tones + Uopay + Tases + Sase,
+ Uasas + Rozas + Uasas + Uoas.
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APPENDIX IV

The coeflicients from which the equations come
are listed on the left.

4-
a

3
[e312 4

3
(2312 7]

3
[+37s 13

73

2 2
03

2 2
oy

2 2
(251473

2
[e21e272 7]

2
(2302210 43

2
003

2
(e 2Ys 12 73

Q00005 @

C+D4+P=0,

:2M + R =0,
:2m*A + (P* 4+ 2m®)B + P*C

+m*H+J+P+T) =0,

:2m*A + (P* + 2m®)B + (P + m)C

4+ m’D + m*W +0+U) =0,

:E =0,
:2m*(A + B) + 4m’G + 2(P* + 2mH)K

+ 2m’P + (P* + 3m)S = 1,

: 2m*(A + B) + 4m’H + 2(P* + 2m?)J

+ 2m*P + 3m’T = 1,

:m*(A + B+ C + D) + 2m’I

+ (P + 2m)L + (P* + 3mAN
+ 3m*0 + m*Q + 2m°U = 1,

: (P 4 2mHA + 2m’B + P*C

+ (P* 4+ 4m®F + m’G + (P* + 2m*)H
+ (P* + 2m*J + m’K + (P* + 4m M
+ (P’ + m* )P + 3m’R + m*S

+ (P* + 2mHT = 0,

(PP 4 2mHA + 2m’B

4+ m’C + (P* + m*)D
+ (P* + 4mdF + (P + 2mOM
+ P+ 3mHWN+0+U) =0,

(PP + 2mH)A + 2m°B + P°D

L (P + 4D F + (P 4 2m)C + mPH
4+ miJ 4 (P + 2mDK + P°M + mP
+ P+ mHR + P+ 2m)S + m*T =0,

:3m’A + (P* + 3m*»B + P°C

+ 5m’H + 3m’I + (2P* + 5m®)J
+ (P + 3m)L + (P* + 2mIN
+ 2m*0 + T) + 4m’U = 2,
(P* + 6m)F + (P* + 5m*)G
+ @P* + 5m>H + 3(P* + 2m)I

2
U005

2
[s3Te 210 7Y

2
(2512 712 43

3
[2 51223
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+ 5mAT + (P* 4 5mAK + (P* + 6md)L
+ PM + (P* + 4m® (N + O)
+ 2m*(S + T) + 2P* + 8m°U = 4,
:2m°F + 2(P° + 2m)I + 4m’L + 2m’M
+ 6m’N + 2(P* 4 3m»)0
+ (P* + 2m*)Q + 4m’U =2,
12m*G + 2(P* + 3m®)I + 2m’K
+ 6m’L + 4m’N + 2(P° + 2m*)0
+ (P 4 3mH)Q + 4m® = 2,
:2m*H + 6m’I + 2m*J + 2(P* 4+ 3m’)L
+ 2(P* + 2m°)N -+ 4m’0
+ 3m*’Q + 4m’U = 2,
I+ L+N+0+2Q =0

APPENDIX V

3m*’A = (P* + 5m*)B — (P* + 2m*)C

+ (P* + 2m*)/(3P* + 9m®),

B = B,
¢ =cC,
m’D = (P* + 4m)B — (P’ + 2m>)C

E
3m’F

3m’G

3m’H

+ (P* + 2m*)/B3P® + 9m?),
0,
(P* + 8m®)B + 2(P* — m*)C

— [2(P* — m*)/(3P* 4 9m)],
P* + 5m°)B + 2(P° + 2m*)C

+ (P* + 11m®)/(3P* + 9m’),
(4P + 17m*B —4(P* + 2m*C

+ M4(P* + 5m”)/(BP* + 9m?)],

3I = 8B — 2C - 11/(3P* + 9m?),
J = B+ 2C + 1/@P* + 9m?),

m’K = (P* + 5m°)B = 2m°C 4 4m*/(3P* -+ 9m?),
L = 4B — 2C + 4/(3P* + 9m?),

m'M

N

Il

(P* + 4m®B — 2m*C
+ (P* 4+ 4m®/(BP* + 9m’).
20 + 1/(3P + 9m?),

0 = 4B — 2C + 6/(3P* + 9m”),
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m’P = —(P* 4+ 4m®)B + (P* + 2m*)C
— (P* + 4m")/@BP" + 4m”),
3Q = ~16B + 4C — 22/(3P* + 9m?),
m’R = ~2(P* + 4m®B + 4m*’C

— 2(P* + 4m®)/(3P* + 9m?),
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m*S = —2(P* + 4m®B — 5m*/(3P* + 9m?),
mT = —2(P* + 4m)B
— (P* + 5m®)/(3P* 4+ 9m?),
3m*U = —8(P* + 5m")B + 2(2P* + 5m°)C
— (5P + 37m*)/(3P* + 9m”).
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Construction of the Charge Operator for Higher Symmetry Schemes*

I. 8. GERsTEIN

Department of Physics, University of Pennsylvania, Philadelphia, Pennsylvania
(Received 18 September 1964)

The problem of the construction of an additively conserved operator with integral eigenvalues, to
be identified with the electric charge is solved in complete generality for the groups locally isomorphic
to U(1) ® SU(n). It is found that the representations fall into classes on which different charge
operators may be defined. Several results previously obtained for particular classes of representations
are found here as special cases. We specialize the results to N = 4 and discuss several models presently

in the literature.

I. INTRODUCTION

YMMETRIES for the strongly interacting par-
ticles beyond that of the familiar eightfold way

of Gell-Mann and Ne’eman' have been proposed
by many authors. In particular we might mention
models based on U(3),” W,,* SU(4),*”" and Sp(6).?
Experience with these theories has indicated that
the requirement that there exist an additively con-
served quantum number with integral eigenvalues,
to be identified with the electric charge provides
limitations on the types of models which can be
considered and it is of interest to determine the
general form which these limitations take. Discussion
of this question has been initiated by Hagen and

* Supported by the U. S. Atomic Energy Commission.

1 M. Gell-Mann, Cal. Tech. Synchrotron Lab. Report
CTSL 20, (1961) (unpublished); Y. Ne’eman, Nucl. Phys. 8,
222 (1961).

2 M. Gell-Mann, Phys. Letters 8, 214 (1964); G. Zweig,
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Letters 11, 190 (1964), Nuovo Cimento 34, 1751 (1964).
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Macfarlane’ who show how to construct an operator
which satisfies the above eriteria for the plurality
zero representations of SU(n). Okubo, Marshak,
and Ryan'® have proposed a solution which in-
volves considering U(3) rather than U(1) ® SU(3)."
In the present work, we discuss the groups locally
isomorphic to U(1) & SU(n) using a different
method and with greater generality than Ref. (9),
and construct valid charge operators for a much
wider class of representations. In particular the
results of Hagen and Macfarlane for plurality zero
representations are obtained as a special case.

It is clear that the most general form for the
charge operator is a linear combination of the diag-
onal generators of the Lie algebra. That is,

n—1
Q = _EI'Y{Y(” + v.B, (1)

where the Y are particular combinations of the
diagonal generators of the Lie algebra of SU(n)
defined previously® and B is the generator of the

° C. R. Hagen and A. J. Macfarlane, Phys. Rev, 135,
B432, (1964) and J. Math. Phys. 5, 1335 (1964),

1 8, Okubo, C. Ryan, and R. Marshak, Nuovo Cimento
34, 759 (1964).

1 In this regard see also I. S. Gerstein and K. T. Mahant-
happa, Phys. Rev. Letters 12, 570 (1964) and Nuovo Cimento
(to be published).
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U(1) transformations which we explicitly identify
with the baryon gauge group. Since the eigenvalues
of B are integral it is clear that for the purposes
of finding all possible v; and vy, we may require
0 < v, < 1. In particular, the case y, = 0 is con-
veniently treated separately from vy, # 0.

If all the states of a particular representation L
of the algebra of U(1) ) SU(n) have integral charge
then, since the adjoint representation is always con-
tained at least once'® in the decomposition L & L'
we must have integral charges for the adjoint rep-
resentation as well. This follows from the fact that
weights are combined linearly with integral co-
efficients in the decomposition of a direct product
and, from (1), so is . However, the nonzero weights
of the adjoint representation are the roots of the
Lie algebra and since for any representation the
roots are differences of weights, we see that all the
states of a representation have integral charge if
and only if the highest weight of that representation
and the simple roots of the algebra'® have integral
charge. It is the latter two requirements that we
study.

In the next section, we obtain conditions for
the charges of an arbitrary representation to be
integral, first for the case y, = 0 and then for
0 < v, < 1. In Sec. III we consider some specific
models for the charge operator. In the Appendix
we consider the problem of finding all homomor-
phisms of B (X SU(n) defined by

R Q S8Um)/A; = Fi, @

where A; is a discrete normal subgroup of B ) SU(n),
and show that this problem is equivalent to that
solved in Sec. II. The main results of the paper are
Egs. (12)-(14) and (17) which allow one to determine
all possible v’s of Eq. (1).

II. THE CHARGE OPERATOR

An irreducible representation L, of SU(n) is
uniquely specified by giving the n — 1 components
of its highest weight, L. This highest weight'* can
be decomposed uniquely as the sum

n—1

L= Z BiL“);

i=1

®3

where §; are nonnegative integers and the L are
the fundamental weights. These are the highest
weights of the n — 1 fundamental representations

12 J, Ginibre, J. Math. Phys. 4, 720 (1963).

13 B, B. Dynkin, “The Structure of Semi Simple Algebras,”
A. M. S. Trans. Series 1, Vol. 9 (1962).

14 We define the relation > for weights by saying that a
weight is positive if its last nonvanishing component is > 0.
This simplifies the formulas.
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L which are the representations induced on com-
pletely antisymmetric tensors of rank 7. L, in
particular, is the defining representation of n X n
unitary unimodular matrices. In terms of the ¥‘?
the highest weights L’ take the form

1/2,1/3,1/4, --- , 1/n
L® =0,2/3,2/4, ---, 2/
L® =0,0,3/4, - ,3/n

L(l) =

)

L =0,0,0,:--,(n — 1)/n.

We also need an explicit expression for the n — 1
simple roots of SU(n) considered as weights for the
adjoint representation. The simple roots are suffi-
cient since any root (and hence any nonzero weight
of the adjoint representation) may be written as
the sum of simple roots with integral coefficients.
If we call the simple roots > then we have

v = 1,0,0,---,0
1® = ~11,0,+--,0
1 =0,0,---,—4/G—1),1,---,0
[0 - 0, 0’ e, —-(n — 2)/(n - 1); 1. (5)

Corresponding to (3) and (4) we have the charge
of the highest weight of the representation L
specified by {8, B3, *-* , Ba-1} 18

Q" = 718:/2 + 72(B1 + 28:2)/3 + + - + Yo
X B+ 28+ - + [n — 118.-)/n + 1B, (6)
while for the 7th simple weight of (5)
Q' = v — @ — D/ivi-s + 1B 0]

In accordance with the remarks made in the intro-
duction for the charges of all the states of L to be
integral it is necessary and sufficient for the left-
hand sides of Eqgs. (6) and (7) to be integral.

Let us rewrite Eq. (6) by introducing a new
parameter, A;, defined by

B: =N — Mina

IBn—l = )\n—l-

The M, are thus the parameters which give the
number of columns in the ith row of the Young
diagram describing the tensor character of L.

Some simple manipulation then yields

i=1,2 - ,n—2 (8
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QL = N711 + )\2)(72 - 2’)’1) + .-
+ 0N s A

-2
X (’Y»—-l - %:“‘I ’Yn—2>

_ 1 n—1
& Z A + 7B.
7 i=1

©)

™ Yn-1

Thus considering (7), it is necessary that

n-1

n—1 Zx."l"YbB

n i=1

I = Yo (10)
be an integer for the charges of L to be integers.

Let us first consider v, = 0. Then we may clearly
distinguish various possibilities by considering the
cases

n—-1

E)\i=

i=1

0mod?, (11)
where x runs through the divisors of n. We remark
that the quantity > 72! A; mod (n) is the plurality
of the representation L as defined by Hagen and
Macfarlane® and is conserved when reducing the
Clebsch~Gordan series of an inner product. Thus
if a representation L, given by a set of \,, satisfies
(11) for a given « so will all inner products of L
times itself and L times the adjoint representation
[since the adjoint representation satisfies (11) for
x = 1]. But this is just what is required if L is to
have integral charges (i.e., all representations in the
above-mentioned class should have integral charges
as well). Thus if we call representations of class «
those which satisfy (11) then we can find a proper
charge operator for all representations of this class
(for v, = 0) by solving (7) and (10) for the allowed
v:. Conversely, an integral charge operator for a
particular representation of class ¥ must also be
integral for all other representations of this class.
We will later see that representations of class x are
actually representations of different, locally isomor-
phie, groups.

Suppose we fix our attention on representations
of class . Then from (10) we immediately have

Yn-1 = rn—!/(n - 1)} (12)
where r,., is an integer such that
Tp-1 = 0 mod K. (13)

Then from (7) we obtain the complete solution

n-1
—1 .
Vi =1 Z rif 1t

i=1

(14a)

where

r; =0modj+ 1 j<n-—1. (14b)
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The set (13), (14), and (15) are the most general
golution to the problem of constructing the charge
operator for v, an integer.

Now let us take v, not an integer. It is immediately
clear that if a solution for the charge operator exists
it cannot be for a theory in which we may assign
baryon number arbitrarily to representations of
SU(n). That is if L is a representation with integer
charges for noninteger v, then Lp,; cannot have
integer charges. Thus the class of representations
which admit a solution for a given charge operator
are not representations of a group which has U(1)
as a direct product factor. Because of the ambiguities
involved with the automorphisms of the Abelian
group U(1) it is quite complicated to repeat the
arguments of the first part of this section here
although this may be done. Instead we shall make
use of the results of the Appendix to obtain the
formula, analogous to (11), which expresses the
class of representations on which we should define
the charge operator. This is

>\ + b = 0mod (n/k). (15)

As in (11), « runs through the divisors of » and we
have defined b to be the baryon number.

Now all the arguments establishing (7) and (9)
as necessary and sufficient conditions for the rep-
resentation Lp to have integer charges are still
valid since the adjoint representation with B = 0
is contained in the inner product of L with its
conjugate. Consider (15) with & = 0 which yields
all the representations of class « of Eq. (11). Since
the charge operator is to be integral for all rep-
resentations of class « of (15), we see that forb = 0
it must be an integral charge operator for all rep-
resentations of calss « of (11) as well, thus the v,
are given by (14). So for b # 0 we have only to
satisfy

(ra-1/n) 2 N — v,b = integer, (16)

where r,.; = 0 mod «, and X; and b satisfy (15).
The solution to this is clearly

Yo = —Tai/n an

and we thus have the complete solution to the case
where v, > 0 for the class « defined by (15).

III. DISCUSSION

We have obtained the most general possibilities
for constructing a charge operator with integer
eigenvalues in Sec. II. In general we found that it
was consistent to ask that the charge operator be
defined on a class « given by (11) or (15) correspond-~
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ing to representations of U(1) ® SU(n)/Z,,. and
U™ (n). [See (A12) and (Al5).] For a class «, the
coefficients v; and v, are determined by (12)-(14)
and v, = integer for U(1) & SUM)/Z,,., and
(12)-(14) and (17) for U (n). It is interesting that
there is a one-to-one correspondence between the
charge operators defined for v, = integer and those
for v, not an integer.

Let us consider v, = 0,7,_, = 1, r;zo_; = 0. Then
we have

i =1/1 (18)

which is precisely the solution of Hagen and Mac-
farlane® for plurality zero representations of SU(n).
If we consider the solution for v, # 0 corresponding
to this we get [in addition to (18)] from (17),

Yo = 1/n. (19)

This is the generalization to U(n) of the proposal
of Okubo, Marshak, and Ryan'® for U(3).

Several models for n = 4 have been proposed
recently. In particular, in Ref. (5) we have (18)
and hence a model based on U(1) & SU#4)/Z..
In models (1) and (2) of Amati, Bacry, Nuyts, and
Prentki,” (19) obtains so this model is more correctly
described as based on U(4). For their model (3)
and (4)

Q=y" + 3" - ¥ +1iB (20)
which follows from

ry = —2, Ty = 3, rn = 0.
Since r; = 0 mod (2), this model accommodates

integral charges for all representations of U®(4).
Thus the limitation imposed by a fundamental
quartet for this model [which effectively restricts
it to representations of U(4)] is, perhaps, too
confining.

Although the choice of the charge operator within
a class «, ie., the choice of the r,, is independent
of group theory, the division of representations into
these classes, which are distinguished by the charge
operator they admit, is quite interesting. To reverse
the statement, a choice of charge operator picks
out a maximal class x and thus defines the particular
full Lie group which is relevant to the theory being
considered. Groups of the type U™ (n) are partic-
ularly interesting since here we have definite rela-
tions (15) between the baryon number b and the
possible SU(n) representations.

It should be emphasized that, although the values
v, = 1, y» = } are well established by experiment,
if the higher symmetries proposed are meaningful
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then we are allowed any v, consistent with the
restrictions found in Sec. IT and we should consider
all their implications to determine which choice is
actually realized.
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APPENDIX: LOCAL ISOMORPHISMS OF
U1 @ SUm)

In this appendix we consider the significance of
the classes of representations (11) and (15). It is
well known that to a given Lie algebra there cor-
responds several, locally isomorphie, Lie groups.
To a semisimple Lie algebra there corresponds a
unique, simply connected Lie group @ the universal
covering group. All other Lie groups with the same
algebra are obtained as factor groups of G.

F; = G/A;, (A1)

where A; is a discrete normal subgroup of G and
thus is a subgroup of its center, Z. The universal
covering group for our problem is B & SU(n)
where R is the additive group of the real numbers."®

The discrete central normal subgroups of
R & SU(n) fall into two distinct classes:

(1) Those whose generators are products of the
identity of one of them times a generator of a central
normal subgroup of the other.

(2) Those whose generators are products of non-
trivial generators of the central normal subgroups
of each of them.

We first consider groups A; of the type (1) as
defined above. Since we wish to have integral baryon
number we take one of the generating elements of
A; to be (2w, 1) which defines the homomorphism

R® SUm) — UQ) ® SU(n).

The other generator will be of the form (0, w,).
Thus U(1) is always a direct factor of the resulting
group and we can ignore it in the following. We
emphasize however that this implies that the baryon
number B is unrelated to any other quantum number
in this scheme.

The center Z, of SU(n) is a discrete group iso-
morphic to the multiplicative group of the nth roots
of unity and we may denote it as the collection,

y @a) = Zn. (A3)

(wlr Way * "

15 See L., Michel, Istanbul Summer School (1962) (to be
published).
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It is clear that any element w;, except one for which
1 is a divisor of » may be taken as a generator for
this group. The distinet subgroups of Z, are given by

Zn/x, Zn/)u Tt

where n/k, n/\, - -+ , are integers. The group Z,,, is
composed of elements

(A4)

and the remarks concerning generating elements of
(3) also apply here.

In the defining representation L
the elements w; are represented by

[(wl)‘ = Wiy Wax " Winse)ex — Wp = 1] = Zn/lt

W it is clear that

(A5)

where ¢; = ¢ . Moreover, from the definition
of LY as the totally antisymetric projection of
LY ® LY ... L [ times, in this representation
we have

(1,
L .w;—>e.~1,

2xii/n

LY w, = ()] = el

(A6)

where subscripts on epsilons are always meant to be
taken modulo n. Now in the representation whose
highest weight is given by

L: [ﬁly 32; A ﬂn'-l] (A7)
of Eq. (2) we clearly have, using (A6),
L:ow — (Gi)m(f.')zﬂ' e (Gi)("_l)ﬁ"_lly (AS)
or
L: w; — é;[g,+zg,+...+(n_1)gu]1 . (Ag)

In order that all the elements of Z,,, be represented
by the identity it is clearly necessary and sufficient
that any generator of Z,,, be represented by the
identity, or, using (4)

k@B + 28,4+ - +n —18,) = 0Omodn. (A10)

In virtue of the fact that « is a divisor of n we
obtain that a representation of SU(n) is a representa-
tion of SU(n)/Z,,. if the components of the highest
weights of the representation satisfy

n—1
> 8. =0 mod? (Al11)
i=1

In terms of the A;(11) becomes
n—1
>\ =Omod ™. (A12)
fm1
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which is identical to (11) defining the class, x, of
representations.

Now let us consider homomorphisms of type (2),
those for which a generating element of A, contains
generators of discrete subgroups of both R and
SU(n). In order to obtain these homomorphisms
we must consider the structure of R, the additive
group of the reals in more detail. The discrete sub-
groups of this group are generated by a, where o,
is arbitrary. For different o, we generate isomorphic
groups. A representation of R is given by ¢‘** and
denoted b where b is a fixed number. Now consider
the generating element

@2x/n, @), (A13)

which generates a discrete subgroup of B X SU(n),
and the representation defined by the mapping

(o, ) — €’**L(6) (Al4)

of the same group where we multiply the matrix
L by the factor ¢'*°. Then using (9) for the rep-
resentative of w; in the representation L we clearly
see we must have

n—1

38 + b = 0 mod

i=1

(A15a)

n
K

b = integer

(A15b)

in order that the generating element (21) be mapped
into unity in this representation. Thus we may
identify b with the baryon number since it is integral.
(Alba) is recognized as defining a class of representa-
tions just as did (A12). Using the \; this equation
becomes (15) which we now see is the correct
generalization of (11) for the case where we wish
to include the baryon number in a nontrivial way.

For the case xk =1 (A15a) defines representations
of U(n). When « % 1 we write U’ (n) to distinguish
the group defined by (15). Since (23) yields a relation
between b and the 8; we see we are not free to assign
baryon number arbitrarily to the representation L
of 8U(n). Such restrictions are well known in the
Sakata model based on U(3) and if we wish to
use the baryon number in our definition of charge
we must accept them.

We might mention that there are no other non-
isomorphic solutions to the mapping problem (1)
with the generating element (13) other than (15).
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By properly ordering functions of noncommuting operators, a one-to-one transformation between
operator functions and corresponding functions of commuting algebraic variables can be made.
With this transformation, boson operator equations such as the Schrédinger equation can be converted
to differential equations for the transformed functions, the resulting equations containing solely
commuting variables. Once the solution to the transformed equation is obtained, the inverse trans-
formation may be applied to yield the solution to the original operator equation. The method is
extended to include angular momentum operators,

1. INTRODUCTION

HE general solution for the time evolution of a
quantum state is

{:I/(t}) = Uua w’(to»’ (1'1)

where U,,, is the unitary transformation satisfying
the Schrédinger equation

th GUH.,/('N = GC(t)U“, (1.2)

subject to the initial condition U,,,, = 1. Formally,
U,., may be written as

Ui, = P{exp [-% f "5 dt’]}, (1.3)

where P is the time-ordering operator. If the expo-
nential is expanded and the time ordering is per-
formed, one obtains

7: 3 , , j 2 ¢ "
U =1 —-ij;ac(t)dz +(R) ftodi
x [ @@y + -, (14

the standard time-dependent perturbation relation.

There is another method of solution which is
particularly effective for the solution of operator
differential equations which involve operators obey-
ing commutator (as opposed to anticommutator)
relations. This method, which is desecribed here, also
involves an ordering procedure, but an ordering of
operators rather than a time ordering. Once the
ordering has been performed, a unique correspond-
ence can be made between the operator function
and an equivalent function of commuting variables.
The operator differential equation is then trans-
formed into an equivalent algebraic variable dif-
ferential equation and can be solved by conven-

tional methods. Onece the solution is obtained, it can
be transformed back to give the operator function
which is the solution to the original operator dif-
ferential equation.

2. PRELIMINARY DEFINITIONS

Let us consider a function of noncommuting op-
erators. For simplicity, we shall consider funetions
of the boson annihilation and creation operators a,
and aI——the extension to other conjugate operators
such as p and ¢ is straightforward. We consider then
a general function f(a], a;) of the set of operators
obeying the commutation relation
8i5e 2.1)

We define the ordered or normal form of any
function f(a!, a.) of the a; and a, operators as the
form in which all creation operators appear to the
left of all annihilation operators. Given any function
f(al, a.), we use the commutation relations to move
annihilation operators to the right and creation op-
erators to the left to obtain its normal form ™ (a}, a,).
In general, we can write the normal form of any
function ag

1 (ai, ;)

= Eon, ,,,,...n,,,,,lm,...miaf"‘a;"‘ cee al""a’{"a’;’ <o art,
2.2
Here the coefficients of the expansion may be fune-
tions of the time or other parameters. Except for
the inconsequential ordering among the sequence
of creation operators or among the sequence of
annihilation operators, every funection has a unique
normal form. Moreover, since the commutation rela-
tions have been used to put f in normal form,

=1, 2.3

in that both represent the same over-all operation.

+
[air ai] =
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Let us now define a transformation 7' which
transforms a funection f(a!, a;) of the operators a,
and a; to a function of new commuting algebraic
variables @, and @; in the following way: the func-
tion f(a!, a;) is first put into normal form and then
the substitution of the variable @ as made for the
operator a, and the variable a, for the operator a,.
Symbolically, if

f(@, a) = T{fai, a}, (2.4a)
then
j@, a) = 1@, a). (2.4b)
In passing we should note that from (2.2)
T{af/ot} = oT{f}/at, (2.5)

a relation which is of importance later.

Since each function has a unique normal form,
the T transformation results in a one-to-one cor-
respondence between a function of the algebraic
commuting variables d, and @; and a function of
the operators a) and a;. We have thus mapped the
space of operator functions onto the space of al-
gebraie variable functions in a unique way.

Next we must consider the inverse transformation
T~* applied to a function f(a!, a.) of the algebraic
variables a;, d;. We first define the normal ordering
symbol, 97, which when applied to a function of the
operators o) and a; serves to reorder the expression
without regard to the commutation relations in such
a way that all annihilation operators appear to the
right of all creation operators. Thus, for example,

N{(a0la30.} = ajas0.a,
and
N{(a; + 8/0a0a:0]} = 10,05 + @

In general,
Rifal, a)} = flai, as);

the exception arises when f(a!, a;) is in normal
form. Then

N{@, )} = (V@i a).  (28)

Using the normal ordering symbol, we can write
the inverse transformation relation as

T { @, a)} = {fai, a))}. @7
That is, the inverse transformation converts a func-
tion of the commuting variables a, and g, into the
same function of the operators a! and a, with the

condition that all annihilation operators operate to
the right—the resulting operator function being in
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normal form. Let us give some illustrations to clarify
this operation. For example,

—1¢ - ~ta_ .1 t +
T l{aeas‘ZG:‘as} = aiaizasa:'-
Again, since the barred variables commute, we see

T{(a, + 8/9a)a,a."}

Il

1. s ot ot

T G,4.6," + 26,4, }
? t

= a12a2a1 + 2(1102.

Using (2.4a), (2.4b), (2.7), (2.6), and (2.3) we
see that

T7'T{f(ai, a)} = T (al, @) = {f"(ai, a.)}
= 9 (ai, a)) = f(ai, a.).
Thus
77T = 1. (2.8)

We need the relations which allow us to transform
the product of two functions of operators,

h(ai, @) = f(a!, a)g(al, as)
= {"(a), a)g™(al, @),

the latter equality resulting from (2.3), since from
(2.4) the transformation of h(al, a;) results in

ki, @) = h™(al, a.).

(2.9)

(2.10)

We must explore the technique of putting products
of functions in normal form. To do this, we note
that to put a.f™(al, a;) in normal form we may
use the familiar relation

af™(ai, a;) = {™(al, a)a: + 3f™(al, a;)/dal.
(2.11)

The right-hand side is in normal form as indicated
by positional ordering. We may write this same
relation using the normal ordering symbol as

[0 (i, a)]™ = R{(a; + 3/0aDf" (!, a)}

and, in general, for any function of annihilation
operators,

[9(a)f ™ (ai, a)]™ = R{gla; + 9/9aDf"(a!, a))}.

Indeed, if we have a function of @ and @, in normal
form, we find

[9 (@i, a)f(al, a)]

= g™ (ai, a; + 3/0aDf" (al, a))}.
As an example, we see
[(ma)(al + a)]™ = Rfal(a, + 8/6a)(a! + a,)}

_ t ot t t t +
= N{a,qa, + ava} + i} = a;’a; + ala? + a.

(2.12)



476 H. HEFFNER

By using the Hermitian equivalent to (2.11),
(@i, adai = af (@i, a) + 9" (ai, a)/da,,
we can show in the same fashion
[ (ai, @) (@i, @]
= Nfg™(al, a)f"(a} + 3/0a;, a)}.  (2.13)

The operation of differentiation is applied to the
function on the left. Using these two relations
together with (2.10), we find

T{g(a:, a)f(ai, a)} = ¢™(al, a; + 3/3a)f™(al, @)

(2.14)
or
T{g(al, a)f(al, a)} = f™(a! + 8/0d;, a)g™ (@, &).
(2.15)

Here the normal ordering symbol has been removed
since once the transformation to the algebraic var-
iables d@! and @; has been made, the ordering is
immaterial. No matter how this function is written,
it is the transformation of the normal ordered form
of the operator function.

In view of the relations (2.4), we may rewrite
(2.14) and (2.15) as

T{g(a!, a)f(al, @)} = ¢ (a!, @ + 8/9a)T{f(a, as)}
(2.16)

and

T{g(al, adf(al, a)} = {™(@ + 9/9a)T{g(al, a)}.
(2.17)

3. APPLICATION TO THE SOLUTION OF
SCHRODINGER'S EQUATION

Let us consider the solution to the Schrédinger
equation for the unitary transformation, U(t, t,)

ih dU /3t = 3¢(al, a;, DU, (3.1)

where 3C is solely a function of the boson operators
a; and a, but may depend on time. Let us apply
the T' transformation to both sides of the equation.
Using (2.5) and (2.16) we obtain

ih dU /3t = 3™ (al, a, + o/oal, HU,  (3.2)

where we have let U(al, a;, t) = T{U(al, a;, t)}.
Equation (3.2) is a differential equation in ordinary
function space. Once having obtained the solution
for U, for which we can employ the standard
methods for solving partial differential equations,
we can apply the inverse transformation 7' to
determine the desired unitary transformation in-
volving the noncommuting operators a; and ar.
Thus, from (2.7),

AND W. H. LOUISELL

Ulai, a;, &) = T{ U@, &, §)} = N{U(al, a, 1)}
(3.3)
An example may serve to clarify the procedure.
Consider an harmonie oscillator with a time-de-
pendent forcing term. The Hamiltonian is of the form
3¢ = kwa'a + Fe(t)(a' + a) (3.4)
and we wish to find the unitary transformation such

that

I'I/(t» = Utlo l‘/’(to»- (35)

For simplicity we work in the interaction picture
where

Utto - e—(i/'h)afa(t—lo)V“o. (36)
The operator V,,, satisfies the equation
thaV,., /ot = 3, V..., (8.7
where
3¢ = he(f)(a'e’®" + ae™“"). (3.8)

Applying the T' transformation to both sides of (3.7)
we have

10V/0t = e([a'e™ + ae*** + (3/0aNe™ 17,

(3.9)
with the initial condition V( = ) = 1 since we
demand U,,,, = 1. The equation is easily solved
by assuming a solution

Vo= ef@hnn, (3.10)

With this substitution (3.9) becomes

i 08/0t = e(a'e’™* + ae** + (38/aa")e .
(3.11)

We now determine S by demanding a functional
form which gives algebraically equivalent terms on
both sides of (3.11). In this case, the form of S
is quite simple, namely:

S = A@t) + Bya' + C(va. (3.12)

The initial condition implies A (¢) = B(t,) = C(,) =0.
By equating coefficients of similar terms on both
sides of (3.11) we readily obtain solutions for 4, B,
and C, to give

V = exp [—ip(z)d* — iF¥($)d

¢
- f e(t')F(t')e““"dt'], (3.13)
where '
t
FO) = [ o)™ ar. (3.19)
to
By applying the inverse transformation 7' we
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obtain
Vi = En{exp ':—il”’(t)cir — iF*(Da

- f (Y F()e " dt’]}

= exp [—iF()a’] exp [—iF*(f)a]
X exp [—f‘ e(tHF(te " dt':l.

Equation (3.6) then gives the entire unitary trans-
formation, U,,,.

The T transformation may also be employed to
determine the time evolution of the density operator.
We may apply it to the operator equation

th dp/dt = 3Cp — piC,

(8.15)

(3.16)
whence by making use of (2.16) and (2.17) we obtain

. - _ mf =t - _i
th ap/dt = [5(3 (a , @+ 2g" t)

— Gc""(d* + gg, a, t)]ﬁ (3.17)
as the differential equation obeyed by the trans-
formed function § = T{p}. This equation is slightly
more complicated than (3.2) only because the initial
condition on 3 is more complicated.

The same techniques may be employed to obtain
solutions in antinormal form in which all annihila-
tion operators appear to the left of all creation
operators in each term. There are times when such
solutions are useful.

4. THE TREATMENT OF ANGULAR
MOMENTUM OR SPIN

The T-transformation technique as has been de-
veloped so far is applicable only to problems in-
volving solely operators whose commutator is a
“c” number or at least whose commutator itself
commutes with its components. Thus it can not
be applied directly to problems involving angular
momentum or spin operators. There is, however,
a standard transformation which converts angular
momentum operators to boson creation and anihila-
tion operators. For each particle we define boson
operators b,, b., ¢, ¢ such that

[b:, b1 = [es, 611 = 8y,
[b:, 8] = [es, €] = [bs, 0] = [bs,6]] = 0.
We then define the components of the angular

momentum of the sth particle in the (1), (2), and (3)
directions as’

18ee A. Messiah, Quantum Mechanics (Interscience
Publishers, Inc., New York, 1962), Vol. II, Chap. 13.
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Jo = 3leib; + blel),
%

Jio = Lelb, — blel], (4.2
Jia = 3[bib; — cled],
and its magnitude as
J: = 8J[8: + 1], (4.3)
where
8: = [blb; + cici). (4.4)

One finds the eigenvalues of J? are j;(j; + 1) where
ji = Or%v 1) e 1%’”; Tty
and those of J;; are m,.

The representation of a state |j;, m;) of the sth
particle in terms of the b; and ¢, states is

lje, ms) = [Gs + m)1G: — m) ] 7Hpi 06 55=m0 |00)
= |(: + m)G: — my)). 4.5

Here, and in what follows, we adopt the convention
that the first number labeling the bc eigenstate
signifies the occupation number of the b variables
while the second, that of the ¢ variables.

We are always concerned with a small subspace
of the entire Hilbert space of the bc system, namely
that for a given j value where m takes on values
m= —j —j+ 1, ---, j — 1, 5. Within this
subspace, the familiar angular momentum commuta-
tion relations are obeyed. Moreover this is a closed
subspace since no operations involving angular
momentum operators can transform a state within
the subspace to a state outside it.

For spin-} particles where j = 1, this is a partic-
ularly simple subspace consisting of two eigen-
vectors, one for j = 1, m = +3:

I+) = [10),
and the other forj = i, m = —3%:
|—) = 101).

We see that for the allowed states in the general
case

bl:cf' I(]z +m)G; —m) =0 if k+0D> 25.

Thus any normally ordered product containing more
than 2j annihilation operators of the same particle
gives zero independently of whether the operators
refer to the b or ¢ system. This feature often allows
considerable simplification in the solution of angular
momentum problems posed in these variables.

Once the change to the bc boson variables has
been made, the transformation technique of the
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previous section may be used. As an example,
Appendix A presents the solution to the problem
of a single spin in an rf magnetic field.

One might inquire as to the applicability of this
general transformation technique in problems in-
volving fermion operators. Indeed, one can develop
a parallel formalism to transform fermion operator
equations into differential equations in algebraic
variables. If many particles are involved, such a
transformed equation is, if anything, more difficult
of solution than the original operator equation.

Note added in proof: 1t has been pointed out to
one of us (W.H.L.) by J. R. Klauder that results
similar to those reported here are known in field
theory. See J. L. Anderson, Phys. Rev. 94, 703
(1954); N. N. Bogoliubov and D. V. Shirkov, In-
troduction to the Theory of Quantized Fields (Inter-
science Publishers, New York, 1959), p. 486.

APPENDIX A: SEMICLASSICAL TREATMENT OF A
SPIN IN A MAGNETIC FIELD

Consider a particle with spin in a magnetic field

H = [H, cos wt, H, sin w?, H,). (A1)
The Hamiltonian is
3 = $vh[Hoo, + Hyo. coswt + Hyo,sinwt].  (A2)

Using the boson transformation of (4.2) and letting
yH, = w, we have

3¢ = Lhwe(b'b — 0'6) + dhyH,(b'oe " + c'be™").
(A3)

We now proceed to solve
15 oU /ot = (A4)

using the T transformation. The transformed equa-
tion is, from (3.2),

KU

ab s/ 2
. i, _ 3 §
bf— —fwt bf iwt b twi & )]U
X ( ce '+ % +¢c +é' abfe
(A)
where U = T{U}. We make the substitution
U=¢ (A6)

and find (A5) becomes
BS +9S .t GS)

vl —¢E—¢

(bb+ ab' ac

+7I2{1( ot —uvt + bf aS -lut
C
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+ b Twé + _t a‘bg uot) (A7)
The solution for S is of the form
=(4 —1)b6'54 B - 1)'c+ Db'c +Ec'b. (A8)

The coefficients of (A8) may be found by equating
the coefficients of similar terms in (A7). The resulting
differential equations are

2. 3A/at = %woA + %’YHle_i‘“E,

iaB/at = —%wOB + %’)’chi'.w‘D, (Ag)
10D/8t = 3w,D + IvH.e **'B,

1 0E/3t = —3w )l -+ IvH,e*'A.

The initial conditions result from the demand that
U be unity at ¢t = 0, thus S = 0at¢ = 0or

A(0) =BO)y=1; D@0 =EQ0) =0. (A10)
The equations (A9) may easily be solved to give

A = B* = (WHe /W) sin GWi + ¢),
D = —E* = (iyHe "' /W) sin 1 W, (A11)

where W? = (yH)? + (w—w)’; tan ¢ = 1— W/
(w—w,). Thus, upon taking the inverse transforma-
tion, we find

U= ofexp [(4 — 1)b'6 4+ (B — 1)ce
+ Db'e + Ec'B).  (A12)
As yet, we have not made any restriction on the
spin of the particle. If the particle has spin %,
(Al12) may be simplified by recognizing that in a
power series expansion of the exponential all terms
having more than one (27 = 1) annihilation operator
gives zero when applied to one of the possible spin
states. Thus for a spin-} particle in a magnetic field,
we obtain for the time evolution operator

U=14 (4 — Db'b+ (B — 1)d'c+ Db's + Ec.b.
(A13)

Here positioned ordering eliminates the need for
the normal ordering symbol.

To obtain a somewhat more familiar result than
(A13) may appear, we may compute the probability
that after a time ¢ the spin is in the lower state
assuming that initially it started in the upper state.
That is, we ask for the value of

K=1U |+ = [Ko1] U [10)}* =

- (’YH1)2
('YHI)Z + (@ —

|BJ?

wo)z sin® {%[(7H1)2 + (@ — wo)Z]}t} .
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Isoperimetric Problem with Application to the Figure of Cells
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Biological applications suggest the following geometrical problem. Consider n three-dimensional
cells, touching or not, and assume that the free energy of their figure is the sum H = A + aB of the
area A of the cell walls adjacent to the ambient fluid plus an adjustable constant 0 < a < 2 times
the area B of the walls separating two cells. Given the partial volumes of the cells, the problem is to
describe the shape of the (optimal) figure that renders H as small as possible; the analogous problem
for two-dimensional cells is the subject of this paper. Geometrical proofs of the following features of
optimal two-dimensional figures are presented below: (a) the edges bounding the cells are circular
arcs; (b) at an inside corner, three edges meet at angles 2x/3; (c) at an outside corner, three edges
meet with outside angle 2 cos™ «/2; (d) pressures can be ascribed to the cells so that the pressure
drop across an edge is proportional to its curvature; (e) bubbles appear at each inside corner as «
passes 3V2, All these facts have three-dimensional analogues with similar proofs.

1. INTRODUCTION

HE shape of soap bubbles can be predicted by

solving an isoperimetric problem’'?; this comes
about by fixing the partial volumes of the bubbles
and assuming that the free energy is proportional
to surface area. It is then a geometrical problem
to find the figure that makes this energy as small
as possible; see, for instance, Kelvin.” A fascinating
application of this idea is to the equilibrium figure
of a small number of cells. Thompson (Ref. 3, p. 631)
found the predicted figures in good agreement with
the actual shapes in a wide class of cases; see also
Steinberg* for the application of such ideas to ex-
plain the ability of cells of several species to sort
themselves out.

Surface tension is commonly thought to be pro-
duced by attraction and repulsion between the
molecules of a cell wall and those of the fluid on
either side of it. For the soap-bubble problem, it is
natural to assume like forces throughout the figure,
but this need not be so for the biological case since
the ambient fluid is not the same as the fluid inside
the cells. The simplest expression for the free energy
of a figure of several cells of the same species that
accounts for this anomaly is H = A 4 aB, A being
the total area of the walls adjacent to the ambient
fluid and B the total area of the internal walls;
the adjustable factor a permits us to deal with the

* Permanent address: Department of Mathematics,
Massachusetts Institute of Technology, Cambridge, Massa~
Chufestltli)'ported under Public Health Grant 1F3 GM-21,
390-01; Permanent address: National Cancer Institute,
National Institutes of Health, Bethesda, Maryland.

1 R. Courant and D. Hilbert, Methods of Mathematical
Physics (Interscience Publishers Inc., New York, 1953).

2 Lord Kelvin, Phil. Mag. 24, 503 (1887).

3D'A. Thompson, On Growth and Form (Cambridge

University Press, New York, 1959), 2nd ed.
+ M. Steinberg, Science 141, 401 (1963).

inside and outside walls on a different footing. Under
the condition that the number and volumes of the
cells be constant, the mathematical problem is to
find the figure of n cells that makes the energy H
as small as possible; the discussion below is confined
to two-dimensional figures, though most of the results
have three-dimensional analogs.

Given @« < 0, H = —~ w, while for « > 2 an
optimal figure is n nonoverlapping dises; accordingly
the interesting case is 0 < o < 2.

Given 0 < a < 2, the edges separating the cells,
bubbles, and unbounded region of an n~cell optimal
figure are circular (Sec. 3) filling out a connected
graph (Sec. 6); at each corner of this graph three
edges meet (Secs. 4 and 5); at an inside corner
three calls meet at angles 2z (Sec. 4), while at
an outside corner two cells meet a bubble or the
unbounded region at an outside angle of 2 cos™ i
(Sec. 5). Quantities playing the role of cell pressures
are proved to exist and the pressure drop across
an edge is found to be proportional fo its curvature
(Bec. 7). Bubbles are discussed in See. 8; especially
it is found that three-sided bubbles must be produced
at each inside corner as a passes 3! Section 9 is
devoted to minimal energy as a function of surface
tension. Section 10 contains examples and a remark
on change of phase. Section 11 listsjthe corre-
sponding facts for three-dimensional figures.

2. OPTIMAL FIGURES

A figure is a plane graph with n, corners, joined
by m, piecewise smooth simple edges dividing the
plane into 7, bounded regions and a single un-
bounded region. The outside of the figure is the
unbounded region together with some (or none) of
the bounded regions (bubbles), subject to the condi-
tion that no two outside regions be adjacent across
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np=6,n=9, n,:4

Fia. 1. A typical figure with six vertices,
nine edges, and four regions.

an edge; the inside of the figure is made up of the
other bounded regions (cells). An edge or corner
is outside or inside according as it meets the outside
or not. A possible figure is shown in Fig. 1; 1, 2, 3,
are cells, and 4 is either a a cell or a bubble.

Given a figure of n cells with areas v,, v,, ete.,
let A and B denote the sum of the lengths of its
outside and inside edges, define the (free) energy
of the figure to be H = A -+ aB, and let h be
the infimum of the energies of such figures: A =
Ry, vy, 93, *+- , ¥,) = a + ab = inf H, thinking
of « as the ratio of the surface tensions of the inside
and outside edges. The basic physical assumption
is that the natural configuration of cells is such as
to make the energy of the figure as small as possible
(= h); the basic mathematical assumption is that
an optimal figure or perhaps several optimal figures
actually exist.

Note that &« < 0 leads to A = — o, while for
a = 0 an optimal figure is a disce divided at pleasure
into cells with A = 2x(R? + R: + ---)}, (v = #R?),
and for &« > 2 it is n nonoverlapping discs with
h = 2x(R, + R, -+ ---). Because of this, the condi-
tion 0 < a < 2 is to be understood below.

3. EDGES ARE CIRCULAR

Theorem: Bach edge of an optimal figure is a
circular arc (of curvature > 0).

Proof: Choose a point (not a corner) of an edge v
and draw about it a little disc A whose perimeter
cuts v at just two points but does not meet the
other edges (Fig. 2). Now draw the (dotted) eircular
are v, joining these two points and cutting the area
of the disc in the same proportion as vy does, and
let v, be the rest of the (dotted) full circle containing
v:. According to the eclassical isoperimetric in-
equality (Ref. 1, p. 97), ¥ M A is longer than v,
unless it coincides with v, because the circle vy,+7,

‘ \‘\ Fic. 2. Edge adjustment for the proof
} of circularity.
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encloses the same area as the simple closed curve
¥ M\ A + .. Since the figure is optimal, y N A = ¥,,
and since a locally circular arc is circular in the
large, the proof is complete.

4. INSIDE CORNERS

Theorem: At an inside corner of an optimal figure
three cells are adjacent along three edges meeting
at angles of 27/3.

Proof: At an inside corner > 3 edges meet (Sec. 2),
so it is enough to prove that the angle between
adjacent edges is > %r; for then exactly three
edges must meet, and if they did not separate
three distinet cells, one edge could be suppressed,
diminishing the energy.

Suppose two adjacent edges meet an angle
0 < 6 %x (the case 6 = 0 is left to the reader).
Draw a little circle v of radius 8 centered at the
corner as in Fig. 3, showing the two edges, the
three adjacent cells (1, 2, 3), the little circle v, and
(dotted) modified edges of curvature O meeting at
angles 27/3 and separating modified cells 1%, 2%, 3*,
Note that 1* 2* 3* do not have the same areas
as 1, 2, 3; this is ignored for the moment. Up to an
error of magnitude O(s%), the total length of the
portions of the unmodified edges inside v is just 28,
so their contribution to the energy of the unmodified
figure is j = 2ad 4 O(8°) while the contribution
of the dotted edges to the energy of the modified
figure is

1 = ad(sin 3r) [sin Gr — 16) + 2sin 4],

Now the coefficient of «d/sin ir in the difference
i —jis
f(80) = sin 3 — 16) + 2sin 16 — 2sin ir;

this vanishes at 6 = %7 and its slope is negative
for 0 £ 8 < %, so the modification diminishes
the energy for small §, contradicting the fact that
the figure was optimal. The proof is now complete ex-
cept that the area imbalance due to the modification
has to be undone. Consider for this purpose a portion
of an edge of length 1 (say) and of curvature %
and bow it out or in, keeping it circular and making
a small change ¢ in the areas on each side of it;

Fia. 3. Angle adjustment for the proof
that inside angles equal 2/3.
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its length changes by +ek + O(¢*) according as
the bowing is out or in as a simple geometrical
argument proves. Now it is clear that since the area
imbalance of the modified figure is O(8°) this can
be adjusted by small bowings of edges at the expense
of a change of 0(5%) in its energy. But such a change
is negligible compared to «d(sin iw)"'({ — j) for
small 8, so the proof is complete.

5. OUTSIDE CORNERS

Theorem: At an outside corner of an optimal figure
2 cells meet the outside, and the two outside edges
meet the outward pointing prolongation of the inside
edge at angles of cos™ 1a; in particular, the edges
of an outside region all bulge toward the outside,
and at each corner (outside or inside) three edges
meet.

Proof: cos™ %a can be guessed by balancing forces
at the corner, but this is not a mathematical proof.
Suppose two outside edges meet at an outside corner
at an angle 0 < 8 < 2 cos™ 3a (the case §# = 0
is left to the reader as before). Draw a little circle
of radius & centered at the corner. Draw also (dotted)
modified edges meeting at angle 2 cos™' %o as in
Fig. 4. Proceeding as in Sec. 4, correct the area
imbalance and compute the change in energy: this
change is

(sin cos™' @) '[asin (cos™! ia — 16) + 2sin 16]
— 205 + 0(8Y),

and the coefficient of & vanishes at § = 2 cos™' 1q,

is negative at 6 = 0, and has positive slope between,
i.e., the modification diminishes the energy if § is
small enough, against the fact that the figure was
optimal. Now distinguish two cases, according as
two outside edges (1, 2) meet > 1 inside edges (3)
as in Fig. 5(a), or > 4 outside edges meet at the
corner as in Fig. 5(b). For the case of Fig. 5(a),
the method used above shows that the angles 23 and
31 adjacent to the outside are both > = — cos™ ia,
and by the argument of Sec. 4 all the other inside
angles are > Zx. But such additional angles can-
not be fitted in, so there is just one inside edge,
and this edge separates two distinet cells, for other-
wise it could be suppressed with an improvement

e Fra. 4. Angle adjustment for the
3 proof that outside angles equal
2 cos™ ia.
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Fia. 5. A priori possibilities for cell arrangements at an
outside corner.

in energy. Now the outside angle is (exactly)
2 cos™! 3e, and the two adjacent angles are (exactly)
7w — cos ' %a; therefore the inside edge bisects the
angle between the outside edges, and the proof is
complete in this case. As to the other possible situa-
tion at an outside corner, Figure 5(b), since cos™’
ta > 0, the arc from 1 to 2 plus the arc from 3
to 4 is less than 2x, and supposing § = the arc
from 1 to 2 < =, the energy can be improved by
drawing a little disc of radius & about the corner
as in Fig. 5(e), erasing the edges between 1 and 2
inside the dise, adding the straight edge of the shaded
part (disconnecting the graph, but no matter), and
picking up the infinitesimal area imbalance as usual;
the actual improvement is

> 26(1 — sin 16) + O(5°).
6. CONNECTEDNESS

Theorem: The graph of an optimal figure is
connected.

Proof: Otherwise the edges fall into > 2 connected
parts and such a connected part (subfigure) lies in
an open region A (cell, bubble, or unbounded region).
Regard this subfigure as floating A and move it
without changing its shape until it just touches the
boundary of A. Contact along an arc is impossible
since that would diminish the energy (« < 2),
while contact at a single point (new corner) violates
Sec. 4 or Sec. 5 since four edges cannot meet at
a corner. The proof is now complete.

Bubbles, cells, and the unbounded region are simply
connected; this is just another statement of the
absence of floating subfigures.

Theorem: A subfigure of an optimal figure not
meeting the boundary of the unbounded region is
bordered by > 3 bounded regions.



F1a. 6. Construction for the proof
that a subfigure is bordered by at least
three regions.

Proof: Otherwise it floats (impossible), or is sus-
pended by a single edge (also impossible), or it is
suspended by two edges in the union of two cells
(1, 2) as in Fig. 6. Draw the (dotted) circular arc y
connecting the suspension points (3, 4) with a mov-
able point 5, slide the subfigure rigidly along v until
it touches 5, slide the shaded area along v until it
touches 3, and erase y. This can be done without
touching the boundary of 1 + 2 if 5 is close enough
to 4; moreover, the areas of 1 and 2 and the total
energy are unchanged, so the new figure is optimal.
But this violates the fact that edges are circular
(Sec. 2) unless the two suspending edges (and so
also ) lie on a single circle, in which case it is
permissible to slide the subfigure along this circle
until it just touches the boundary of 1 + 2; the
proof is then completed as for floating subfigures.

7. PRESSURES

An optimal figure of n cells with areas v =
(vy, vs, +--) is stable if to each v = (u,, Us, «--)
in a small neighborhood of v corresponds an optimal
figure with » cells, cell areas u, and the same graph,
with corners and edges close to those of the original
figure. Given such a stable figure it makes sense
to label its cells 1, 2, etc. and to speak of the asso-
ciated pressures p, = Oh/dv,, p. = Oh/dv,, etc.;
we assert that

Theorem: Pressures exist and if the pressure p,
of the outside regions is declared to be = 0 and
if the curvature k of an edge is declared to be
positive or negative according as the edge bulges
out from or in towards the spectator, then the
pressure drop across an edge is ok or k according
as the edge is inside or outside. Also {h = pw, +
Ps + -

Proof: Consider an outside edge of a stable figure

F1a. 7. Construction for the proof
S that bubbles are present if o > 3%,
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Fia. 8. The two-cell figure.

a0

separating a cell (1) from an outside region (0) and
bow it a little out or in, keeping it circular and chang-
ing the area of cell 1 by a small amount e. Counting
the curvature k of the edge as positive, the change
in its length is ek + O(¢®), according as the edge
is bowed out or in (this fact was used already in
Sec. 4), and since the optimal energy (v, == ¢, 05, -+ +)
cannot exceed the energy of the modified figure,
one finds

hu &= €05, +++) < h(u, vg, +++) 2 & + O(’)
(u = vy).

Because the figure was stable, this bound holds in
s small neighborhood of ¥ = »,, and it follows that
p1 = 0h/dv, exists. Once the existence of the pres-
sures of the cells bordering the outside is proved,
one can proceed across inside edges establishing the
existence of the pressures of inside cells and verifying
the pressure drops ok in exactly the same fashion;
moreover the formula 3 = pw, 4 pws + .-
follows at once from the hact that k is a homogeneous
function of degree %, i.e.,

h(tvl, tvz, "’) = t}h(vly 1)2) .”)

One deduces the following rules.

(t > 0).

(1) At an inside corner, the curvatures ks, ks,
k31 of the three edges, as viewed during a counter-
clockwise circuit, add up to 0: ky, + kas + kay = O;
especially, 2 edges have the same (unsigned) cur-
vature if, and only if the other edge is straight.

(2) At an outside corner, the curvatures ko, kos,
k2, of the edges, as viewed during a counter clock-
wise circuit passing from cell 1 to the outside (0)
to cell 2 and back to cell 1, satisfy &0+ koot ks =0;
especially, the outside edges have the same (un-
signed) curvature if and only if the inside edge is
straight.

8. BUBBLES

Theorem: An optimal figure has no inside corners
if @ > 3!; this means that bubbles must be present
for & > 3! if the figure contains > three cells.

© () ©

}O

a< ﬁ= 2 sinz,}'3

a>./3
F1a. 9. The three-cell figure (trefoil) at several values of a.

a=2~
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a<./3 a<ﬁ a=2

Fia. 10. One of the possible four-cell figures (“switchback’)
at several values of a.

Proof: Consider an inside corner, draw about it
a small circle of radius §, and introduce a (dotted)
triangular bubble as in Fig. 7. Up to an error of
0(8) including the area imbalance, the energy is
diminished by

308 — 38 sin Zr/sin ir = 38(a — 3%),
and this is positive unless & < 3%, as desired.

Theorem: Bubbles have > 3 sides. A bubble of

m sides cannot occur unless & > 2 sin w/m.

Proof: Because the sides of a bubble bend in-
wards, m > 3. During a counterclockwise circuit,
a unit vector tangent to a bubble rotates through
the angle 27; this angle is the sum of m positive
jumps # — 2 cos”' %o coming from the corners
and m negative angles coming from the edges, and
80 2r < m (w — 2 cos™' ia), or, what is the same,

ta + w/m.

Combining the two preceding items, one finds for
n > 3, that bubbles must be present for « > 3% and
three-sided bubbles cannot be present for a« < 3.
A natural conjecture is that all bubbles are three-
sided, and the fact that shrinking a > four-sided
bubble to a point leads to an inside corner at which
> four cells meet tends to support this idea. But
catastrophic geometrical changes could occur to
avoid this, and the proof escapes us. Be that as
it may, as « decreases a bubble either disappears
or develops more sides according to the rule
m > w/sin”’ ia.

-1

0> cos'ia — ir + v/m = —sin™}

9. ENERGY AS A FUNCTION OF SURFACE
TENSION

Givenn > 1 and v,, v,, -+ -, consider A = a - ab
ag a function of 0 £ a« < 2 alone and let us prove

()

NG

a<2sin?,

Fia. 11. The 4-flower.

483

Fia. 12. The five-cell
“switchback.”

(@ (v
ge
c

a<2sin7;

Theorem: That b is decreasing and h is continuous,

increasing, and concave, with one-sided slopes:
blat) = k¥ (a) < b@) < A (@) = bla—);

in particular, k¥ = A~ = blat) = bla), ie., b is

differentiable, except perhaps at a countable number

of corners.

Note that b(e) is the sum of the lengths of inside
edges of an optimal figure and so is ambiguous if
several optimal figures exist; thus, 2" (a) = bla+)
means that as 8 | «, each possible value of b(8) is
close to 2* (). A similar ambiguity is present in a(e).

Proof: H = a(B) + ob(8) is the energy of an
admissible figure; as such it cannot be smaller
than A(a), so

h(B) = a(8) + ab(B) + (B — «)b(8)
> h(a) + (/3 - a)b(ﬂ),

and using this bound both for & < 8 and a > B,
one finds

b(g) < [A(B) — M@))/[B — a] < bla), (e < B),
or, what is the same,
bl + € < [hla + o — ha)]/e < bla)

< [Me) — ha— l/e < bla—¢, (¢>0),

from which the stated facts are evident.

Actual formulas for n = 2 or 3 show that  has
no corners (see Sec. 10). Corners probably correspond
to drastic geometrical changes of the optimal figure
(see Secs. 7, 8, and 10). Berger® pointed out that
if g is the (concave downwards) lower envelope of
the set R of the points (4, B) [A (B) denotes the
sum of the outside (inside) edges] corresponding to
all admissible figures (optimal or not), then 4 and
g are related according to the reciprocal rules

h(a) = g{ [9(8) + o8], 9(8) = Sup (A(e@) — af],

l\

{eﬁ Fia. 13. Two possible 5-flowers.

as<?2 sin"?5

o
o

a <2 sin7y

5 C. Berger (private communication).
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F1c. 14. Two different six-cell “‘switchbacks’ and a six-figure
at @ = 2.

connected with the transformation between Gibbs
and Helmholz free energies in statistical mechanics.
A corner of the graph of A produces a straight
segment of the envelope g, and since a point of
contact between R and its envelope corresponds to
an optimal figure, a corner of the graph of A
indicates the existence of > 2 optimal figures.

10. EXAMPLES

Consider an optimal figure of n cells each of
area 7 and note from Sec. 8 that bubbles cannot
be present for & < 2 sin =/n. Of the possible figures
for @ = 04 (no bubbles) and n < 6, most can be
seen to be nonoptimal on the basis of information
at hand (for example, according to Sec. 6, a figure
with two outside corners cannot be optimal for
n > 3); the surviving figures are indicated in
Figs. 8-16.

Brief comments on the figures follow.

Geometrical considerations provide us with simple
formulas for h for n = 2, 3 assuming that Fig. 8
and the trefoil (Fig. 9) with identical outside cells
and radial edges are optimal. Letting 8 = cos™ }e,
we have:

n=2:h=4xr(r — 0+ }asin 0,

sih = oo = 0) +5 o+ g5 |

(o) ' () )
(o
) (B

a<2sin7,

n

Fia. 15. Four different
6-flowers.

o
o

gao
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()
(4
059

as2sin,

F1a. 16. The 7-flower at
several values of a.

aQ=2-

= 6[x(r — 20 + asin 6]} (a > 3Y;

note that & (trefoil) does not have a corner at a = 3*.
Energies can also be computed for n = 4, 5, 6 for
the best flowers (Figs. 11, 13a, 15a) under the same
assumption as for the trefoil, with the result that
the best of the figures 10(12) is better than the
best 4(5)-flower of Fig. 11(13a) near « = 0; this
is proved by checking that the energy of a pie is
smaller than that of the best flower (false for n = 6)
and then using the method of Sec. 4 (see Fig. 3)
to deform the pie into a figure 10(12) with smaller
energy. Because of this, it is plausible that Fig. 10(12)
is optimal for all 0 < « < 2, but this is not proved.
On the other hand as « approaches 2 from below,
an optimal figure probably tends smoothly to n
nonoverlapping dises. Of the six-celled figures, only
the figures 14(a) and (b) have the proper inside
corners (possible bubbles) for this to happen with
as much touching between cells as possible (smallest
energy), so if some flowerlike figure such as I'ig. 15(d)
is optimal near & = 0 (as seems possible, for large
n if not for n = 6) then the optimal figure undergoes
some geometrical catastrophe (phase change) at one
(or several) critical points « = 8 (0 < 8 < 2);
probably such a phase change is accompanied by a
corner of the optimal energy curve. For n = 7, the
flower (Fig. 16) bursts symmetrically at « = 2 into
seven nonoverlapping dises; for large n and « near 0,
the optimal figure is probably quite elaborate, but
after a few phase changes it should begin to look
like interlocked 7-flowers with bubbles, making an
approximately hexagonal pattern.

11. THREE-DIMENSIONAL FIGURES

Most of the discussion can be adapted to the
three-dimensional case with small technical changes:
cell walls are now spherical, 4(3) regions meet at
each corner (edge) with specified inclinations, the
walls form a connected surface (no floating sub-
figures), tetrahedral bubbles appear at each inside
corner as o approaches 2 from below, pressures can
be defined as before, and the pressure drop across a
cell wall is proportional to its curvature; the discus-
sion of % as a function of surface tension is identical.
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We give the result of an approximate calculation of the phase-space integral
Q) = [ 84Q — i ki) Il 8(k2 — pYkso)filkin) diks,
which appears when one takes into account the fact that only a part of the kinematically allowed
phase-space is accessible to particles produced in high-energy collisions, because of the observed small-

ness of their transverse momenta.

1. INTRODUCTION

F one considers a set of secondaries produced in
a high-energy collision, one finds that only a
part of the kinematically allowed phase-space is
accessible to them, due to the limitations imposed
by the dynamics of the interaction on the transverse
momenta of the particles. It is an attractive hypo-
thesis, compatible with the present experimental
evidence,'™ that the limitation of transverse mo-
menta to small values is the only strong constraint
imposed by the dynamics on the collision amplitude.
In other words, it is tempting to suppose that within
the accessible, limited region of the phase space the
usual statistical assumption approximately holds,
namely that the dimension of the phase-space volume
corresponding to a given physical situation essent-
ially determines the probability of the realization
of this situation in the collision process.® It is obvious
that if one attempts to reformulate the Fermi
statistical theory so as to take into account the
smallness of the transverse momenta of particles,
one is faced with the necessity of calculating the
phase-space integrals of the type®

0@ = [ @ - Th
X H 5(k? - M?)a(kio)fi(ki’r) d4 kir (1)

where k;r is the transverse momentum of the ith
secondary and the cutoff function f(k;r) is non-
vanishing for small k;r only. [Subscripts L. and T
denote the longitudinal and the transverse compo-
nent of a vector with respect to an a prior: chosen

1 L. Van Hove, Nuovo Cimento 28 798 (1963).

2 Q. Czyzewski and A. Krzywicki, Nuovo Cimento, 30,
603 (1963).

3 .. Van Hove, Rev. Mod. Phys. 36, 655 (1964).

4 A, Krzywicki, Nuovo Cimento 32, 1067 (1964).

5 E. Fermi, Progr. Theoret. Phys. (Kyoto) 5, 570 (1950).

¢ For a discussion of the physical aspects of the problem
see Ref. 4.

privileged direction in momentum space (in practice,
the direction of motion of the incident particle).]
To discriminate between the consequences of the
“amputation” of the phase space and some new
dynamical effects one has to be able to calculate
effectively the integrals Q,(Q) of the type (1). Such
a calculation has been outlined in Ref. 4. In this
paper we give the result of a complete calculation.
The approximation method used is described shortly
in Sec. 2. Section 3 contains the approximate formula
for 2,(@), in the form which can easily be used in
computer calculations.

2. THE METHOD OF CALCULATION

In order to calculate Q,(Q) it is convenient to use
the method proposed by Lurcat and Mazur,” which
gives 2,(Q) in the form of an expansion in powers
of n™¥, Following Ref. 7 we define

o) = [ e [~a@1@ d Q. @
The function

%@ = 2.(Q) exp [—a,Q")/d(a,) 3

is positive-definite and normalized to unity and, as
shown by Lurcat and Mazur, may be treated as
the frequency function of the vector variable Q,
being a sum of n independent random variables k;
(vector means here 4-vector). Thus ©,(Q) can be
approximated by an Edgeworth series. It turns out
that in practical calculations it is sufficient to keep
the first few terms of the series only. Let us define

4, = [eer@ae. @

Lureat and Mazur approximation is a pretty good
one even for small n, if the parameter «, is chosen
so as to make 4, = @,. In our case the problem

7 F. Lurcat and P. Mazur, Nuovo Cimento 31, 140 (1964).
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has less symmetry, which complicates the calcula-
tion considerably. For @, not too large one gets,
however, a reasonable approximation specifying o,
by the condition

A,=Q,, r=0,1 6))
The result of the calculation, made along the lines
of Ref. 7 but much more cumbersome due to the
weaker symmetry of the problem, is given in the
next section.

The following notation will be used:

aT-->0.

a = (@ — ait

W= (@ — @D},

00) = 7 [ dlox b (e Kola(hd + w1 o

(@) = ’%—'%)— f i Jof (o) dlin)™™

X falkr + eDTKak: + DY
Z = 2eQ2)/{ X ‘hos(@)},

where K,(z) denotes as usual the modified Bessel
function

w

K, () = f e~ """ cos (nd) di.
Q
3. THE RESULT OF THE CALCULATION
The condition (5) can be written in the form
1 i
W= =>2% ho) ar=0. @

For a determined from the above equation, 2,(Q) is
given by the following formula [0(n7}) indicates the
order of magnitude of terms independent of @r.]:

Q) = w(We

x {1 43w (F——TZ_T)" + O(n‘*)}, ®)

m=0
where
a’e*” I ede)
W) = G Fen = oo/ * O
and
G(O) — F4,o + (3F2.0 + F0.4 o 3F1‘0 - 6F1.2)
” 8F; o 3(Fo,2 — F1.0)°

3(F2.0 — F1,o) _ (Fs,o ‘+‘ 2F1.o - 2F2.0 _ Fz,z)
SF'Z‘,O 2F2,0(F0.2 - FI.O)

+ (Fa.o + 2F1.o - 2Fz.0) — (Fz0 = FI.O - F].z)
4F2.0F1.0 2Fx,o(F0.2 - FI.O) (10)

—- 5F§.o 'l‘ (Fz.o - FI.O - Fl,z)(Fz.o - Fljo)
24F3 0 2F; oF 1 o(Fo,2 — F1.0)

-

A, KRZYWICKI

— 3(F2.0 - F).o)2 Fa.o(Fz.o - Fx.o - F1.2)
8F2.0Ff,o 2F§.0(F0.2 - FI.O)

- Fao — Fy 0 — Fx.2>2 _ F30Fs0 — Fio)
Fyo(Fo — Fi0) 4F; oF30 '

— (Fs,o + ZFX.O - 2F2.0 - Fz.z)

+

1)
G = 4F, o
(Fz.o - Ft.u - Fl.z)
+ 4F, o
_ (3F2.o + Fo,4 - 3F1.o - 6F1,2)
3(Fo,z - FI.O)
_ Fx,o(Fz.o - FI.O _ Fr'z) _I_(Fz.u - Fl.o - Fl.a)z
4F;2>,0 Fz.o(Fo,z - Fx,o)
— (Fz.o - FI.O)(F2.D - F],o - F1.2)
4F; oF1 0 ’
G = (3F2,o + Fos — 3F10 — 6F1.2)
* 24
— (Fz,o — FI.O _ F].Z)z'

8F2.0

F’s can be expressed in terms of »’s as follows:
F 1,0 = Z ‘kx.o
i

Fz.o = Z (ikz.o -+ 171:1,0 - ih?.e)

Fo.z = Z (’% ‘ho,1 -+ ihx.o)
Fa.o = Z ("ha,o + 3 ihz.o + 2 ; ?.o
- 3 "hmo ihz,o -3 "hf.o)
Fx.z = Z (ihz.o + % ihi.l - ih?,@ - %ihﬂ,l ‘kx,a)
Fuo= 2 (hao+6'hso+12"h0'hy 0+ 3 hao
T o N ¢ 2
+ 12 ¢ ?,0 — 4|h3_o 'hI,O —“" 18 'hg.o 'hl'o
_3i §.o"3£ f.o—ﬁi f.o)
Fos= 2 Chao + ‘hoo + 3 ‘hay + B0 'hos
+ %ihl.l + 2ih:;.o bl 3€h2,o‘h1,0
- %ihz,o ik{).l - ik1,x i}lz.o
- %‘hl,o I'h:c',1 - ‘hf.o)
Fo.rL = Z (3 ‘-hz.o + % iho.z + 3 ih;,;

— 3412

4 0,1

- 3 i}&g.] "kl,g —— 3 ihf_o).

The numerical calculation of ,.(Q) can easily be
performed with the help of an electronic computer.
One first solves Eq. (7) to get the value of the param-
eter «. The A's are found by integration from (6).



CALCULATION OF CERTAIN PHASE-SPACE INTEGRALS

The calculation of #’s and of the Q,(Q) is then
almost immediate. The calculation is particularly
fast in the case of equal masses of produced particles
(see Ref. 4).

by = Ky

since then only six A’s need to be calculated
(h1,0 = —aW/n).
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The accuracy of the approximation is expected
to be roughly the same as in Ref. 7 for Z < 1.
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The relativistic model of two-particle scattering recently described by Jordan, Macfarlane, and
Sudarshan is extended to include bound states. The projection operator associated with the bound-
state manifold is explicitly given. This relates the structure of the composite particle to the scattering
amplitude. There is a discussion of the conditions the phase shifts have to satisfy in order that they
can be fitted with the model. Explicit solutions are derived for a large class of phase shifts.

1. INTRODUCTION

N a recent article Jordan, Macfarlane, and
Sudarshan (JMS)' described a quantum mechan-
ical model for two interacting, spinless particles
which is Lorentz invariant, satisfies the asymptotie
condition, and gives a nontrivial scattering ampli-
tude. The model is based on a pair of unitary wave
operators which satisfy
lim eiHotﬂie—iHol — 1
t=Fo
and establish a unitary equivalence between the
“free’” and interacting generators of the Poincaré
group. In this paper, we describe how a slight
modification of the formalism gives rise to a bound
state in the interacting system. The wave operators
will be slightly altered so that they are no longer
unitary but only isometric. The complement of the
range of Q. will be a subspace irreducible under
the Poincaré group and will thus deseribe an elemen-
tary particle® with definite mass and spin. The bound

* Present address: Institution for Theoretical Physics,
Umed University, Umed, Sweden.

1T, F. Jordan, A. J. Macfarlane, and E. C. G. Sudarshan,
Phys. Rev. 133, B487, subsequently referred to as JMS. The
possibility of having a relativistically invariant deseription of
a finite quantum mechanical system was first discussed by
L. L. Foldy, Phys. Rev. 122, 275 (1961). See also the more
ﬁg%% article by R. Fong and J. Sucher, J. Math. Phys. 5, 456

*See, e.g., S. S. Schweber, Introduction to Relativistic
8lﬁgntugz FPield Theory (Row, Peterson and Company, 1961),

p. 2a.

state particle will however have an internal structure
as can be seen by going to the nonrelativistic limit.

The next section contains a short review of the
JMS model whereupon we discuss the modifications
necessary to include bound states. This is followed
by a section on the inverse problem, i.e., the problem
of fitting an experimentally given scattering am-
plitude with the model.

The notations used closely adhere to Ref. 1, which
may be consulted for more detail.

II. THE CASE OF NO BOUND STATES

The Hilbert space of two spinless particles with
masses m; and m, is the space of functions f(p,, ps)
of the momentum variables p, and p, with the inner
product

¢, 0= [ 10, 8*0s, 2 537 337 Ay D)
where (W,)*= (p,)*+(m,)* and (W,)*=(p.)"+ (m,)°.

The ‘“free” generators of the Poincaré group are
given by

Ho = W1 + Wz,
PO =h + P2, (2)
Jo = —ip. x(3/9p,) — ip. % (8/9ps),

N, = —iW.(8/3p,) — iW2(3/3pa).
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almost immediate. The calculation is particularly
fast in the case of equal masses of produced particles
(see Ref. 4).
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(h1,0 = —aW/n).

487

The accuracy of the approximation is expected
to be roughly the same as in Ref. 7 for Z < 1.
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This representation is reducible and its reduciton
implies a direct integration over the total mass and
a direct summation over the spin.® This can be
most easily effected by the introduction of new
variables, viz., the total mass M, the center of mass
momentum K and a unit vector e which describes
the relative spin of the particles. In these new
variables one has

El flrn(M) K)Ylvn(e)y (3)

me—

1®1, p2) =2M;)\_}(M) IZ

o= [ am [ 100 + &9 oK
X ; flm(M; K)*glm(M) K) (4)

and
HoDim(M, K) = (M* + K*1,.(M, K),
®of)im(M, K) = Kfin(M, K),
(Joh)imM, K) = —iK x(3/0K)f,.(M, K)
+ @), K),
Nof)im(M, K) = —i(M* + K)}3/0K)f1n(M, K)
— M + (M* + K)]7K x (If)in(M, K),

where A(M) is a given function and I are the three
components of the intrinsic angular momentum.*"*
Next JMS define a pair of operators

)

(2 )in(M, K) = f,,(M, K) + f dM’(M2 - Kz)*

S.(DG(M)

X g s a0, B, ©)
where
B =1+ [an $200. @)

The real functions G;(M) have to be square
integrable but apart from that are arbitrary. The
interacting generators L are defined by the unitary
equivalence

L = ,L9.,

where L, stands for the set of free or asymptotic
generators as given by Eq. (5). That this defines
a scattering system with Q. as a pair of wave
operators, follows from the equations

3 See, e.g., the lectures by A. 5. Wightman at Les Houches
in Dispersion Relations and Elementary Particles, edited by
C. de Witt and R. Omnes, (John Wiley & Sons, Inc., New
York, 1961).

¢ A. J. Macfarlane, J. Math. Phys. 4, 490 (1963).

L. B. REDEI

0.9, =1, @®)
oL, =1, ©
lim e*#°f Qe = 1, (10)

t=F

which have been shown to hold by JMS. The most
general scattering operator which is unitary and
commutes with the free generators of the Lorentz
group has to be of the form (8f),.(M, K) =
e**10f, (M, K). This is a consequence of Schur’s
lemma. In our case S comes out to be

(Sf)lm(M’ K) = ezmlty)fl'n(My K)
= [B,_(M)/B,.(M)]f:n(M, K).

The model is Lorentz invariant in the sense that
Q. are the same and satisfy the asymptotic condi-
tion (10) in all frames which can be reached by
a proper, orthochronous Lorentz transformation.
This follows from

Q,.P,0! = P,.

an

12)

In addition one has time-reversal invariance. This
requires

.8 = 8%, (13)

where 7, is the antiunitary operator which cor-
responds to the transformation® t — —¢, x — x.
Equation (13) is satisfied in the model simply because

1, 9.8, = Q_. 14

It is tempting to speculate to what extent the
scattering operator S determines the wave operators
Q.. The answer to this question seems to be negative;
if U is a unitary operator which satisfies

lim ei‘HntUe—iHot — 1’

t=F
then ! = UQ, and 9/ = UQ,8" satisfy condition
(10) and moreover .'Q/ = 8. That such a U
exists is very likely. If however . are further
required to satisfy

Q.P0l = P, (15)

and

20, = Q_ (16)

which is certainly sufficient to ensure Lorentz in-
variance; one can argue even if somewhat heurist-
ically that S determines 2, uniquely, and with it
the generators of the interacting system. To see
this, suppose I'. and Q. are two pairs of unitary
operators, both of which satisfy equations (15) and
(16) and in addition § = '@, = I''T,. One has to
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show that T, = Q,,or I'/Q,
commute with P, and also

rte, = 8%rie.i.8, or

= 1. Both @, and T,

Srha, = 4,1 0,4,8.

Ignoring the complications due to the continuous
nature of the spectrum of M, one may argue from
the last equation that if |M, K, I, m) satisfies

S|M,K, 1, m) =" M, K, 1, m)
then

STLQ, |M, K, I, m) =0, |M, K, I, m).

The most general transformation of this kind which
commutes with P, has to transform a special vector
of the form f;.,..(M, K) = 8;.,8,,..f(M, K) into

(P:Q+f)l’m’(M) K) = (”(My K)al’lam’Mf(M) K)

+ X w0, ®g,0, ),

where the u are some functions of K and M and
g:(M, K) have to satisfy ¢,(M’, K) = f(M, K),
where M’ is such that 6,.(M’) = 8,(M). The asymp-
totic condition

P
lim eI Qe =1

tm—o

then shows that, in fact,
(C2Q e (M, K) = 8118,mf(M, K),

ie, T.Q, =1.

III. THE CASE OF BOUND STATES

In this section we discuss how the model can be
extended to describe a situation where the attrac-
tion between the particles is strong enough to pro-
duce bound states in the interacting system. Each
bound-state particle is characterized by its mass
A < m; + m, and its spin [,. In the previous
section, the wave operator @, was defined in each
spin subspace with the aid of an analytic function

B = 1+ [ anr S0

where G;(M)? = (x)”' Im B,,(M). The wave op-
erator Q. was then given by Eq. (6). It is clear
from the proof given in the appendix of JMS that
properties (9) and (10) hold equally well if one or
several B,(z) are of the more general form

(M )

B =i+ [ am SiM)” ar)

where v, is an arbitrary real number. On the other
hand the property 2.2, = 1 depends on whether
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or not the B,;(z) have zeros on the first Riemann
sheet. For more general B,;(z) of form (17) one has
only

0. =1-Q =R, (18)

where Q is a projection operator projecting onto
the bound states of the system.® (In nonrelativistic
potential scattering, the bound states correspond to
the discrete eigenvalues of the Hamiltonian, whereas
here we have infinite-dimensional subspaces for each
discrete eigenvalue of the mass operator.) This
suggests that to produce a bound state with mass
Mo and spin [, one has to choose

M)? . .
Vi, = ‘“f dMJTgJ%})\_O implying B, (A) = 0.

Accordingly, we define the wave operators Q. by

2 2\ }
(9 DunO, K) = 11001, ) + [ anrr( oK)
— SODSOM) o

Bi.(M(M' — M = i¢)

just as before, but now B;,(A,) = 0 and B;(z) # 0
if I # I,. [The model can be generalized to have
several bound states as long as there is not more
than one of them in any particular channel. One
merely has to manufacture zeros in several of the
functions B, (z).] As we mentioned before, the proofs of

ole, =1,

lim eiHotQ e—iHot — 1
ES
t+Fw

and

(SPimM, K) = (210, 1n(M, K)

= [Bi-(M)/B.(M)}f1m(M, K)

go through as in JMS. We can now evaluate 2.2,
We know that if none of the B;(z) have a zero
it is equal to the identity. In our case B, (z) has
got a zero at )\, and this gives rise to an extra term
when opening up the contour of integration.® A short

calculation yields
M+ K?
(Qf)lm(M: K) 5”‘, M f dMI(MI2 i Kz)

G, (M)G, (M) ’
x 200801 k), a9)
where
- 9: (M)?
(r)™ f aM s,

§See J. M. Jauch, Helv. Phys Acta 31, 127 (1958).
¢ See appendix of IMS.
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The operator Q satisfies Q' = @, Q* = Q as can be
checked by straightforward computation. Therefore
it is a projection operator, as it should be, and it
projects onto the manifold which describes the com-
posite particle. The equation @f = f is an integral
equation in the variable M and its solutions will be
denoted by f*°. They are of the form

Pt © = a0 (K 200 5,

where f}*(K) is an arbitrary function of K. The f
are normalized in such a way that

(™, 0 = [ PRO:+ KYH T () o).

The manifold f** describes a composite particle with
mass Ao, intrinsic spin [, and momentum distribution
fi2.(K). The dependence on M reveals its internal
structure as can best be seen by going to the é-func-
tion limit in the center-of-mass system. In this limit
P: = —p:and so

= (p, +p)’ = mi + m;
+ 2[(m} + [pDms + [p:f + Ipa|7]

is a function of |p,| and in the nonrelativistic approx-
imation G,; (M) will give the radial distribution for
particle 1.
The generators for the interacting system are
given by
HR = Q,H,9},
PR = Q,P,0! = P,R = RP,,
JR = 9+J091 = JR =R},
NR = 2,N,Q4,
where R is the projection operator R = 1 — Q.
Notice that at this stage the interacting generators
are defined only on RB. It is natural to extend the
definition to the whole Hilbert space by putting
P =P, J=1Jo, HQ = ()‘g + Pz)iQ:
and
(NQNm(M, K) = —i(\; + K*)}(9/0K)(QN:m(M, K)
— Do + (5 + KK x (19)in(M, K),

where I is the spin. With this definition one has

an irreducible representation of the Poincaré group

on @, characterized by the mass )\, and spin /,.
From the equation

lim eiHolﬂ*e—iHot = 1
t=F

L. B. REDEI

follows

o R
lim "¢ "R = Q.

tmFoo

or

. iHt —iHot 1
R = lim e 7' Q,.

t=Fe
The above equations imply

= lim e "'QLQ, = RQ, = Q,,

i=Foo

llIn e;Ht —$Hot

i=Fm
which shows that the usual requirements of a scat-
tering system are satisfied.

IV. THE INVERSE PROBLEM

Equation (11) suggests that a large class of
scattering amplitudes can be fitted with the model.
To see this one has to look for the solutions of
the equation

& = B, (M)/B,.(M), (20)
where we assume the phase shifts 8;(M) to be given,
with the convention —ir < §,(M) < ix. The B,(2)
have to satisfy three conditions:

A) Bi(z) are real, analytic, regular apart from
a cut on the positive real axis, with the branch
point at m, + m,.

B) Im B,.(M) = 0 on the cut,

C) Bi(z) — v, as |2| — «, where v;are real
constants.

A particular solution of Eq. (20) is the real
analytic Omnes function’

Du2) = v exp l:—(w)—l [ (M)z:l. @)

Here we assume that §,(M) — 0, as M — o,
sufficiently fast to make §,(M) integrable. The func-
tion D,(z) satisfies (A) and (C), has no zeros, and
its imaginary part, as z approaches the real axis
from above, is given by

Im D, (M) = —~, sin §,(M)

x exp[ @ [ anr ;L 3‘4] 22)

which shows that if, for all /, one has either —37 <
) (M) <0or0 < 6,(M) < 17 then with the choice
= +lory;, = —1 respectlvely,

7 R. Omnes, Nuovo Cimento 8, 316 (1958). The mathe-
matical content of this section is not new. Similar equations
oceur in nonrelativistic potential scattering as discussed by
M. Gourdin and A. Martin, Nuovo Cimento 8, 699 (1958).
The author is indebted to the referee for calling "his attention
to this paper.
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Bi(2) = Dy(z) = =1 + «* f dM{iFsin 5, (M)

Xexp[ @ [ “M)](M 2" }(23)

is a satisfactory solution with no bound states.
Incidentally

6:00) = «4(=Fsin 8,00)
X exp[ (@)P f aM’ 6'(M,3‘[]) .

To produce a bound state one has to notice that

Di(z) = NE;’Y: eXp[ —m™ fdM B(M)]

2
where M (z) and N(2) are arbitrary polynomials, is
also a solution of Eq. (20). Because of condition
(C) one must have lim,, . M(2)/N(z) = 1. Let us
now suppose that for some I, say l,, §; (M) satisfies
~lr < &M <0ifmy +m < M < M, and
0< &6,(M) < 3rif M > M,, where M, is a real
number M, > m, + m, The phase shift § (M)
has a jump of magnitude = at M = M,. This intro-
duces a singularity in [ dM §,,(M)/(M — 2z) and
an easy calculation shows that in the neighborhood
of M,

2 [anr 28D o o — 113,

Consequently, the function
2 - )\o -1 5!0(M )]
i, ex [-—(r) [ anr 220

remains finite as z — M, and has a zero at z = A,,
Ao < my -+ m,. Its imaginary part on the real axis
M > m, + m, is given by

Im D (M) = —vi,(M — No)/(M — M,) sin 8,,(M)
X exp [-—(w)“P [ anr 2 M] >0  (20)

provided v;, < 0. Choosing v;, = —1 we obtain that

M — X
M —2)M — M,)

D () =

Bi()=Du@)=~1+= f M

X sin 5,,(M) exp[ w P [ a2 ) ] 25)

is a satisfactory solution with 2 zero at z = A, i.e,,
with one bound state.

This kind of argument can be generalized. If §(M)
passes through --ir from the opposite direction,
the discontinuity in §(M) produces a pole in the
Omnes function. In general, one can fit with the
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model any set of phase shifts which satisfies in each
channel n, = 0, n, < n; where n,, n,, and 7, are the
number of times &;(M) passes through 0, iw, and

—2r respectively. As n, + n, > n; — 1 we see
that a sufficient condition for having a bound state
is that n, — n3; = —1.

V. CONCLUSIONS
Our conclusions may be summarized as follows:

(1) Inthe relativistic scattering of two spinless
particles, in so far as they constitute a closed system,
the scattering amplitude determines the wave op-
erators £, and the interacting generators uniquely,
provided £, are further required to satisfy Q. P2} =P,
and 7,2.¢, = Q_ which is sufficient to ensure in-
variance under arbitrary Lorentz transformations.
This we proved only for the case of no bound states
but analogous results can probably be derived even
for the more general case.

(2) The model constructed by JMS can be ex-
tended to include bound states. The projection
operator associated with the bound-state manifold
can be calculated, giving a direct relation between
the scattering amplitude and the structure of the
composite particle.

(3) A large class of phase shifts can be fitted with

- the model. The phase shifts have to go to zero

sufficiently fast and one has to have n, = 0, n, < n,,
where n,, n., and n; denote the number of times
the phase shift goes through 0, ir, and —ir in any
particular channel.

An extension of the model to spin-} particles
would make it possible in principle to calculate the
relativistic deuteron wavefunction from proton—
neutron scattering data. However, the spin-} case
will be more involved, because of the spin degeneracy
in the reduction of the two-particle space.’?* Work
on the extension of this model to remove the re-
striction 6,(M) — 0 and to include spin % is now
in progress.

Note added after the completion of the manuscript:
Work on the inclusion of resonance states and the
removal of the condition 5,(M) —» 0 as M — o
has now been completed. The results are being
published in the Arkiv for Fysik by the author.
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The general power r* = (11> — 2r1 72 cos @ + r22)7/2 of the distance between two points is expressed
a8 a Fourier series 3. Ba (7, 72) cos lw. Following Sack’s method, the radial functions R, ; are obtained
a8 power series in r. /r.. Symmetrical expressions in r, and r; and recurrence relations are found for Bn 1.

1. INTRODUCTION

XPANSIONS for powers of the distance r =
(r? — 2r,7; c0s w + 2)}, [cos w = cos 6, cos 6, +
sin 6, sin 6, cos (¢, — ¢,)] between two points with
spherical polar coordinates r;, 8, ¢, and 7., 6., ¢,
have been considered by several authors. The expan-
sion of the first inverse power as a series in the
Legendre coefficients P; (cos w) is well known.
Chapman' generalized this expansion to any real
power n of the distance for applications in the
kinetic theory of gases. His method was first
to express " as a binomial series in powers of
{2ryrs/(r} + 73)} cos w, and then to substitute for
the powers of cos w the appropriate series of Legendre
coefficients P, (cos w), and for those of (+7 4 #2)
the corresponding binomial series. After rearranging
and interchanging orders of summation, he could
prove the validity of his final expansion. Later
Sack,” obviously unaware of Chapman’s work, used
a different method to obtain the same results for
applications in the theory of molecular structure.
However, Sack obtained further results, e.g., the
expressions for log r and of certain functions of r.
He also obtained expansions for r* symmetrical in
r, and r,.

It is equally important in the applications to
obtain a Fourier series expansion for 7", ie., an
expansion in which the dependence of the different
terms on w appears as cos lo and which is appro-
priate in two dimensions. Hobson,” obtained this
expansion for the particular case n = —1 by writing
Tt = (ry — 17 )7, — re™) 7Y and multiplying
the two series resulting from the binomial expansions.
In a previous paper,* in the course of obtaining an

*On leave from the Applied Mathematics Department
Faculty of Science, Cairo University, Cairo, Egyp

1 8. Chapman, Quart. J. Pure Appl. Math. 185 16 (1916).

2 R. A. Sack, J. Math. Phys. 5, 245 (1964).

SE.W. Hobson The Theory of Spherical and Ellipsoidal
Hargomcs, (Cambndge University Press, London, 1951),

p- 4
4 A. A, Ashour, J. Math. Phys. 5, 1421 (1964).

integral equation for the associated Legendre func-
tion of the first kind, Fourier series for »~* and r™*
were obtained in which the dependence on 7, and

r, appears as series of P™(1 — r){P"(1 — )t
(|ri| and [r] are assumed to be both less than
unity®).

The object of this paper is to obtain this Fourier
expansion for +*. For this purpose, we have at our
disposal the three methods of Chapman, Sack, and
Hobson, all of which may be adapted to the present
problem. Sack’s method is chosen and is followed
closely, because it does not involve any multiplica-~
tion or rearrangement of series. His notation is used
and reference should be made to his paper (referred

- to hereafter as I) for definitions not given here.

2. MATHEMATICAL DERIVATION
Following the method used in I, we express
V., =1r"as
= Y R..(r, 1) cos lw, (1)
1

where the R’s are homogeneous functions of degree
7 in the variables r; and r, and may be expressed as

wi{T</75), )

since V, is continuous when r. = 0. The function
G.i(x) is analytic for 0 < z < 1 and hence may be
expressed as

t n—1
R, = ra%

Gnl<r</r>) = Z Cn.l.s(r</r>>s' (3)
If we now define the operator V3 as
¥ , 19 ,109¢
2 =tz —_———
V)‘ - (927')‘ (2 (.‘JT')\ T?\ 60.)2 ’ (4)

(ie., Vi is the Laplacian operator in the two-
dimensional polar coo¢rdinates 7, «), it can be
8 This is no serious limitation since r, and r, can be ex-

ressed as ax: and oz, where ¢ is chosen such that |zi| and
E’zl are both less than one.
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shown by direct differentiation that

ViV, = ViV, =2’V,.,. (5)
From (1) and (5), we then obtain
aZRn,l ]-_aRn,l - E_
o + re o 72t
— aZRn.l _]_-_aRn.l _lj
ars T ry Ory P R.. ©

Substituting from (2} and (3) into (6) and equating
coefficients of equal powers of r./r., we obtain

(s+ 22+ s+ 2Crt.osz
=0 —-9n —s—2DC,,,. @

For exactly the same reasons given in I, we conclude
from (7) that all coeflicients C, ., vanish when s
is odd, and that the sequence of even coefficients
start with s = 0. Hence

= [(=3m),( — 3n),/»t (1 + 1).]C....0. ®
From (2), (3), and (8) we obtain

n12v

R, (r, 1)

= K, Driel ' F(—4n, L = in; 1L+ 1;0</r5)), (9)

where K(n, 1) is a suitable function of » and I
to be determined, and 7 is the Gauss hypergeometric
function defined in I. It can be proved in exactly
the same manner as in I that

Kn, ) = f(O(—2m):.

The determination of the unknown factor f() is not
direct as in I. This is because in the present analysis
the expansion of V, is not preknown for any special
value of n (except the trivial case » = 0), while
in I, the expansion for V_, is known. However, by
examining the expansions for positive even n, we
find, in view of

(=2 cos w)”? = (2 — 87,,)(—)"" cos Lnw + -
that

(10)

1) = @ — &)/,

where 87 is the Kronecker symbol. This result will
further be verified when considering the expansion
of log 7 in the next section. Thus we finally obtain

R, (ri, 1) = [(2 — 8)/U—3n) il /rs)
X F(—4n, 1 = 3n; L+ 1; (ro/r5)").

The above expression agrees, for the special case
n = —1, with that obtained by Hobson.?

(11)

(12)

FOR POWERS OF DISTANCE
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3. THE EXPANSION FOR logr

The function log r is a solution of Laplace’s
equation in either (r,, w) or (r;, w). Also

(og Do = log (rs — 1)

=1 (r.\
=logr, — 27 (%) (1)
Hence it follows that
1.V
logr = logrs — 2, 7 (—5) cos lw.  (14)
1 T>

As a check to previous results and also to verify
the value of f(I), we find log r using the formula

logr = hxﬁx 5— = E:RI.,g 1y, 70) cos lw. (15)
Equations (12) and (15) give
Rlog.o = lOg T>’ (16)

Riger = "(I/Z)(T</7'>)lv
in agreement with (14).
4. PROPERTIES OF THE RADIAL FUNCTIONS

1> 0,

n Even Integer

If n is a positive even integer, then due to the
factor (—3in),, the radial functions R,,; vanish
identically for I > in, and hence the series for V,
will have in 4 1 terms only. The hypergeometric
function appearing in each of these terms will be
a polynomial since both I — 3n and —3n are either
negative integers or zero.

If we apply the transformation (20a) in I to the
hypergeometric function in the expression (12) for
R, 1, we obtain

_ Lz__—__a_?)_ (_E n(z:s 1[ (Ti)z:]"+l
R, (r,15) = i1 2)lr> r>> 1= S
XFQ+1+4dn, 14 ;14 1,6/, (D

It is clear from (17) that if n is an even negative
integer, the hypergeometric function involved will
again break and reduce to a polynomial, but the
series for V, will be infinite. In particular

e <>{1+22( ) ‘“’“"’}‘

It is clear from (18) that (2 — 5)/(r} — 2rr,
cos w + r7) is a two-dimensional solution of Laplace’s
equation in the polar coordinates r;, (or r,) and o,
as can easily be verified by direct differentiation.

Vo, = (18)

Symmetrical Expressions in r, and r,

Application of the transformations (26a) and (26b)
in I to the hypergeometric function in (12) yields
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— 0 D
Buslpyyr) = EZ 2Dy oy
xr-iiibigtiy) o
—— 0 —
Rn.l(rl’ 7‘2) = Q*gi)z_s_ﬂ@i (7.1,,.2)1(,'.1 + 7‘2)"_2l

4ryr
- )
X + ;204 1; PR (19)
These expressions are symmetrical in r; and r.. To
find the same for log r we use (15) and (19). Thus we

obtain

_ LS l4+1
Biroe.: = {(7’1 + 7'2)} F(Z

(?'1 s 22) ) (202)

11
= ~%{@,—1—’"§2—r;)—§}ﬁ’(z,z+%;zz+1;

4riry
m) I1>0 (20b)
and
Riogo = 7 log (7"? + 1)
1 1/ 2, \
.Z; 58 ((n + 7‘2>) (212)
= Iog (Tl + '»"2)
(1/ 2, { 4ryry }!
.}:11 ssl \on o) - @D

The expressions (20) can be summed to yield (16b)
by means of (B.2.8.6).° Also the series in (21a) and
(21b) can be summed to give Ri,z0 = log r, In
agreement with (16).

Recurrence Relations

Application of (B.2.8.31) to (19b) gives the

8 Bateman Manuscript Project, Higher Transcendental
Functions, edited by A. Erdély1 (McGraw-Hlll Book Com-
pany, Inc., New York, 1953). Sections and formulas in this
reference will be referred to (as in I) by the letter B.

ATTIA A.

ASHOUR

recurrence relation

Rpwon = {0 + 2)/[(n + 2)2 - 412]}

X {20 + DG + DR, — 00t — 13 Racsi}, (22)
and of (B.2.8.35) to (19a) yields
(7 + )R = 2(1 + &)riraRas

+ [+ 2+ 2D/ + 2Boss:, (>0, (23)

Also, application of (B.2.9.3) and (B.2.8.45) to (12)
obtains

(Tf + Tg)Rn,z = (r1r2/2l){(’n + 21 + 2)Rn,t+1

+ 0+ MRl —n— DR}, 1>0. (@D
From (23) and (24) we finally obtain
Ruwza = [(n + 2)/20rir
X (Roiar = (1 + )Raua}, (6> 0). (25

In Ref. 4, the writer obtained the following expres-
gions for R_; ; and R_; ;:

By, ) = g(z - 5(1)) Zm: {4s + 21 + 1)

e=0
1-3-5 -+« 25 —
x{L

4.6 +-- 25 + 23} PisE)Psuni(8), (26a)

B s lr,m) = — (25 3 l) ; (4s -+ 21 + 3)
3-5---2+1
X { 4 6 23 + 2l} P2a+l+1($1)P25+l+1(£2) (zﬁb)

where 7, = (1 — &)} (A = 1 or 2 and || is assumed
less than one). The expressions (26) may be used
with the recurrence relations (22)-(25) to obtain
similar expansions’ for R,,; when n is an odd integer,
positive or negative. As an example, we taken = —1
in (22) and obtain

R1 = “[(51 - 52) /(412

in agreement with (17) for n =
(B.2.9.1).
T Such expressions are useful in finding solutions for

Fredholm integral equations with kernel R,; and interval of
integration 0 to 1 (or —1 to 1).

) R-—3 1y

1and n =

@n
~3
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